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1 Introduction 


In the low energy (that is, wavelengths much longer than the string scale, 1, = (o/)!? ) limit 
all string theories predict at least a common sector of massless fields (in any dimension): 
one associated with the graviton g,,, another with a scalar field ¢, called the dilatorf 
which is related to the string coupling constant, g, in the sense that a constant variation 
of the dilaton, 6¢ produces a corresponding variation in the coupling constant Sis = 59, 


and a two- index antisymmetric field, 5,,, called the Kalb-Ramond field, which is often 


Av» 
associated to axions in four dimensional compactifications. 
The coupling of these fields to the embeddings of the two-dimensional world sheet of 


the string, X in the spacetime M, x"(c, 7) is given by the two-dimensional nonlinear sigma 


model which in the conformal gauge reads: 


S5 do | gunar r n? + ib, 0, 2" Ope” e" + PROS x 1 
m u 


n Anl? 


(where a^ = (ot, 0?) = (o, T) , n® represents the two-dimensional flat metric, and e® stands 
for the two-dimensional Levi-Civita symbol, whereas R) stands for the two-dimensional 
scalar curvature). 

In order for self-consistency, (i.e., two-dimensional conformal invariance, which entails 
the vanishing of the corresponding f-functions) these backgrounds have to obey some 
equations which, to the lowest order in |? can be derived from a n-dimensional action 
principle: 
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(where H = db is the field strength of the Kalb-Ramond field, i.e., Hare = Oj,by4, and 


d(vol), = J/gd"x, whereas Kn stands for the n-dimensional Planck's constant). 


The mixing between the dilaton and the graviton in the kinetic term can be avoided 


? Which we shall choose as dimensionless. 


with a field redefinition consistent in a Weyl transformation: 


Juv ZE Ie Juv (3) 


(where do =< $ > is the unknown dilaton vacuum expectation value, which is different 
in principle from its asymptotic value at infinity , $4) leading to the spacetime effective 
action written in what is usually called the Einstein Frame (while we say that the former 


action (B) was written in the String Frame). 


1 n—26 g 1 s 4 
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and we have defined óg = ¢ — ġo, in such a way that < dg >= 0. 

There are other frames associated with topological defects, like D-branes, which differ 
in the power of the exponential of the dilaton (because they appear at different order in 
the string coupling constant g,). They can be easily included in the framework of our 
discussion, however. 

Although it is not known what is the general form of the higher order (sigma model) 
corrections, it has been conjectured in |B] that it would have the general form ff in the 


string frame: 


n= f con, [2n SB avo - atv 
PUO ir F? — B(6)0 Wb — Ba (o) (5) 


The dilaton dressing functions B;(¢) are unknown, and we have indicated some of the gauge 
fields and fermion fields present, as well as a typical mass term, which will be needed in 
further considerations. The Kac-Moody level k is anumerical constant. The term involving 


the dilaton kinetic energy can be rewritten upon partial integration [] as: 
= jaa (Bs + By)(V¢)? (6) 


?'This form is in any case general enough to include all internediate frames associated to different branes 
^Which is only valid when the dilaton field vanishes at infinity fast enough 


The Einstein frame will now be defined through the Weyl transformation: 


_ (m) p 
Jw = Bye w (7) 


(where m, is the Plack mass) and a redefinition of the dilaton: 


B 9E [S 1. B! B, + Bg -1/2 
o= [^ [gre - 9 (8) 


Fermions are redefined as well: 
pi /0m-2) 
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This leads to the Einstein frame effective action in which the Einstein Hilbert term is not 


mixed with the dilaton: 
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The coefficient of the dilaton kinetic energy is conventional, and can be fixed at will. In 
the new Frame there are extra terms of Yukawa type bewteen the dilaton and the fermions 


which have been left implicit. It is worth noticing that masses refered to the natural unit of 


pgi/o-2) 


mass in the string frame, i.e., m, = ——— do not change in the Einstein frame (where the 


unit of mass is mp), provided we divide as well by the kinetic energy factor (i.e., By). This 
means that, in a precise sense, properly renormalized masses are invariant under change 
of frame. 

The two frames are usually considered as completely equivalent for describing the 
physics of the massless modes of the string. This fact (although occasionally questioned in 
the literature, (cf. [B.E]. E]. [4)). seems hardly arguable, at least as long as the (classical) 
functions involved are smooth; given any solution of the system of differential equations 
which encode the equations of motion in one frame, there exists a corresponding solution 


in the other frame. 


The equations of motion for the metric and the dilaton in the String Frame read: 


óS B 4 B; k 4 E 
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The equivalence of the equations of motion in the two frames has been worked out in detail 


in (H). Let us now however discuss in turn some delicate issues. 


2 Dualities 


There is now a certain amount of evidence for different kinds of symmetries between dif- 
ferent string theories (See for example [[]]}). The two more important ones are S-duality 
and T-duality. We shall say that two (not neccessarily different) theories, T; and T» are 
T-dual, when Ti compactified at large Kaluza-Klein volume is physically equivalent to T; 
at small Kaluza-Klein volume. If we call t the modulus associated to global variations of 


the Kaluza-Klein volume, by Vol ~ e, this implies a relationship of the general form 
t(1) = —t(2). (13) 


This symmetry can be proven true when there is an isometry in the spacetime manifold 
whose Killing vector is written in adapted coordinates as s by several means ([IJ, [I0] 


Jand is such that the string metric transforms in a simple way, to wit: 
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S-duality, on the other hand, refers to the equivalence of Ti at small coupling with T5 


at large coupling. Given the relationship we already mentioned between the dilaton and 


the string coupling, it demands for the dilaton something like 


$) = —e(2), (15) 


and, by definition, lies beyond the possibilities of verification by means of perturbation 

theory. For TIB strings, the (modified, cf. ref. ([[2]) Einstein metric is inert under this 
transformation, 

de (16) 

We then se that each frame seems to be most appropiate depending on which symmetry 


we believe to be the most fundamental. 


3 The definition of the vacuum state 


Insofar as 


qoe (17) 


m» 


we always have a vacuum solution of the equations og motion: 


o=0 
Juv = "luv (18) 


On the other hand, it has been proven in ref. that under certain hypothesis (mainly 
the equality of all dressing functions B;), the cosmological evolution attracts the dilaton 
towards the point where the dressed masses are stationary 


om 
“Fg lene = 0 (19) 


It has also been argued that the existence of several different minima is probably incom- 
patible with present bounds on the equivalence principle (namely a relative difference in 
acceleration 44 < 10-5 [g)). Although it is known that in general the hypothesis of 


reference (|) are not fulfilled, there are actual string models where this mechanism is 


automatic (P). 


4 The principle of equivalence 


Were to be strings the probes of the metric, it is obvious that the most natural frame would 
be the String Frame. But in most classical experiments, the metric is detected through 
its effect on classical test particles, which describe geodesics of the spacetime metric. At 
a higher level of precision, the geodesic deviation equation, gives direct information of the 
Riemann tensor. 

Let us now review how the concept of particle is recovered from the concept of field. 


The latter is written as a formal (WKB) series 
m 20) 


The Klein-Gordon equation then gives, in the eikonal approximation (actually, to the 
dominant order 4) 


k? = —m? (21) 


where the mass has to be considered as o(c ?), and 
ky = V,6o (22) 
This implies that the flow lines defined by the congruence k” are geodesic, since 
0 = V,(k^) = 2k"V pku = 2k" Vk; (23) 


where the last step is justified since the vector k? is itself a gradient. 


Let us now consider a scalar field other than the dilaton (which remains massless to all 


orders in perturbation theory), with Lagrange density: 
1 2 2 2 
L = —5(By(Vx)? + m Bua?) (24) 
The equations of motion in the eikonal approximation now yield 
Bk? 2 —m? B, (25) 


which violates the principle of equivalence unless Bm = By, but does not distinguish 
qualitatively (although it does it quantitatively) between different frames. 

That is, particles will propagate along geodesics of that metric (if any) such that By = 
Bm. In addition, the dressing factors B, will depend generically on the particle considered, 
and so will depend the trajectories, and it is this fact which violates the equivalence 


principle. 


5 The fluid approximation 


The situation is perhaps less clear when both the metric and the dilaton are singular in 
one frame, but the metric is regular in the other. This clearly changes the physics of test 
particles propagating in the physical spacetime. 

Let us now point out a related, but simpler, situation. 

Imagine that matter (that is all fields except gravitation itself)is such that its energy- 


momentum tensor corresponds to a perfect fluid, 


Tcl quip (26) 


Then the question is: will the same matter still behave as a perfect fluid in the other frame? 
This is a meaningful question, because matter is almost always considered of such a form 


in cosmological investigations. 


The general conditions for a fluid description to be valid consist in demanding that the 
wavelength (as measured in a Local Inertial Frame, LIF, defined by a vielbein, e40, , a = 
0,...,n — 1) should be much less than both the macroscopical length of the wavepacket, 


l, and the scale of variation of Riemann’s tensor, r. 
A «« min (r,l) (27) 


Now, when changing frames, quantities in the LIF obviously do not change,(neglecting the 


new interacions introduced through the change of frame) whereas lengths scale as 
(28) 


(Where an average value for the dilaton field in the region considered is implicitly assumed). 
In the case of Riemann's tensor, there are in addition extra terms proportional to the square 
of the first derivative and to the second derivative of the dilaton field, which could dominate 
for a rapidly fluctuating dilaton. 

A sufficient condition for such a hydrodynamic fluid description is to be at thermo- 
dynamic equilibrium. It is in turn clear that a neccessary condition for it (it is less clear 
whether it will be sufficient) is that the mean free time between collisions should be smaller 
than Hubble's time 

pe H! (29) 


The mean free time, in turn, is related to quantities computed in a LIF: basically 7 ^ 
(pvc) !, where p is the average density of particles, v is the average velocity, and ø is the 
total cross section (again, neglecting the new interactions). 


The scale factor, on the other hand, is a global quantity, and, as such, scales as above 


lsMp 
Rs = Re (30) 
g 
in such a way that 
Rs 1 B. 
Hs = — = Hp - — 3l 
" Rg ý n—2 B; ( ) 


The crutial quantity now is the dimensionless quotient 


M (32) 
(n — 2)B, Hg 
If it is small, equilibrium in both frames is equivalent. 

But if it is large (corresponding physically to a wildly fluctuating dilaton or to the 
vicinity of a place in which the dilaton itself is singular), then equilibrium in Einstein's 
frame does not guarantee equilibrium in the string frame. 

It is worth remarking that even for a time independent dilaton (which does not spoil 
the equilibrium condition) the preceding formula (P8) indicates that for large dilatons 
averaged (corresponding to large gs), so that B, << 1 and correspondingly, |, >> lg, 
matter enjoying a fluid description in the String Frame does not neccessarily do so in the 
Einstein Frame. For large negative averaged dilaton couplings (corresponding to small gs) 
the converse is true: a fluid description in the Einstein Frame does not guarantee a fluid 


description in String Frame). 


6 Conclusions 


There is in our opinion no doubt of the equivalence of all frames for the description of the 
gravitational effects of string theories at a basic level, at least when all functions involved 
are smooth. 

When this is not the case, the solution depends on what is the quantum resolution 
of the classical gravitational singularities. The symmetries of string theory (T-duality, in 
particular) suggest that there is, in a sense, a minimal measurable length, but the issue 
is far from settled; it could be, in particular, that certain particle-like topological defects, 
known as DO branes, could probe shorter lengths. 

A different question is what is the classical metric felt by a particular probe (usu- 


ally, a test particle). Here, again, strings give a unique answer (depending on the probe 


used), which seems difficult to reconcile a priori with existing bounds on violations of 


the equivalence principle. A detailed comparison is however difficult owing to our limited 


understanding of the dynamics of the dilaton as well as other scalars in the string spectrum. 
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1. Introduction 


An obstacle to building a unified theory of all forces is the enormous disparity between 
the gravitational and other forces, commonly referred to as the hierarchy problem. In the 
standard framework of particle physics this is answered at the expense of postulating an 
enormous energy desert separating the gravitational from the electroweak scale [[]. The 
supersymmetric version of this picture [J], called the supersymmetric standard model, has 
had a quantitative success: the unification prediction of the value of the weak mixing angle 
Hl, subsequently confirmed by the LEP and SLC experiments. This makes it tempting 
to believe in the unification of the non-gravitational forces at a large energy scale ~ 1018 
GeV. Nevertheless, this picture leaves many fundamental questions unanswered. There are 
125 parameters in the supersymmetric standard model that remain unexplained. These 
include the masses of the three generations of particles and, above all, the incredible 
smallness of the cosmological constant. This suggests that there are enormous gaps in our 
understanding of Nature at low energies and that perhaps we will need a radical revision 
of our fundamental view of the world at low energies, at least with respect to gravity. 

On the other hand, string theory provides the only known framework for quantizing 
gravity. The cost is to replace our fundamental concept of point particles by extended 
objects whose quantum consistency requires the existence of extra dimensions. One of 
the important consequences of the recent theoretical progress on the non-perturbative 
dynamics of string theories is that the string and compactification scales are not necessarily 
tied to the four-dimensional Planck mass [BB]. This opens the exciting possibility that 
string physics may become relevant at much lower energies with spectacular new effects in 
future accelerators. 

Such a possibility can also be used to explain the hierarchy problem, motivated by 


the following string theoretic expression for the four-dimensional (4d) Planck mass |: 


1 
Mp = 5; Ms Vs ; (1.1) 
where gs is the string coupling, M; the string scale and Vg the volume of the six-dimensional 
internal space. This relation shows that it is possible that there is only one fundamental 
scale in the universe, the electroweak scale ~ TeV, where all forces of nature, including 
gravity, unify and therefore M, ~ TeV. Then the enormity of the Planck scale can be 


accounted for in two distinct ways: 


(1) A non-stringy way f: 

This is realized if Vg is enormously larger than the fundamental scale while keeping gs of 
order unity. In order to make such large dimensions consistent with observations, gauge 
interactions should be localized on branes transverse to them. A natural framework for 
realizing this scenario is type I string theory with the Standard Model (SM) confined on a 
collection of Dp-branes. Perturbative calculability requires the p — 3 longitudinal dimen- 
sions to be compactified near the (TeV) string scale, while the 9 — p transverse dimensions 
should be much larger in order to account for the observed weakness of gravitational in- 
teractions. 

While this scenario can be naturally imbedded in type I string theories, it does not 
require string theory for its implementation at low energies, below the (TeV) scale of quan- 
tum gravity. The physical mechanism is the dilution of the strength of gravity by spreading 
it into extra dimensions, which could have been invented by Gauss two centuries ago. The 


hierarchy problem now turns into one of explaining dynamically the large magnitude of Vs. 


(2) A stringy way: 
This is realized by taking Vg to be of the order of the fundamental scale ~ TeV ? and 
attributing the enormity of the Planck mass to a tiny gs ~ 10716 [] (see also fh). H The 
hierarchy problem is now equivalent to understanding the smallness of gs, or equivalently 


the large value of the dilaton field in our universe. 


Starting with [P], possibility (1) has been explored extensively in the last three years. 
Our objective in this paper is to study the second logical possibility (2) which is stringy 
in nature, at least in the sense that it involves g,, and gives a new perspective to the 
hierarchy and other problems in physics. A fundamental question now becomes whether 
a string theory with such a small g, can contain the ordinary gauge interactions whose 
dimensionless couplings are of order unity. Fortunately the answer is yes in the context 
of special type II string theories whose gauge interactions are localized in the vicinity of 
NS5-branes, which we will utilize here. In these theories gauge couplings are given by the 
geometric sizes of new dimensions and are non-vanishing even if g, vanishes. 

In the limit of vanishing gs one obtains a theory without gravity, the so-called 
Little String Theory (LST); it was introduced in [BB] (see also [IO]. [LT], and for a review 


? Actually, the value of gs is more likely 10714 EH. corresponding in eq. (B | to a volume 
Ve œ (2r)? of a toroidal compactification with all radii fixed at the string length. 
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see [J] and references therein). LST is a partial string theory; although it does not 
include gravity, it has string excitations and therefore is not a normal local field theory. 
It is an intermediate logical possibility between full-fledged string theory and field theory. 
The main objective of our paper is to point out that this intermediate possibility can be 
realized at the experimentally accessible energy of ~ TeV and give us an alternate way to 
address the hierarchy problem which connects it with the dilaton-runaway problem. This 
therefore interpolates between the TeV-strings framework W], which has full string theory 
at a TeV, and other field-theoretic possibilities for TeV physics such as supersymmetry, 
technicolor or warped compactifications [3]. 

We propose three closely related frameworks for building realistic theories with little 
strings at a TeV. Their common feature is the existence of closed little strings with ~ 
TeV tension, whose self interaction and spectroscopy can be computed in some cases. 
In addition there can be string excitations of ordinary particles, with either the same 
or different tension, as well as KK and winding modes associated with ~ TeV | size 
dimensions. 

An unexpected bonus of the framework is that the Damour-Polyakov mechanism, 
based on the universality of the dilaton coupling functions and normally considered im- 
probable, becomes automatic. It may lead to small but potentially observable deviations 
from the equivalence principle [[4. 

In section 2, we discuss mass scales and couplings in type II string theories, and define 
our general framework. In section 3, we recall the possible descriptions of little string theo- 
ries and in particular the double scaling limit which defines a sensible perturbation theory. 
In section 4, we touch on some basic phenomenological consequences of the framework. 
Section 5 addresses the hierarchy problem and suggests ways in which the dilaton field 
can have a naturally large value in our universe. In section 6, we remark on a possible 


implication of our framework for the cosmological constant problem and other topics. 


2. Mass Scales and Couplings 


In every perturbative string theory, gravity arises from closed strings that propagate 
in ten dimensions. As a result, the 4d Planck mass is given by eq. (LI). Here, all internal 
dimensions are taken to be larger than the string length 1, = M; by a suitable choice 
of T-dualities; thus, in this convention, all closed string winding modes are heavier than 


the string scale. The strength of gravity at energies above all compactification scales and 


3 


/ 


below the string scale, Ve 6< E< Ms, is determined by the ten-dimensional Planck 


mass 5 : 
M M. 
M$ = = =, 2.1 
which can be obtained by summing over all KK graviton excitations yielding a suppression 


proportional to (E/Mio) = (E/M;)5g2. It follows that at energies of order the string 


scale gravitational interactions are controlled by the string coupling gs. 

On the other hand, in type II theories non-abelian gauge interactions arise non- 
perturbatively localized on (Neveu-Schwarz) NS5-branes, corresponding in the simplest 
case to D-branes stretched between the NS5-branes. In a T-dual picture, non-abelian 
fields in (supersymmetric) type IIA (IIB) theories emerge from D2 (D3) branes wrapping 
around collapsing 2-cycles of the compactification manifold [I]. Such 2-cycles are local- 
ized in a subspace of dimension 4 that defines (upon T-duality) the transverse position of 
the NS5-branes where gauge interactions are confined. Furthermore, the four-dimensional 
Yang-Mills (YM) coupling is determined by the geometry of the two-dimensional compact 
space along the NS5-branes, independently of the value of the string coupling gs. 

For instance, let us consider a stack of NS5-branes extended in the directions 
X9:2,,55. where X925 define our 1+3 dimensional spacetime. The extra two longi- 
tudinal directions X ^? are compactified on a rectangular torus T? with radii R45, while 
the four transverse directions X°7* are compactified on a manifold with size R+. The 


four-dimensional gauge coupling is then given by 


R 
type IA : Gy = ; 
; (2.2) 
type IIB : gyM — RR : 


In summary, in type II theories gravitational interactions are controlled by the string 
coupling, while gauge interactions are governed by geometrical moduli along the 5-branes 
where they are confined. This is in contrast with type I theories, where the string coupling 
determines also the strength of gauge interactions confined on D-branes and is therefore 
fixed to be of order one H. thus, in type I theories gravitational interactions become strong 
at the string scale. 

It follows that the type II string scale can be lowered at the TeV scale without in- 


troducing extra large transverse dimensions, but instead a tiny string coupling to account 
3 Here we drop factors of m and for numerical estimates we use gym œ 0.1. 


4 


for the hierarchy M,/Mp []. In this case, the physics around the string scale is described 
approximately by a theory without gravity obtained in the weak coupling limit gs — 0 H. 
This theory, which is defined in the limit of coincident NS5-branes with vanishing string 
coupling, is called little string theory (LST) [MEJ]. 

This theory lives in six dimensions and contains two sectors. The charged (non- 
abelian) sector confined on the NS5-branes and a neutral sector of closed fundamental 
strings trapped in the vicinity of the NS5-branes. In section 3, we review the main prop- 
erties of these theories, while in section 4 we discuss their phenomenological consequences 
when the fundamental string scale is in the TeV region. 

One may ask the question whether a tiny string coupling can be described alternatively, 
via some duality, in terms of large dimensions in the context of M-theory. Indeed, it was 
shown that the weakly coupled type II string compactified for instance on K3 x T?, with 
all compactified dimensions of string size, provides a dual description to the strongly 
coupled heterotic theory compactified on T^ x T? with the four dimensions of T^ having 
the heterotic string size Ig ~ Mp ! while the two dimensions of T? being much larger, of 
the order of the type II string length [ff]. If the type II string scale M, ~ TeV, its string 
coupling gs ~ M,/Mp œ 10716, while the heterotic coupling is huge gy ~ ls/lg ~ 1/gs. 
Using heterotic — M-theory duality, one can find an alternative description in terms of M- 
theory compactified on the eleventh-dimensional interval S1/Z3 x T^ x T?. The M-theory 
length scale lm = gll H, SO that lr ~ 1014 GeV and the size of the eleventh dimension 
Riu = gnulg ~ ‘Tey Thus, there are three large dimensions at the TeV (Ri; and T?) 
and four small dimensions of Planck length (corresponding to T4) which invalidate the 
effective field theory description and makes this M-theory interpretation of no practical 


use. 


3. LST and D-branes in LST 


In this section we recall some aspects of LST and its weakly coupled version (DSLST). 
Using the idea of holography we review a dual description of the theory as a “non-critical” 
string, which allows to compute the spectrum and couplings in some appropriate regime. 
Moreover, this description provides a geometric set up which has some analogy with the 
scenario of [T3]. We shall emphasize the similarities in this section, and we will make some 
remarks at the end of the paper. Finally, we also consider a different family of theories, 


on D-branes in LST, which shares some of the properties of LST. 
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3.1. Little String Theory 


For simplicity, we first consider the six-dimensional LST (for a review, see and 
references therein). One way to define this theory is the following. We start with a stack 
of k NS fivebranes in type II string theory with a string coupling g,, and take the limit 
gs — 0. In this limit bulk degrees of freedom, including gravity, are decoupled, and one is 
left with a six-dimensional theory of strings without gravity. An alternative description is 
to consider the gs — 0 limit of type II on a singular K3 manifold. The two definitions are 
related by a T-duality. 

This LST has the following properties [[2] (in the conventions of the first definition): 

(i) It has a unique scale M, — the string mass scale of the original type II string theory. 
(ii) In type IIA, the low energy theory is an N — (2,0) six-dimensional SCFT, while in 

type IIB it is an N = (1,1), SU(k) gauge theory with a gauge coupling gy y ~ 1/M;. 
(iii) It has a Hagedorn density of states and the Hagedorn temperature is Ty = 

M;/ (2n vk). 

(iv) It is argued [[6] that this theory is “holographically” dual to a higher dimensional 
string theory (with gravity): the type II string on 


M = R’! x Rọ x SU(2)k . (3.1) 


Here R?:! is the 5+1 dimensional Minkowski space in the directions of the worldvolume 


of the fivebranes. Ry is the real line parameterized by a scalar ¢, with a linear dilaton 


Bec. (3.2) 


$ is related to the radial direction r of the R^ space transverse to the fivebranes: 
$ ~ logr. The SU(2), is a level k WZW SCFT on the SU(2) ~ S? background, 
where this three sphere is related to the angular coordinates of the transverse R^. 
This background is obtained in the near horizon limit of the fivebranes, and describes 
the SCFT on the infinite “throat” (see figure 1(a)). The fivebranes might be thought 
of as sitting deep down the throat, namely, at ó — —oo (r — 0) where the theory 
is strongly coupled (exp(2®) is large (B.2)). On the other hand, as ¢ — oo (r > oo, 
towards the decoupled asymptotically flat space far from the fivebranes) the theory is 
weakly coupled. 

(v) Off-shell observables in LST correspond to on-shell observables in string theory on 


M (B:T). Observables in the theory correspond to non-normalizable vertex operators, 
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namely, those whose wave function is exponentially supported at the weak coupling 
regime à — oo. There are also 6 function normalizable operators whose role in the 
theory is less clear. The latter form a continuum of states, whose contribution to the 
density of states is a small fraction. 
The holographic description above is useful to identify observables and their properties 
under the symmetries of the theory. However, correlation functions cannot be computed 
in perturbation theory because they are sensitive to the strong coupling regime down the 
throat. To resolve this strong coupling problem we shall “chop” the strong coupling regime 


of the throat (see figure 1). 


"Planck Brane" 


-N< "SM Brane" 


(a) (b) 


Fig. 1: (a) The infinite throat background dual to strongly coupled LST; (b) The strong 
coupling region is chopped into a cigar-like geometry, whose tip is associated with a SM 


brane while the asymptotic region is associated with a Planck brane. 


It is convenient to decompose the SU (2) SCFT on Si. x SU(2),/U(1), where St 
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is the Cartan sub-algebra of SU (2), parameterized by a scalar Y, and the SU(2);,/U(1) 
quotient SCFT is equivalent to a level k, N = 2 minimal model. Then the throat SCFT 
becomes the product of an infinite cylinder Ry x S}- (with a linear dilaton) times an N = 2 
minimal model: 


Rg x S? ~ Rg x St x SU(2)k/U(1) . (3.3) 


One way |[7] to chop the strong coupling regime of the throat is to replace the infinite 
cylinder Ry x Si. with the semi-infinite cigar SCFT SL(2),/U (1) (see figure 1(b)): 


SU()& . psa, SL). SU 


— p54 1 
M = R” x Ry x Sy xX UO UO UO 


(3.4) 


This corresponds to separating the k NS fivebranes on a transverse circle of radius L in 
the double scaling limit gs, L — 0 such that gs/L is held fixed [9 [7]. The string coupling 


takes its maximal value at the tip of the cigar where 


gs(tip) = Jist ^v (3.5) 


LM, ` 
while it approaches 0 as one goes away from the tip (6 — oo) along the radial direction ¢ 
of the cigar. The scalar Y parameterizes the angular direction of the cigar whose radius 
is Reigar ~ Vk /M, asymptotically. The separation of the fivebranes introduces another 
scale in the theory. In type IIB it is the mass of a gauge boson corresponding to a D-string 
stretched between two NS5-branes, giving rise to a charged particle in the low energy 


SU(k) gauge theory with mass 


ML M, 


Mr epa g gist ` 


(3.6) 


where Tp; = M2/g, is the D-string tension. One may regard the above as chopping the 
infinite throat by SM branes (separated on a circle) near the tip of the cigar (see figure 
1(b)). 

So far we have considered the theory decoupled from gravity. The decoupling limit 
corresponds, in particular, to the limit Mp ~ M;/g, — oo. To keep gravity at the finite 
(although large) scale Mp observed in nature, we should relax the limit gs > 0 although 
the string coupling is still very small, as discussed in section 2. One may regard this 


as chopping the weak coupling regime of the semi-infinite cigar — the other side of the 
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original throat — by a Planck brane i (see figure 1(b)). We shall work in a scenario where 
Ms, MI? « Mp and, therefore, the effects of gravity for E ~ M, are negligible. 

This Double Scaled LST (DSLST) has a weak coupling expansion parameter 
igi 5m M,/M#® when MB > M, (we may however keep MP < Mp). This allows 
one, in principle, to compute correlation functions perturbatively for processes at energies 
even larger than M, (as long as they are sufficiently lower than MP). On-shell correlators 
in the string theory (B.4) correspond, via holography, to off-shell Green's functions in the 
six-dimensional spacetime theory. From the analytic structure of the two point functions 
one can read the physical spectrum while the three point functions give rise to the couplings 
of physical states, via the LSZ reduction. The two and three point functions were computed 
in ['1E1], with the following results: 

1. 2-p-f: The two point functions have a series of single poles, from which one can read the 
mass spectrum, followed by a branch cut (the poles correspond to the principal discrete 
series in the unitarity range of the SL(2)/U(1) SCFT while the branch cut is due to 
the principal continuous series). The massless states correspond to photon multiplets 
in the low energy theory. They are followed by a discrete spectrum organized into 
Regge trajectories due to string excitations. The interpretation of the continuum is 
less clear, and is probably associated with “long strings" (see [PAEA] and references 
therein). When gs is finite the continuum in the spectrum is discretized. 

2. 3-p-f: The three point couplings allow, in particular, the decay of a massive discrete 
state into two massless states. Hence, one expects the stringy states to affect the form 
factor of the “photon” at energies of the order Ms. 

Four-dimensional theories (at low energy) can be constructed in various ways, for instance: 

(i) By compactifying two directions longitudinal to the fivebranes on a two torus, as 
described in section 2. The theory at energies below M, and the compactification 
scale is an N = 4, SU(k), four-dimensional gauge theory. 

(ii) Four-dimensional LST whose low energy limit is an N — 2 SCFT in the moduli space 
of pure N = 2, SU(n) gauge theory can be studied by considering the near horizon 

of a fivebrane wrapping a (singular) Riemann surface. Its holographic dual is [£4] a 


type II string on 
Rex y 3. 
M 31 y (1 x j (3.7) 


4 More precisely, it is done by keeping the asymptotically flat regime “glued” to the throat, with 
the four-dimensional space transverse to the NS5-branes being compactified on T*/Z2 (similar to 


Ed) and with the appropriate number of NS5-branes as required by global issues. 
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dote 


: _ 2 
with k = n 


Richer four-dimensional LSTs can be obtained by replacing the level n, N = 2 minimal 


model in (B]) with a richer N = 2 SCFT. For instance, replacing LL by ue x 


Re] Zn, with k = n/2, leads [B5] to an N = 2 SCFT with quark flavors. 


Theories with N — 1 supersymmetry can be obtained by variations of the theories 


above, for instance, by orbifolding and/or by considering the decoupled theory on 


fivebranes in the heterotic string Pq. 


Theories on D-branes in LST 


In this subsection we discuss the 3+1 dimensional theory on D4-branes stretched 


between NS5-branes when the string scale M, is set, say, around 1 TeV. In particular, in 


such theories we will be able to discuss the spectrum and couplings of charged particles in 


theories with TeV strings without gravity. 


Fig. 


NSS’ NS5 


D4 


D4-branes 


2: The decoupled theory om D4-branes stretched between NS5-branes is dual to D- 


branes near the tip of the cigar background. 


Consider the brane configuration in figure 2 (for a review, see 7). An NS fivebrane 


is separated a distance / from a (possibly differently oriented) NS’ fivebrane, and N, D4- 


branes are stretched between them. The low energy theory on the R?'! directions common 
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to all the branes is an SU(N.) gauge theory. The amount of supersymmetry of the theory 
depends on the relative orientation of the fivebranes. For instance, if the fivebranes are 
parallel the four-dimensional theory is N = 2 supersymmetric; a certain relative rotation 
of the fivebranes breaks it to N = 1 [BS]. The (classical) YM coupling is 


ale 
gym = s = gia (£) . (3.8) 


Following the discussion of the previous subsection, as gs — 0 (as well as 4/ls — 0 such 
that g?r = grs: is held fixed), the decoupled theory is dual to a theory of D-branes near 
the tip of a cigar geometry (see figure 2) with g,(tip) = gist(£) given in (B.8). At energies 
of the order M, the spectrum becomes similar to that of LST: in the N = 2 case it is like 
a six-dimensional LST on R?! x SL(2)5/U(1), while in the N = 1 case it is similar to a 
four-dimensional LST on R?! x SL(2),/U(1). 

We can add matter to the theory in several ways. One way is to add D6-branes to 
the configuration and another is to add D4-branes on the other sides of the NS5-branes. 
In the second case the group that lives on the D4-branes in the center is called the “color 


? 


group,” whereas the one on the D4-branes sticking to the right (and/or to the left) is called 
the “flavor group." If the number N. of colors equals (up to a model dependent numerical 
factor) the number of flavors Np, the four-dimensional theory is conformal (in which case 
(B:8) is the exact gauge coupling). Moreover, we compactify the space transverse to R31 


on a six-dimensional space with volume Ve. H The four-dimensional Newton’s constant is 


1 Ve 
es ae 3.9 
Gi P g218 ( ) 


Consider turning one of the NS fivebranes in the configuration above into a stack of 
fivebranes. Separating these fivebranes a distance L (say, on a circle transverse to the D4- 
branes) corresponds in the low energy four-dimensional SYM theory to changing certain 
parameters in the superpotential B3B9J. Such configurations allow to consider the physics 
of color-flavor open strings which are bound to the stack of NS5-branes perturbatively in 
gist(L) = gsls/L (B-J). Such open strings in the background of NS5-branes were studied in 
Bq. In particular, observables corresponding to “quarks” ((Ne, Ny) multiplets) and their 


excitations were identified and their two point functions were computed using the idea of 


? Once this is done one should take care of global issues by allowing the appropriate total 
number of NS5-branes, introduce orientifolds, anti-D-branes, etc. (see comments below); we 


assume that this is done. 
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holography, following [IET]. The spectrum of charged particles in such four-dimensional 
theories is thus very similar to the spectrum discussed in the previous subsection: the 
massless particles correspond to quarks, followed by a discrete Hagedorn spectrum with 
masses of the order Ms, and a continuum. Following the disk computations in for the 
three point functions one expects, in particular, that a massive color-color string excitation 


can decay into a pair of quark-anti-quark. 


Comments: 

1. The configurations discussed above are only part of a globaly consistent brane config- 
uration which includes more fivebranes, orientifolds, D-branes and anti-D-branes. All 
these extra objects can be located a distance of the order l away from the configu- 
rations above, hence physics due to the additional structure will show up at energies 
above the string scale. 

2. Some systems of D4 and anti-D4-branes stretched between non-parallel NS5-branes 
are expected to be stable non-BPS brane configurations BI]. One might expect the 
supersymmetry breaking scale Msy sy in such theories to be of the order of the string 
scale: Msysy ~ Mg. 

3. The system discussed in this subsection is related to systems discussed in the previous 
subsection: there is a U-duality relating D4-branes intersecting NS5-branes to NS5- 
branes wrapped on a Riemann surface, which is holographically dual to the string 


theory on (generalizations of the) backgrounds of the form (B7). 


4. Phenomenology of TeV LST 


Here, we discuss the main phenomenological implications of the above theories when 
the string tension and compactification scales are in the TeV region. Because of the tiny 
value of the string coupling gs ~ M;,/Mp c 10716, for all low energy consequences we 
can take the limit g, — 0, in which case gravity decouples and one is left over with 
LST having two sectors. The non-abelian (Standard Model) particles confined on NS5- 
branes (described by D-branes stretched between the NS5-branes) or on D-branes stretched 
between NS5-branes (described by open strings ending on the D-branes), and a sector of 
gauge singlet closed little strings trapped in the vicinity of the NS5-branes. Thus, there 
are three types of possible excitations revealing new physics: 


(1) KK and winding modes of ordinary particles, signaling new dimensions at a TeV. 
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(2) String oscillations of the quarks, leptons and familiar gauge bosons. 

(3) Vibrational excitations of the little string at the TeV scale. These are unique to this 
framework. 
There are three types of theories, each with different signatures: type IIB, type IIA 


and theories with D-branes stretched between NS5-branes. We will consider them in turn. 


Type IIB models: 

In these the Standard Model gauge interactions are described by a six-dimensional theory 
of 0-branes obtained as endpoints of D-strings on the NS5-branes. Their tension Tọ is 
determined by eq. (B-6) and can be identified with the mass of the W-boson, To = TpiL ~ 
Mw. H The four-dimensional gauge coupling (2-4) is determined by the area of the two- 
dimensional compact space along the NS5-branes, which implies that the compactification 
scale is an order of magnitude lower than the string scale: 

Mo = 2 ~ p = vue. (4.1) 
It follows that the first effects of charged particles beyond the Standard Model that would 
be encountered in particle accelerators are due to the production of KK excitations in 
the two extra dimensions [BJ]. Neutral states will also appear at the TeV range; we shall 


discuss them below. 


Type IIA models: 
In these the gauge degrees of freedom are described by strings, obtained as endlines of 
D2-branes on the NS5-branes. Their tension T} = Tp2L can be obtained by T-duality 
from type IIB along, say, the direction X*, so that the gauge coupling (2-2) is given by 
the ratio of the two radii. As a result, T1 = To/ R4 = Mw/Rz leading to 


M: MwM. 
T, = 255 = Ws. (4.2) 
4 JYM 
On the other hand, T; = Tp3L = M3L/gs, which combined with eq. (B-J) yields: 
M? 
type IIA : Jia = 2. (4.3) 


Tı 


6 In theories with large supersymmetry there are also magnetically charged particles, however, 
those can be pushed above the Ms ~ TeV scale. More realistic models where supersymmetry 
is broken down to N = 1 or N = 0 can be obtained, say, by appropriate orbifoldings; in such 


theories magnetically charged particles are projected out. 
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From eq. (£9), Mw is identified with the dual compactification scale along the X . 
direction with respect to the charged string tension Tj. If the fundamental string tension 
M2? is lighter than T1, then M2R4 < Tı R4 = Mw and closed little strings have windings 
at energies lower than Mw, which is excluded experimentally. Thus, the tension Tı of the 
charged gauge states is less than that of the little strings, VTı < Mg, and in the energy 
interval between the two tensions we will have an effective superconformal theory of ten- 
sionless strings (see also [B3]). However, from eq. (3), gis; > 1 and we cannot reliably 
compute in little string perturbation theory. It follows that in this case the first effects 
of charged particles that would be encountered in particle accelerators are KK modes of 
one dimension along the X? direction and/or charged string excitations with tension T4, 
depending whether M. = Rg 1 is less or bigger than Mw/ g? In both the type IIA and 


IIB frameworks the coupling of the little strings to the standard model matter is unknown. 


D-branes in LST: 

In type II models where gauge interactions emerge from D-branes stretched between NS5- 
branes, the low energy physics is described by the theories on D-branes in LST, discussed 
in section 3.2. Note that the mass of W bosons corresponds now to the separation of the 
D-branes and is independent of separations of NS5-branes. 

In this case, Standard Model particles have charged excitations due to windings of 
open strings in the directions transverse to the D4-branes but along the two extra compact 
dimensions of the NS5-branes. The energy of these excitations is M2 Re, where Re is the 
compactification scale. If Re < 1, we can T-dualize Re — R. = P/R, > l,. In this case 
the D4-branes turn into D5-branes wraped on the compact direction Re, and gis«(£) in eq. 
(B-J) turns into Gst(€) = gist(€)ls/Re. Charged excitations in this direction correspond 
now to KK modes of open strings which are somewhat lighter than the string scale. In 
fact, the weak coupling condition gi; < 1 gives ls > Re > gil, = Cotas Thus, both 
the compactification and the string scales are in the TeV region and in all these cases the 
energy of such charged particles is around the TeV scale while little strings are weakly 
coupled. 

There are also KK modes of open strings in the direction along which the D4-branes 
are stretched as well as windings along the directions transverse to both the D4 and the 
NS5-branes; those are very weakly coupled (and decouple in the g, — 0 limit). In addition, 


there are of course fundamental open string oscillator modes that are also charged under 
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SM gauge interactions and have TeV masses. 


The common thread of all three cases is the existence of a neutral sector described 
by closed fundamental little strings that survive in the limit g, — 0. They have non- 
trivial interactions among themselves with a coupling gist given in eq. (B.J). Perturbative 
computations can therefore be trusted when gis; < 1. Using eqs. (3), and (6.6), one 


obtains: 


M? M? 
t IIA : = — = ey e 
ype Üist Ti Üy M Mw M, 
M, 
t IIB : M pains (4.4) 
ype Jlst Mw ` 
D — branes in LST : tii = Gey = ae : 


Recall that for theories of D-branes in the presence of NS5-branes, gist is independent of 
the W boson mass which is determined by the separation of the D-branes and not of the 
NS5-branes. 

It follows that the discussion of the perturbative spectrum of section 3 is strictly 
speaking valid for the theories of D-branes in LST if the separation of NS5-branes is larger 
than gsls ~ 1/Mp. The little string excitations can be produced in particle accelerators if 
they dispose sufficient energy, or they can lead to indirect effects in various processes, as 
the effects of TeV string models based on type I theory B4. 

The perturbative spectrum occurs at [AB] 

2 


2M 
M? n = ——(n- 1)2m-n), 2m +1 > 2n >2m+1-k,  neZ. (45) 


n,m k 


The pole at n = 1 corresponds to the light SM particle. The other poles at M^, ~ M2fk 
are KK-type excitations, due to the asymptotic radius of the cigar. Each set of poles on 
the up-side-down parabola (Æ.J) is followed by a branch cut starting at the maximum of 
the parabola, that we discussed in the previous section. 
Similarly, observables corresponding to string excitations N create from the vacuum 
particles with masses 
M? min = M? m + NMŻ. (4.6) 


Hence, each of the particles in (E.J) is followed by a Regge trajectory of string excitations B. 


T For charged open little strings (open strings in the background of NS5-branes), some factors 
of 2 should be added in eqs. EJ, (Eq) relative to the neutral closed little strings sector; see for 
instance eqs. (B.14), (B.15) in BO. 


15 


It is interesting to consider the thermodynamics of LST at a TeV; this can be done 
using its holographic description BOBGBABYBI]. Strongly coupled LST has a Hagedorn 
density of states and the Hagedorn temperature is Ty = M,/(21 Vk) [B3]. At high energy 
the entropy is 

S = ByE+alogE+O(1/E), (4.7) 


leading to the temperature-energy relation 


Os 


= 5p = but o/E + O(1/E"). (4.8) 


B 


The sign of a indicates if Ty = 1/fg is a limiting temperature (where the energy density 
diverges as T approaches Ty from below) or a temperature where a phase transition might 
occur. Recently, @ was computed and was shown to be negative |B9]. This suggests 
that a phase transition is expected at T ~ Ms, similar to QCD. The nature of the high 
temperature behavior of the theory might have some interesting consequences in the physics 
of the early universe. 

Weakly coupled LST (gis; < 1) has of course the same high energy thermodynamics 
(when E >> M,/gis:). However, at intermediate energies M, < E < M;/gi,; the weakly 
coupled little string excitations possess a Hagedorn density of states with Ty = M,/(27) 
E1. 

Finally, we remark that gauge coupling Unification, the one concrete quantitative 
success of the supersymmetric standard model [B], can be accommodated in a way parallel 
to [I]. There it was shown that under general conditions, placing the color and weak 
interactions on two different sets of branes (extended in different directions in the internal 
compact space) implies one relation among the three gauge couplings which naturally leads 
to the correct value of the weak mixing angle, provided that we choose the fundamental 


scale to be at a few TeV. 


5. The Hierarchy Problem 


In the framework we described here, the hierarchy between the Planck and the string 
scales is attributed to the smallness of the string coupling. A small string coupling is 
rather natural when supersymmetry is broken due to the runaway potential generated 
for the dilaton [fl]. In a usual scenario where the YM couplings are of the order gs 


such a runaway behavior is a serious problem. On the other hand, in the LST scenario 
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considered in this note, gy m is determined by geometrical data, while g, is an independent 
parameter. Yet, although gs < 1 is required to set the observed Newton’s constant, it 
should not runaway all the way to 0. In this section, we describe a mechanism determining 
the expectation value (VEV) of the dilaton and the conditions for generating the desired 
hierarchy. 

Let us first remark that if the value of the string coupling is chosen to be very small by 
hand, the resulting hierarchy is obviously stable under radiative corrections even around 
a non-supersymmetric string vacuum. This should be contrasted with the large dimension 
framework [B] where stability of hierarchy requires that massless bulk fields propagate 
in more than one large compact dimensions [12]. Moreover, the vacuum energy in a 
non-supersymmetric vacuum of the theories we described here behaves at most as M4 ~ 
(TeV)* (see also and the discussion below). This should be again contrasted with the 
framework of large dimensions which suffers in general from the usual quadratic divergences 
~ M2M$, unless the bulk is supersymmetric [BIET]. 

Dynamically determining the dilaton by minimizing an effective potential faces the 
following problem. Since the dilaton plays the role of string loop expansion parameter, 
a generic non-trivial potential would mix several orders of perturbation theory (as well 
as eventually non-perturbative effects) and, in general, the minimum would be at a point 
where different powers of g, compete and, as a result, perturbation theory is unreliable. 
Moreover, the value of the coupling is in general expected to be of order unity. A possible 
exception using non-perturbative contributions such as several condensates [5] appears 
very unnatural in our case, since non-perturbative factors are extremely suppressed in the 
desired very weak coupling limit. 

One way to evade this problem is through the appearance of logarithms. These can 
arise from loops of particles having gauge interactions with masses depending on the string 
coupling. The first difficulty is that gauge theories on NS5-branes are independent of the 
string coupling. One should therefore introduce a new gauge (hidden) sector living on 
D-branes and thus having a gauge coupling given by gil ? The second difficulty is that 
massive particles on D-branes have in general masses set by their separation, their motion 
or the string scale itself (for string excitations) all of which are independent of g,. In these 
cases, loop effects cannot produce logarithms of gs. However when masses are induced 
radiatively, they depend on the string coupling and can give rise to logs. One such example 
arises when there is an anomalous U(1). The anomaly is cancelled by an appropriate shift 


of an axion from the Ramond-Ramond sector and the abelian gauge field acquires a mass 
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na = gu! a) Integrating out this field, one obtains a potential term proportional to 


m^ ln mA, or equivalently (in the string frame): 
Ver = g2(vi Ings + v) M? + cM; , (5.1) 


with v;,2 and c numerical constants. The first two terms proportional to v4. correspond 
to two string loops contributions (genus 2), while c arises at the one loop (genus 1). 


The effective potential (B.J) has an extremum at 
(ga) = eit (5.2) 


which is a minimum when v is positive. This minimum can be exponentially small when 
v is just one or two orders of magnitude bigger than v4, which is not unreasonable since v, 
is determined entirely from the loop of the anomalous U(1) while v2 receives contributions 
from all string modes. 

Note that in general, in the presence of D-branes, one may expect an additional contri- 
bution to Veg proportional to gs, arising from genus 3/2. Such a term would destabilize the 
minimum (D.2) and is assumed to vanish. In fact this condition is related to the problem 
of fine tuning the cosmological constant. In the above example (D.T), we should therefore 
impose 


c = —(g,) (vi In(gs) + v2) + O((gs)4) - (5.3) 


Another example of logarithmic corrections to the potential may be provided in models 
of the Coleman-Weinberg type, where a classically massless scalar field with a tree-level po- 
tential acquires a non-trivial VEV driven by a negative squared mass generated radiatively. 
In this case, the scalar potential takes the form Veg ~ ®4/g, — u?4?, up to In © corrections 
in both terms. Then, its minimization fixes (9) œ gu! ? and leads to V.g ~ gs ln gs which 
is similar to the expression (D.]]) that we studied above. 

An alternative possibility of fixing the dilaton without generating a potential would be 
during the cosmological evolution of the universe, following the suggestion of Damour and 
Polyakov [I4]. The basic requirement is that all couplings and masses of the effective theory 
should depend on the dilaton through the same function. If in addition this function has an 
extremum, the cosmological evolution will “push” the dilaton towards this extremum. This 
happens during matter dominated era, crossing mass thresholds in radiation dominated, 
as well as during any period of inflation. As a result, the dilaton couples quadratically to 


matter and its mass can vanish without causing any dangerous long range force. 
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The main requirement of a universal functional dependence seems however very un- 
likely to be satisfied in heterotic and type I string vacua. On the contrary, theories on 
NS5-branes seem to provide a natural framework for realizing such a requirement, since 
in the string frame the matter action is independent of the dilaton while graviton kinetic 


terms may acquire a non-trivial dilaton dependence: 
L= F(g,)R T L fnatker ; (5.4) 


where F(g,) = 1/g?+ higher order and non-perturbative corrections. It follows that upon 
rescaling the metric into the Einstein frame, all mass parameters of the matter Lagrangian 
will depend on the single “universal” function F. It is not however clear under what 
conditions F' would have an extremum at a tiny value of gs. 

The dilaton may approach but not precisely reach the extremum of F in cosmological 
time [Ed]. This results in a small universal linear coupling of the dilaton to matter — 
but not to radiation — proportional to the fractional deviation a of the dilaton’s present 
position away from its minimum. Such a scalar admixture to gravity has several possible 
observational consequences, including the bending of light and the Shapiro time delay of 
signals Hq FJ. The most stringent bounds come from primordial nucleosynthesis, and 
they constrain the present value of o to be less than a few percent [É7]. A precision test, 
possibly improving the present limit of a by over an order of magnitude, will take place in 
the relativistic gyroscope (or Gravity Probe B) experiment that will be launched in 2002. 

In general, small flavor-dependent effects are expected to spoil the exact universality of 
the coupling of the dilaton through the function F. In the string frame these are expected 
to show up as small g,-dependent corrections to the various gauge-invariant terms in the 
matter Lagrangian of eq. (6-4). This results in a linear coupling of the dilaton to matter 
which is flavor-dependent and, therefore, leads to violations of the principle of equivalence 
— estimated to be proportional to the product of a x g,. These are potentially observable 
in the upcoming satellite experiment STEP, which will test the principle of equivalence to 
one part in 10!5 [4]. Since gs grows with Ms and Vs, the predicted violations are larger 


for string scale above a TeV or bulk volume above a TeV ? (see footnote 2). 
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6. Remarks 


We end with some comments, first on the cosmological constant. In models with 
infinitesimal string coupling, it seems that the vacuum energy may be consistent with the 
present experimental bound if the perturbative contributions are arranged to vanish in 
one and two loops, while non-perturbative corrections appear to be extremely suppressed. 
Indeed, the three loop contribution is of order g2M2 ~ M8/M# which is just of the order 
suggested by present observations for M, ~ 1 TeV. This may provide a new framework for 
explaining the smallness of the cosmological constant which deserves further investigation. 

The theory of NS fivebranes with the string scale set equal to the electroweak scale 
and with a very small asymptotic string coupling realizes several recent ideas in explicit 
string theory backgrounds. 

For example, the tip of the cigar is a concrete realization in string theory of what one 
would call in [I3] “the d-dimensional negative tension brane” (see figure 1). Unlike possible 
realizations of warped compactification scenaria in string theory, here the theory at high 
energies is not a CFT; it is a string theory with a scale M, coupled (weakly) to gravity. 
Nevertheless, there is an analogy between the dilaton and the y coordinate responsible for 


the exponential hierarchy in warped compactification scenaria. 
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1. Introduction 

A potential source of difficulty for extended-inflation models [1] based on a 
Brans-Dicke theory of gravity [2] is the choice of the correct frame (metric) in 
which to describe the space-time geometry at a cosmological level. One may 
wonder, in particular, in which frame the metric should be of the inflationary 
type, and satisfy the conditions required to avoid the problems of the standard 
cosmological scenario. 

While the choice of the Einstein (E) frame (in which the Einstein-Hilbert term 
takes the General-Relativity form) usually simplifies calculations and is quite pop- 
ular, there are physical motivations for choosing instead the Brans-Dicke (BD) 
frame, in which matter couples to the metric-tensor in the standard way [3]. Ar- 
guments in favour of the BD choice can also be given in string theory [4], where 
the BD frame metric coincides with the o-model metric to which test strings are 
directly coupled. Thus free string motions follow geodesic surfaces with respect to 
the BD (not the E) metric. 

The physical observable properties of a given model should be independent, of 
course, from the field redefinition (Weyl rescaling) connecting BD and E frames. 
And indeed, in the case of extended inflation, the metric describing a phase of 
power-law inflation (with variable Newton constant) in the BD frame, is trans- 
formed into a metric, which is still describing power inflation (of the slow-roll 
type, with exponential potential) in the E frame, as discussed for instance in [5]. 

In a string theory context, the role of the BD scalar is played by the dilaton 
field. In such case, as pointed out in [6], there appear to be serious difficulties in 
arranging a successful phase of dilaton-driven, power-law, extended inflation, at 
least if theoretically motivated dilaton potentials are used. On the other hand, 
the cosmological equations obtained from the low-energy string effective action 
show that the dilaton can drive (even in the absence of a potential) a phase of 
accelerated expansion. This phase, supposedly describing the Universe before the 
big-bang (so-called “pre-big-bang” [7]), is characterized by being just the “dual” 
counterpart (in the sense of ref. [8]) of the “post-big-bang” standard cosmology. 

The “pre-big-bang” phase corresponds, in the BD frame, to a superinflation- 
ary expansion. When transformed to the E frame, however, the same metric 
describes, as we shall see, a contracting Universe. Apparently, this represents a 
difficulty for the whole scenario, since the presence or absence of inflation (and of 
its bonuses) would seem to become frame-dependent. 


In this paper we shall show that, on the contrary, even in the E frame the 
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solutions of the string cosmology equations provide an adequate description of 
the inflationary phase, provided we generically mean, by “inflation”, a phase of 
cosmological evolution that is able to avoid the problems (see for instance [9]) 
related to the decelerated kinematics of the standard cosmological model. 

At the same time, and irrespectively of strings and/or BD theory, we shall 
argue that the solution of many of the standard-cosmology problems achieved by 
inflation is also possible through the introduction of an early phase of accelerated 
contraction, that we shall call deflation. This will be the content of the following 


section. 


2. Inflation vs. deflation 


It is well known that there are three possible classes of inflationary evolution 
[10], corresponding to a curvature scale that is constant (De Sitter inflation), 
decreasing (power inflation) or increasing (superinflation). Less known, however, 
seems to be the fact that in a phase of growing curvature the solution of the 
standard cosmological puzzles can be realized in two ways, namely by a metric 
describing either accelerated expansion, à > 0,à > 0, or accelerated contraction, 
à « 0,à « 0 (a is the scale factor of a homogeneous and isotropic model, and a 
dot denotes differentiation with respect to cosmic time). 

A possible equivalence of superinflation and accelerated contraction is clearly 
pointed out by an elementary analysis of the so-called flatness problem. If we want 
the contribution of the spatial curvature k to be suppressed with respect to the 


other terms of the cosmological equations, then the ratio 


k k A 
n= BR g2’ H=da/a, (2.1) 


must tend to zero during the inflationary era. Such a condition is clearly satisfied 


by a metric that behaves, for t + +00, as 
axt? , t>0 , xe (2.2) 
but also by a metric, which, for t + 0—, behaves as 
Gab , t<0 , ET. (2.3) 


The case (2.2) corresponds to power inflation, and includes the standard De 
Sitter exponential inflation in the limit a — oo. The second case, (2.3), cor- 


responds, for 6 < 0, to the well-known case of pole inflation (superinflationary 
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expansion, à, à, H all positive). For 0 < f < 1 it describes instead an accelerated 
contraction, or deflation (4,4, H all negative). In both cases the curvature scale 
is growing, and H, H diverge as t > 0. . 

A deflationary phase (2.3), with 0 < 6 < 1, may also provide a solution to the 
so-called horizon problem. The presently observed large-scale homogeneity and 
isotropy requires the proper size of the particle horizon to become large enough 
during the inflationary era, and to go to infinity in the limiting case in which 


inflation extends for ever in the past. This means that the integral 


d,(t) = a(t) T deu (2.4) 
tı 

must diverge, if a is the inflationary scale factor, when tı approaches the maximal 
past extension of the cosmic time coordinate for the given cosmological manifold. 

For the metric (2.3) such a limiting time is —oo, and dp — oo for tı —> —oo, 
so that there are no particle horizons in a phase of accelerated contraction. 

As a consequence of accelerated contraction, causally connected regions are 
pushed out of the event horizon, just as in the standard inflationary expansion. 
It is true that the proper size of a causally connected region tends to contract, 
asymptotically, like the scale factor. For a patch of initial size dı ~ (—t,) one 
finds in fact, from eqs. (2.3) and (2.4), that dp — [a(t)/a(ti)|di for |t| << Jti]. 


However, the proper size of the event horizon, defined by 


d mato f  di'a- (t^ (2.5) 


(t2 is the maximal allowed future extension of the cosmic time coordinate), con- 
tracts always faster than dp. Indeed, tg = 0 for the metric (2.3), and one finds 


that de(t) ~ (—t) for t + 0. The ratio of the two proper sizes at small t 


Pe ee ae (2.6) 


shows that the causally connected regions will always cross the horizon, asymp- 
totically, not only in the case of superinflationary expansion (3 < 0), but even in 
the deflationary case (0 « 8 « 1 ). 

We note, for later convenience, that the conditions for a successful resolution 
of the horizon and flatness problem, when expressed in terms of the conformal 
time coordinate 7 (a = dt/dn), are exactly the same for both superinflationary 


expansion and accelerated contraction. Moreover, if the contracting phase is long 


3 


enough to solve the horizon problem, then also the flatness problem is automati- 
cally solved (and vice versa), as in standard inflation. 


1 while the ratio rı scales 


Indeed the ratio rg scales in conformal time like n7 
like y?. The horizon problem is solved if rə(ņf), evaluated at the end of the 
accelerated evolution (7 = nf), is larger than the present value r2(7o) = 1, rescaled 


down at nsf. This implies 


1 T, 
Wl E Fey, (2.7) 
mg — mr eV 


Here n; denotes the beginning of the contracting (or expanding) accelerated evolu- 
tion, Tra the final reheating temperature at n = rjr, and the last equality holds in 
the hypothesis of standard, adiabatic, radiation-dominated and matter-dominated 
expansion from 7 down to the present time no. 

The solution of the flatness problem, on the other hand, is obtained if the ratio 
rı at the end of the accelerated phase is tuned to a value that is small enough, so 
that the subsequent decelerated evolution leads to a present value of rı satisfying 


the condition r1(7) ~ 1. This means 


(252 S (Tif ye 


; 2.8 
Th no l ) 


which is clearly equivalent to eq. (2.7), and which implies a resolution of the 
flatness and horizon problems (as well as of their rephrasing in terms of the entropy 
[9]) for both expanding and contracting metrics of the type (2.3). 

Besides solving the kinematical problems, a phase of successful inflation is also 
expected to efficiently amplify the vacuum fluctuations of the metric background. 
We shall conclude this section by noting that such an amplification can also be 
provided by a long period of deflation. 

Consider, for instance, the amplification of tensor perturbations h; (similar 
arguments hold for the scalar case also). In a four-dimensional conformally flat 
background, the wave equation for each Fourier component of h can be written in 


terms of the rescaled variable y = ah as [11] 


V" + (k? -—) 20 (2.9) 


(a prime denotes differentiation with respect to conformal time). In a realistic 
case, the phase of accelerated evolution is followed by the standard radiation- 


dominated expansion, with a ~ 7, and the amplification of the fluctuations can be 
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described as a process of graviton production from the vacuum (such an approach 
will be used in Section 3). Equivalently, in a Schródinger-like language, the process 
corresponds to a parametric amplification of the perturbation wave function [11], 
which is oscillating at 7 — +00, and evolves with a power-law behaviour in the 
regions where the co-moving frequency k is negligible with respect to the effective 
potential a”/a of eq. (2.9). 

By inserting into (2.9) a generic parametrization (in conformal time) of the 


accelerated metric, a(7) = (—n)~°, one finds indeed that the solution behaves like 


etikn 
h~ AL 20 kp»»1 (2.10) 
or] 
h~ A+ BC = A+ B(=n)! t? , kn<<1 (2.11) 


(A+, A, B are integration constants). In the case of accelerated expansion (ô > 


0,a — oo for  — O_), the perturbations are amplified because their amplitude 
tends to stay constant in the 7 — 0 limit, instead of decreasing adiabatically as in 
the oscillating regime (2.10). 

In the case of deflation (6 « 0,a — 0 for 7 — 0..), the amplification process 
is even more efficient than in the previous case, as the amplitude of h grows 
(with respect to the adiabatic red-shift of the subsequent radiation-dominated 
expansion) even in the oscillating regime. Moreover, as shown by eq. (2.11), h 
may even grow asymptotically (instead of being constant) provided ó « —1/2. As 
we shall see in Section 3, this condition is satisfied in particular, in the E frame, 
by a 3-dimensional phase driven by stretched strings. 

Note that the amplification coefficient corresponding to a phase of acceler- 
ated contraction is different, in general, from the one corresponding to a phase of 
accelerated expansion. It is just because of this difference that the perturbation 
spectrum may remain unchanged, when an inflationary background is transformed 
into a deflationary one through a conformal rescaling, as we shall see in the fol- 


lowing Section. 


3. Pre-big-bang cosmology in the Brans-Dicke and Einstein frames 


In a string cosmology context [7,12], a global (at least semi-quantitative) 
description of the evolution and symmetries of the early Universe is expected to 
be provided by the low-energy string effective action, possibly supplemented by 
the action Sm for macroscopic matter sources: 

1 


E 1 
Be "UG d^*!z4/|gle *[R + (8,9)? — 12e +V] + Sm (3.1) 


Here Hva is the antisymmetric tensor field strength, and V a (possibly non-zero) 
dilaton potential. 
In this paper we will consider a (d+ 1)-dimensional, anisotropic metric back- 


ground of the Bianchi I type, with time-dependent dilaton, 
goo—1 , gij — —a?ó; , Ó = p(t) SQ; i,j = 1,252, d (3.2) 


and with vanishing H,,4 and V(@). The additional matter sources, which are 
decoupled from the dilaton in this frame, will be represented by a perfect fluid 


with anisotropic pressure: 
To=p , Ti = -pð =—y:p6) . (3.3) 
By defining as usual [8,7,12] 
ó—-ó-hnylg . P=evVigl . D=Pviol (3.4) 


the field equations following from the variation of the action (3.1) can be written 
in the form [8] 


d dE YH =0 (3.5) 
$ YHP =p? (3.6) 
2(H; — Hid) = p.e? (3.7) 


where H; = àj/a;, and we use units in which 87G = 1. Their combination gives 
the usual conservation equation 
pt. Hip =0. (3.8) 
By applying the general procedure illustrated in [7], the background field vari- 
ables can be separated, and the equations can be integrated exactly, by introducing 
a suitable time-like coordinate x such that 
1 dz 
L dt 


(L is a constant with dimensions of length, in such a way that x is dimensionless). 


psc (3.9) 


For constant y; we obtain the following general exact solution of eqs.(3.5-3.7) (a 


similar problem was first solved in a different context in [13]): 


i/o) e c 


a; = agil(zx — z4)(x — x) MS (3.10) 


D qx 


e? = eti (z — 24)(e — s )| e| —R 7 (3.11) 


Q a—1)/a|* — T+ i-o 
P= rae lén — (e - a) Mr are (3.12) 


ac, + ^r, vixi — Lo) 
a=1- UE GY , Qj = ——————————————ÀÉÀÀ——c————A—s 
22r » 3 o[(95; Vizi — zo)? + a($2; 22 — xå) 


sa = {its sot Ines! Feb oa?) (8-13) 


E Q 


and ao, ġo, xo, zi are integration constants. 
This solution has various interesting properties, which we shall discuss else- 


where [14]. Here we only note that there are two curvature singularities at £ = £+, 


and that the region between the singularities is unphysical, in the sense that the 
critical density parameter 


Ox) = pe? " (ETN x escas (3.14) 


(DH (d — 1) X; (qix + zi)? 
becomes negative. This parameter tends to zero at the singularities, and in this 
limit the metric (3.10) goes over to the vacuum solutions of string cosmology [15,8]. 


For x — x+ one finds indeed 


ailt) ~ |t — t4|P* , (3.15) 
where i 
+ Ti Yit +)\2 
—-—-——— =) alt, 3.16 
b; x0 +24 b y» ) ( ) 


However, because of the neglect in the original action (3.1) of truly “stringy” 
contributions (such as o/ and loop corrections), this solution is not expected to 
provide a reliable description of the very high curvature regime. The appropriate 
range of validity of the solution is instead the large |x| limit, and in particular x > 
—oo, where it provides a typical example of pre-big-bang evolution, characterized 
by acceleration and growing curvature scale [7]. 

If we consider, in particular, the isotropic case with negative pressure (a; — 
a, yi = y < 0 for all d spatial directions), then at large negative x we have |z| ~ 
|t|2/(279). and the solution (3.10-3.12) becomes, in this limit, 


1 
a(t) ~ (2/0, Ge) T Ina 


= 2 
fice ey E di lna , peo (3.17) 
^Y 


For y = —1/d, which is the typical equation of state for a perfect gas of stretched 
(or unstable) strings [16], one thus recovers the particular solution already consid- 
ered in [7,12] (“string-driven” pre-big-bang). More generally, however, the back- 
ground (3.17) describes a phase of superinflationary expansion, H > 0,ü/a > 0, 
and growing curvature scale, H > 0, for all y « 0. 

This is the picture in the BD frame, which may be regarded as the natural 
one in a string theory context [3]. The passage to the E frame, defined as the 
frame in which the graviton and dilaton kinetic terms are diagonalized and the 


action takes the standard form, 


P 1 
~~ 167G 


Sp / d'"eVB-RG)* Ls") Sm, (318) 


is obtained through the conformal rescaling 
Juv = gue c0) ’ o = =O: (3.19) 


The E-transformed scale factor, à, and cosmic time coordinate, t, are thus related 


to the original BD ones by 
à= aet D  , dé = dte P/N, (3.20) 


The pre-big-bang configuration (3.17) becomes, in the E frame, 


ve " i 2 (d-1)(1-d7), s 
nw (=#)F Ade c ET 
(eC. bof rp ma 
E doe 2(1— y) 
~ d 2/8 Eo e 3.21 
pea o P< GT) d 
where J is conformally related to the original density p as 
x V | | pef ted) (3.22) 


P = PFS > 
viäl 


(see for instance |17]). For all d > 1 and y < 0, the transformed metric (3.21) 


satisfies 


Qy ar 
^ 
eo 
x 
^ 
eo 
x 
^ 
o 


(3.23) 


where H = à/ à, and the dot denotes here differentiation with respect to t. The 
BD superinflation thus becomes an accelerated contraction of the type (2.3). 
This result is a consequence of the non-trivial evolution of the dilaton back- 
ground that determines the transformation between the two frames, and it is of 
crucial importance. It implies that, if inflation is long enough in the BD frame 
to solve the kinematical problems of the standard model, then such problems are 
also solved in the E frame. Indeed, according to eq. (3.20), the two frames have 


the same conformal time 


db dr 
a(t) a(t) 


and we have shown in Section 2 that the conditions to be satisfied for solving the 


dij dn (3.24) 


kinematical problems, when expressed in conformal time, are the same for both 
superinflationary expansion and accelerated contraction. 

Moreover, the spectrum of the metric perturbations amplified in the course 
of the background evolution is also the same in both frames. This can be easily 
shown by considering , for instance, the case of tensor perturbations, and assuming 
a generic model of background evolution characterized by the transition (at 7 = 71) 
from the accelerated phase to the standard radiation-dominated one. In conformal 


time, such evolution can be parametrized as 
a ~ (=n) , $ c clna , n << =n 


a~n , @~const , n>>-m. (3.25) 


In order to verify the equality of the spectral behaviour, it is crucial to take 
into account the fact that not only the background solutions, but also the pertur- 
bation equations are different, when the frame is changed. In the BD frame, the 
tensor perturbation equation contains explicitly the contribution of the dilaton 


background, and for each component of ^, the equation can be written [7,17] 


"+ (k? —V)v =0, (3.26) 
where [7,17] 
Y = halt-Y/2¢-4/2 
| (d=1)a” 4$" (d-1)\(d-3)a? | $7 (d—-1) a’ 
V = 2a 2 a Aa E- a ear (3.27) 


By matching the solutions of (3.26) corresponding to the two phases of back- 


ground evolution, one can compute the Bogoliubov coefficients relating |in) and 
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lout) vacua, and describing the associated graviton production. For co-moving 
frequencies k that are small enough with respect to the height of the effective 


potential barrier (kn, << 1), the modulus of the Bogoliubov coefficient is [7,18] 


G8) |= Ug ) ee (3.28) 
where 
n prc it (3.29) 
y= 5 € 5 : 


and the corresponding spectral distribution of gravitons is determined as p(k) — 


k^|c..|?. In the case of four-dimensional exponential inflation (ô = 1,d = 3, € = 0) 


one thus finds, in particular, the flat Harrison-Zeldovich spectrum. 
In the more general case of the background (3.17), one finds that, in conformal 


time, the kinematics is parametrized according to eq. (3.25) by 


2y _dy-1 


S g (3.30) 


The coefficient |v| determining the pre-big-bang graviton spectrum in the BD 


frame is thus 
1, dy?-1 


"| = sli» 


In the E frame, there is no explicit dilaton contribution to the perturbation 


|. (3.31) 


equation for h, which is exactly the same equation as that satisfied by a minimally 
coupled scalar field [11] (the dilaton contribution, however, is implicitly contained 
in the rescaled metric background). Such an equation can still be written in the 
form (3.26), (3.27), but with ¢ = const. As a consequence, the spectral coefficient 
|v| of eq. (3.28) is determined by the metric background only, and becomes 
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1 
where 6 is the exponent parametrizing, in conformal time, the evolution of the 


contracting E metric (3.21): 


x 2(y — 1) 
b= uS 3.33 
(d — 1)(1 — 25 + dy?) us 
This value, when inserted into eq. (3.32), provides exactly the same expression for 
|v| as in eq. (3.31), and thus the same graviton spectrum as in the BD frame. 
We want to stress, finally, that the same results hold in the case of conformal 


vacuum backgrounds, namely for solutions of eqs. (3.5-3.7) with p — p — 0 [8,15] 
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(the general vacuum solution for the action (3.1) with non-zero Hy, is given in 
[19]). 

In the vacuum case the analogous of the isotropic, d-dimensional solution 
(3.17) is, in the BD frame, 


ax (t) ~ |t 1/ 2 


(3.34) 
óx (t)  —(1 + vd) ln |t| = £(Vd + d) naz 


The two signs correspond to the two duality-related solutions [8], and the upper 
sign describes a “dilaton-driven”, pre-big-bang, superinflationary expansion for t 
ranging from —oo to 0. 


In the E frame the solution (3.34) becomes (in conformal time) 


á(j)-|5|/*-? , A = FV/2d(d - 1) na (3.35) 


and it always describes an accelerated contraction of the type (2.3), independently 
of the choice of sign in eq. (3.34). It is interesting to note that the duality 
transformation, which is represented in the BD frame as an inversion of the scale 


factor and a related dilaton shift, 
a, a. =a]! , $46. = 44 -2dlna, (3.36) 


becomes, in the E frame, a transformation between what we may call a strong- 
coupling and a weak-coupling regime, 6 > —ġ, without changing the metric back- 


ground described by a. 


4. Conclusions 


The main goal of this paper has been to show that, for what concerns the 
solution of the kinematical problems (horizon, flatness) of the standard model, 
and the amplification of the vacuum fluctuations, an accelerated contraction of 
the metric is equally good as an accelerated expansion. 

This observation was motivated by the fact (also discussed in this paper) 
that accelerated contraction is the behaviour of the metric in a general pre-big- 
bang cosmological string scenario, when seen in the Einstein frame. Indeed, as 
already stressed in [7], there are only two ways of implementing a phase of cosmic 
acceleration and simultaneous growth of the curvature scale: accelerated contrac- 
tion and superinflationary (or pole-like) expansion. The latter corresponds to the 


pre-big-bang picture in the conformally related Brans-Dicke frame. 
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Obviously, a contracting phase cannot dilute the relic abundance of some 
unwanted remnants, such as the monopoles of the GUT phase transition. However, 
the same is true for the pre-big-bang scenario in the BD frame, as well as for 
all models in which the phase of inflationary expansion occurs at some higher 
fundamental (near Planckian) scale, which is indeed what is expected in a string 
cosmology context. In this respect, we recall [7] that a pre-big-bang phase should 
be regarded not necessarily as an alternative, but possibly as a complement to 
the more conventional inflationary models, which cannot be extended (at least 
semiclassically) beyond the Planck era. 

Moreover, it is clear that deflationary contraction is adiabatic for what con- 
cerns radiation, just like the usual inflationary expansion. Therefore, as recently 
stressed also in [20], a kinematical modification of the standard model can explain 
the large present value of the cosmic black-body entropy, only if the accelerated 
evolution is matched to the standard one through a phase dominated by some 
non-adiabatic process (the so-called “reheating” era). 

In the BD picture of the pre-big-bang scenario (see eq. (3.17)), the radiation 
is supercooled and diluted with respect to the sources that drive inflation. The 
conservation equation (3.8) leads in fact to an effective source temperature T, ~ 
a^^, which grows together with the scale factor for y < 0, and satisfies 

Zac ne died] (4.1) 
Ty Pr 
(r corresponds here to the radiation-like equation of state, y = 1/d). The reheat- 
ing process is thus expected to represent, in this frame, a sort of non-adiabatic 
conversion of the hot sources into radiation, such as a possible isothermal decay 
of the highly excited states of a gas of stretched strings [7]. 
In the E frame (see eq. (3.21)) the fluid sources satisfy a modified conservation 


equation, 


a E moa) =i. (4.2) 


Radiation still evolves adiabatically, now with a blue-shifted temperature because 
of the contraction, T, ~ à-!. The effective temperature of the pre-big-bang sources 


is also blue-shifted, however, since, in the perfect fluid approximation, eq. (4.2) 


leads to 
"Tony gd 0^ Asda aa^ y/(y-1) (4.3) 
and thus » 7 
E = Ps gr d-)(-0/0-1 | (4.4) 
T Pr 
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For à — 0 the temperature of the sources that drive the acceleration (y < 0,d > 1) 
is always growing, even with respect to the radiation temperature. The physical 
picture of reheating as a non-adiabatic decay of the hot sources is still valid, 
therefore, also in the Einstein frame. 

We would like to stress, finally, that the absence of problems related to some 
^preferred frame" description of a string cosmology inflation is to be ascribed, to 
a large extent, to the crucial role played by the dilaton field, which transforms 
conformally a superinflationary expansion into a deflationary contraction. This is 
to be traced back to the duality properties of the string effective action [8,12,19,21], 
and thus gives support to the consistency of an approach to string cosmology based 


on the effective action (3.1). 
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Abstract 


It is pointed out that string-loop modifications of the low-energy matter 
couplings of the dilaton may provide a mechanism for fixing the vacuum 
expectation value of a massless dilaton in a way which is naturally compatible 
with existing experimental data. Under a certain assumption of universality 
of the dilaton coupling functions , the cosmological evolution of the graviton- 
dilaton-matter system is shown to drive the dilaton towards values where it 
decouples from matter (“Least Coupling Principle”). Quantitative estimates 
are given of the residual strength, at the present cosmological epoch, of the 
coupling to matter of the dilaton. The existence of a weakly coupled massless 
dilaton entails a large spectrum of small, but non-zero, observable deviations 
from general relativity. In particular, our results provide a new motivation 
for trying to improve by several orders of magnitude the various experimental 
tests of Einstein’s Equivalence Principle (universality of free fall, constancy 
of the constants,. . . ). 


I. INTRODUCTION 


At present we know only one theory which treats gravity in a way consistent with quan- 
tum mechanics: string theory. In the low energy limit (low in comparison with the Planck 
mass) string theory gives back classical general relativity, with, however, an important dif- 
ference. All versions of string theory predict the existence of a (four-dimensional) scalar 
partner of the tensor Einstein graviton: the dilaton. It may happen that this scalar field 
acquires a mass due to some yet unknown dynamical mechanism. This is the generally 
adopted view, and if so there will be no observable macroscopic difference between string 
gravity and Einstein gravity. In this paper we will discuss another possibility: that the dila- 
ton remains massless. This immediately leads to the dramatic conclusion that all coupling 
constants and masses of elementary particles, being dependent on the dilaton scalar field, 
should be, generally speaking, space and time dependent, and influenced by local circum- 
stances. This conclusion is of course not new and it was precisely the reason for discarding 


the possibility that we are going to discuss. Indeed, it has been stated that the existence of 
a massless dilaton contributing to macroscopic couplings would, at once, entail the following 
observable consequences: (i) Jordan-Fierz-Brans-Dicke-type [I] deviations from Einstein’s 
theory in relativistic [O(Gm/c?r)] gravitational effects |B]; (ii) cosmological variation of the 
fine structure constant, and of the other gauge coupling constants [B], and (iii) violation of 
the (weak) equivalence principle [I]. As the strength of the coupling of the dilaton to matter 
is expected to be comparable to that of the (spin 2) graviton, and even larger than it in the 
case of hadrons fj, the above observable consequences seem to be in violent conflict with 
experiment. Indeed, present experimental data give upper limits of order: (i) 10^? for a pos- 
sible fractional admixture of a scalar component to the relativistic gravitational interaction 
Bj, (ii) 107 yr~+ for the fractional variation with time of the fine-structure constant! [P], 
(ii) 107 — 107? on the universality of free fall (weak equivalence principle) [IO] f} [See 
(LIT) for reviews of the comparison between gravitational theories and experiments]. 

In this paper, we point out that non-perturbative string loop effects (associated with 
worldsheets of arbitrary genus in intermediate string states) can naturally reconcile the 
existence of a massless dilaton with existing experimental data if they exhibit the same kind 
of universality as the tree level dilaton couplings. By studying the cosmological evolution of 
general graviton-dilaton-matter systems we show that the dilaton is cosmologically attracted 
toward values where it decouples from matter, a situation which we call the *Least Coupling 
Principle". Roughly speaking, the origin ofthe attraction is the following. Masses of different 
particles depend on the dilaton, while the source for the dilaton is the gradient of these 
masses. It is therefore not surprising to have a fixed point where the gradient of the masses 
is zero. [With some important differences discussed below, this mechanism is similar to the 
generic attractor mechanism of metrically-coupled tensor-scalar theories discussed in Refs. 
[3]. This cosmological attraction is so efficient that the presently existing experimental 
limits do not place any significant constraints on the physical existence of a massless dilaton. 
Most importantly, we give quantitative estimates for the level of residual deviation from 
Einstein's theory expected at the present cosmological epoch, notably for the violation of 
the equivalence principle. 


II. THE GRAVITON-DILATON-MATTER SYSTEM 


At the tree level in the string loop expansion (spherical topology for intermediate world- 
sheets) the effective action describing the massless modes (here considered directly in four 
dimensions) has the general form [4d 


Stree = J ayie IR + 406 — 4(V®)?| 


‘Note that, within the QCD framework, it does not make sense to speak of the variation of any 
strong-interaction coupling constant (the hadron mass-scale adjusting itself such that strong = 1). 


?The most recent analysis of Lunar Laser Ranging data Eq finds that the fractional difference 
in gravitational acceleration toward the Sun between the (silica-dominated) Moon and the (iron- 
dominated) Earth is (—2.7 + 6.2) x 10-8. 


E pa pow — ii P 
+E oea (21) 


n>1 


Here, 9,, (often denoted G,,) denotes the metric appearing in the o-model formulation 
of string theory and is used for defining all the covariant constructs entering Eq. (1) 
[V, (F Je; D,.. -]; 9 denotes the dilaton; a summation over the various possible gauge fields 
[F2, = ð A% — 0 A% + f%°A® AC] and fermions [D = S"(V,, + Ajt")| is understood; the 
ellipsis stand in particular for the ill-understood remaining scalar sector of the theory [Higgs 
fields and their Yukawa couplings, and possibly other gauge-neutral scalar (moduli), or 
pseudo-scalar (axion,...), fields]; and the last term symbolically denotes the infinite series 
of higher-derivative terms representing the low-energy effects of all the massive string modes 
on which one has to integrate to get the effective action for the massless modes. 

The remarkable feature that, when formulating the action in terms of the “string frame” 
metric à,,, the dilaton couples, at the string tree level, in a universal, multiplicative manner 
to all the other fields derives from the fact that g, = exp(®) plays the role of the string 
coupling constant. In the c-model formulation, this is easily seen to follow from applying the 
Gauss-Bonnet theorem [(42)-! f 6€ VhRO(h) = x = 2(1 — n); n= number of handles] to 
the Fradkin-Tseytlin c-model dilaton term, San = (42)-! f d?&Vhó(X) RO). In a constant 
(or slowly varying) dilaton background, the genus-n string-loop contribution to any string 
transition amplitude contains the factor exp(— San) = exp(2(n — 1)®) = g2"-V. Therefore, 
when taking into account the full string loop expansion, the effective action for the massless 
modes will take the general form 


s jas TES R+ Bol) 4D — 4(V)] 
—Bp(®) P? - By()9 D) +- j (2.2) 


At this stage of development of string theory, one does not know how to control the structure 
of the various dilaton coupling functions B;(®) (i = g, 6, F, v...) beyond the fact that in 
the limit ® — —oo (gs — 0) they should admit an expansion in powers of g? = exp(+2®) 
of the form, 


Bi) =e" +c 9 EE EE E (2.3) 


[Note that we have in mind the low-energy regime , with broken supersymmetry, for which 
there are no a priori obstacles to having couplings of the type (2-9) with c? z 0] 

Concerning the low-energy effects of all the massive string modes, we shall assume for 
simplicity that, like at tree level, Eq. (B.T), they are equivalent to introducing a cut-off at a 
®-independent string mass scale A, ~ (a’)~'/?, when measuring distances by means of the 
string-frame metric 6,,. 

It is convenient to transform the action (2-9) by introducing several 9-dependent rescal- 
ings. One can put both the gravity and the fermion sectors into a standard form by: (i) 
introducing the “Einstein metric", 


gu, = C B®) Gy, (2.4) 


(with some numerical constant C f), (ii) replacing the original dilaton field ® by the variable[] 


1/2 
3/B,V Bs |, Bas 
= |d |=|] +2 2— 2. 
ez iz) Re ve) 
(where a prime denote d/d®), and (iii) rescaling the Dirac fields 
b= C B3 Bl. (2.6) 


The transformed action can be decomposed into a gravity sector (g,,, p) and a matter one 


(v, A, - - -) 


S[g, p, Y, A,--] = Sop + Sm , (2.7a) 
4 1 1 2 
Sgp = fa sa R- a; V 9) | , (2.7b) 
Bg = [ és va| on» - E Beler +) . (2.7c) 


Here, q = 41G = ico (G denoting a bare gravitational coupling constant), Bp(q) = 
Br|®(y)] and the ellipsis stand for the (more complicated) Higgs sector. One should note 
that the string cut-off mass scale acquires a dependence upon the dilaton in Einstein units: 


Alp) = C 1 B, P (y)A, . (2.8) 


Essential to the following will be the dilaton dependence of the matter Lagrangian. One 
does not know at present how to relate string models to the observed particle spectrum. The 
basic clue that we shall follow is the dilaton dependence of the gauge coupling constants: 
g^? = k Br(y) from (B.7d). To connect the (bare) effective action (2.7) (integrated over 
the massive string modes) to the low-energy world, one still needs to take into account the 
quantum effects of the light modes between the string scale A,(y) and some observational 
scale. In the case of an asymptotically free theory the ratio of the IR confinment mass scale 
Acont to the cut-off scale, is, at the one-loop level, exponentially related to the inverse of the 
gauge coupling constant appearing in the bare action: 


Accont ~ As exp(—877b7*g7?) = CQ g AP (o) exp[-82?b !k Br(y)]Az , (2.9) 


where the one-loop coefficient b depends upon the considered gauge field as well as the matter 
content. The mass of hadrons is, for the most part, generated by QCD-effects and is simply 


3We shall choose C such that the string units and the Einstein units coincide at the present 
cosmological epoch: C Bj($9) = 1. 


4When B, = Be the quantity under the square root in Eqa. EJ) is positive definite. 
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proportional to Agcp ( with some pure number as proportionality constant). The dilaton 
dependence of the QCD part of the mass of hadrons is therefore given by (2.9) with b = b; 
and Bp = B; being the appropriate QCD quantities. However, the lepton masses, and the 
small quark contributions to the mass of hadrons, are not related to Agcp ( at least in any 
known way). Their dilaton dependence is defined by specific mechanisms of spontaneous 
symmetry breakdown (and compactification) which depend on particular string models and 
are not well established at present. Let us note that in technicolor-type models, as well as in 
no-scale supergravity ones, all the particle mass scales are related to the fundamental cut-off 
scale by formulas of the type (E-J. 

As a minimal ansatz, we can assume that the mass (in Einstein units) of any type of 
particle, labelled A, depends in a non-trivial way on the VEV of the dilaton through some 
of the functions B; appearing in (R.J): 


malp) = ma|Bs(e), Be(e).--]- (2.10) 


The essential new feature allowed by nonperturbative string-loop effects (i.e. arbitrary func- 
tions B;(®), Eq. (B.3)) is the possibility for the function m,4(y) to admit a minimum for 
some finite value of y. Assuming this, we shall see below that the cosmological evolution 
naturally attracts y to such a minimum. However, if the various coupling functions B;(y) 
differ from each other the minima of m,(y) depend , in general, on the type of particle 
considered. It will be seen below that this weakens the attraction effect of the cosmological 
expansion,and, more importantly, leaves room for violations of the equivalence principle at 
a probably unacceptable level (see the footnote following Eq.(6-T9)). This suggests to con- 
centrate on the case where string-loop effects preserve the universal multiplicative coupling 
present at tree-level, Eq.(B.T], i.e. the case where all the dilaton coupling functions coincide: 
Bi(y) = B(q) for i = F,g,---. In this “universal B(y)” case, the extrema of the function 
male) = malB(p)| will (generically) coincide with the extrema of the function B(y). As 
discussed below, this assumption leads very naturally (without fine-tuning, or the need to 
inject small parameters) to a situation where the present deviations from general relativity 
are so small as to have escaped detection. When we shall need in the following to estimate 
quantitatively the dependence of particle masses on y, we shall assume that the mass of any 
particle A is of the form suggested by Eq.(2-9): 


malp) = uAB^ (o) exp|-81?vAB(v)]A, , (2.11) 


with ua and v4 pure numbers of order unity. We believe that our main qualitative conclu- 
sions do not depend strongly on the specific form of the assumption (B.T). 

For the quantitative estimates below we need to choose some specific value of the string 
unification scale A, œ a’~!/2. The theoretical value A, = e@-7/23-3/49, Mplanck/4T c gs X 
5.27 x 10'"GeV has been suggested [I]. Here gs denotes the common (modulo possible 
Kac-Moody level factors of order unity) value of the gauge coupling constants at the string 
scale. To fix ideas, we shall take A, = 3 x 10!7GeV. 


III. CLASSICAL COSMOLOGY WITH A DILATON 
The gravitational field equations derived from Eqs. (2.4) read 
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1 
Ruy = 20,00, + 2q Ge — um , (3.1a) 


D = —q0 , (3.1b) 


where the source terms, defined by T” = 2971/28 Sm/ guv, o = g V?6Sm/dy, are related by 
the energy balance equation: V, T” = g V. 

In the case of a Friedmann cosmological model, ds? = —dt? + a?(t)dé? with d? = 
(1— Kr?)-!dr? + r?(d6? + sin? Ody”), K = 0, +1 or —1, the field equations give (TH = 
diag(—p, P, P, P); H = à/a, the overdot denoting d/dt) 


S - = q(p- 3P) - 22? , (3.22) 
K , 

3H? + 3-5 = 2qp + ae (3.2b) 

pt+3Hp=qo. (3.2c) 


In the following, we concentrate on the spatially flat case (K = 0). Following Ref. [T3], 
we can combine Eqs. (B.J) to write a simple equation for the cosmological evolution of the 
dilaton with respect to the logarithm of the cosmological scale factor: p = In(a) + const. 
(not to be confused with the pressure P). Denoting d/dp by a prime, one gets (K = 0) 


c 
juu Xv 7. (3) 
where A = P/p. 

Except during phase transitions, the material content of the universe can be classically 
described as a superposition of several (weakly interacting) gases labelled by A, i.e. by an 
action of the form 


Slos: za] = -F | maleralME- qu Grant] (34) 


(the massless particles being obtained by taking the limit m4 — 0 with mu^ = madz^ /dsA 
fixed). In Eq. (B) the summation over A includes a sum over the statistical distribution of 
the A-type particles. The gravitational source terms corresponding to Eq. (B.4) read 


T(x) = — Y: f dsamaleza)]s b — 4) , (3.52) 
g(x) A 
1 4 
olo) = -rr È | dsaoaloleamalolea — 20) 
= 2 aal(y(2)] TA(x) , (3.5b) 


where 


aa(y) DL (3.6) 


measures the strength of the coupling of the dilaton to the A-type particles. In the second 
Eq. (B.58) T4 = —pa + 3PA4 denotes the trace of the A-type contribution to the total 
T"" = X4AT^. It is easy to see that when the different A-gases are non interacting their 
corresponding sources satisfy the separate energy balance equations: V, T = c4V" = 
Q ATAV" gp. 

In the string context, it is natural to assume that the string scale A, subsumes both 
what is usually meant by “Planck scale” and “GUT scale”, leaving essentially no room for 
a quasi-classical inflationary era. We leave to future work a discussion of primordial stringy 
cosmology, and content ourselves by describing the evolution of dilatonic cosmologies through 
a radiation-dominated era, followed by a matter-dominated one. 


IV. EVOLUTION OF THE DILATON DURING THE RADIATION-DOMINATED 
ERA. 


During a radiation-dominated era (universe dominated by ultra-relativistic gases) the 
gravitational source terms are approximately given by 


T4 


~ 3P e g,(T\—T" , 
p g(T)35 


(4.1a) 


o~0, (4.1b) 


where g.(T) = pose 93 (T4/T)* + (7/8) £ remi 94(T4/T)* is the effective number of rela- 
tivistic degrees of freedom in the cosmic soup at temperature T. | The sum defining g+(T) is 
taken only over particles with mass m4 < T; because of possible previous decouplings the 
corresponding relativistic gases may not all have the temperature T, e.g. T, = (4/11)'37, 
below 1 MeV ]. Eq. (EIH) suggests that the dilaton does not evolve during the radiation 
era. More precisely, Eq. (B.3) with \ ~ 1/3 shows that y(p) behaves as a particle, with 
velocity-dependent mass, submitted to a constant friction. In a few p-time units, (p) will 
exponentially come to rest. [see Ref. for the exact solution of the damped evolution of 
y(p) when c/p is negligible]. However, something interesting happens each time the uni- 
verse cools down to a temperature T ~ ma defining the threshold for the participation of 
the species A to the relativistic soup. When T ~ ma, the term on the right-hand side of 
the p-time evolution of y is well approximated by 
OA 15 gA 


fuse = ~ g.(T) Ts(za)aa(y) , (4.2) 


where z4 = mA4/T and 


m 1/2 
T(z =z 2 4 da = et T lee E , (4.3) 


where the upper (lower) sign corresponds to A being a fermion (boson). In the approximation 
(justified by the results to be discussed) where the dilaton contributions to the Einstein 
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equations (B-2a), (B-2]) are negligible one has T e a~t, and therefore p = 1nz4 (with 
an adapted choice of origin for p). Then, as a function of p, the (everywhere positive) 
function T+ is proportional to exp(+2p) when p — -—oo, rises up to a maximum ~ 1.16 
when z4 œ 0.87, and falls quickly to zero as exp[3p — exp(p)] when p — --oo. [ This 
maximum occurs because for T >> my the (ultra-relativistic) particles do not contribute to 
c, while for T < my there are exponentially few particles |. Remembering the definition 
(ET) of a4(y), it is easy to see that if the function m4(y) has a minimum, say y4, and if 
the initial value of o, say ^ = y(p = —oo) = Y(T > ma), is sufficiently near y4, Eq. E3) 
will describe a damped, transient nonlinear attraction of y(p) around 2. [Note that, from 
the above discussion, the initial velocity is zero to an exponential accuracy ~ exp(pa — pA)]. 
The existence of such an attraction mechanism by mass thresholds during the radiation era 
was noticed in Ref. [J] in a related context (generalized Jordan-Fierz-Brans-Dicke theories 
characterized by a universal, A-independent coupling function a4(y) = aly) = Oa(y)/dy). 
In the context of Ref. [I3], it seemed natural to assume that the curvature of the function 
Inm(q) = a(q) + In mo near its minimum was of order unity. This rendered the presently 
discussed attraction mechanism very ineffective. An important new feature of the present, 
dilatonic, context is that the curvature of In mA(q) near its minimum is expected to be large 
compared to one. This follows from the expected exponential dependence on Bp(y) of the 
mass scales of the low-energy particle spectrum, Eq. (29). To fix ideas and be able to make 
some quantitative estimates, we shall take the form (D.11]) with ua = 1. This yields 


A. ülnB^! 
aig NBC 


» T ER MEL (4.4) 


A, 1) 0mB 
aa(y) = — L 3 + ; dln B(y) 


where A’ = e!/2A, ~ 5 x 10!" GeV. 
We see that a minimum Ym of mA(q) corresponds to a maximum of B(y) (or a minimum 


of B~'(y)). Let us denote by « the curvature of the function In B^! (i) near its minimum 
Ym. In the parabolic approximation 


InB'(p) = m B^ (os) + 58(9 — Pn)? (4.5) 

one gets 
aa(y) = Bale — Ym) ; (4.6a) 
Ba = K In(AL/ma) = «(40.75 — In(m4/1GeV)] . (4.6b) 


Inserting Eq. (É.64) into Eq. (E2) and then into Eq. (B.3) (written in the approximation 
A œ 1/3) yields 


vq" (p) + v'(p) = s(p)le(p) — Ym] . (4.7) 
with 
sa(p) = - ES Tale). (4.8) 


Within a good approximation one can replace the temperature-dependent quantity ga/g.(T) 
by its initial value, say f? = g4/g™, in which g™ = g,(T >> m4) contains the contribution 
7gA/8 (or ga) if A is a fermion (or boson). Eq. (ŒM) describes a damped motion submitted 
to a transient harmonic force tending to attract y toward Ym. The final outcome of this 
motion is to leave (when p = +00) o nearer to Ym than it was when it started at rest 
at p = —oo. We define the attracting factor of the A-th mass threshold as m4(b4) = 
(y(+00) — yA)/(y~(—oo) — på), where the suffix + in the left-hand side corresponds to the 
fermion/boson case and where b4 = Gaf'? = 84g4/gi?. There are two quite different regimes 
in this mass-threshold attraction mechanism: when b4 < 1 (b4 < 0.5 sufficing), y(p) moves 
monotonically toward Ym by a small amount given by integrating over p the force term on 
the right-hand side of (ÆJ) evaluated at the original position of y (“kick” approximation). 
The result is (see Ref. [I3]) 


mala) = 1- tu") +008). (4.9) 


where the upper (lower) coefficient corresponds to the fermion (boson) case, respectively. In 
this first case the attracting power of the A-threshold is rather weak (hence the conclusion 
of Ref. that the total radiation era attraction is rather ineffective in the case of usual 
tensor-scalar theories with 64 = O(1) and X4f4 ~ 1n(100/10) ~ 2.3). By contrast, in the 
present, dilatonic context one expects & ~ 1, 84 ~ 40 and therefore b4 >> 1 for many mass 
thresholds (the most efficient mass thresholds being the latest in the radiation era which 
tend to have the largest fi?’s: notably the ete~ threshold with f? = 4/10.75 ~ 0.372). 
When b4 > 1 (b4 > 2 sufficing in practice) one can analytically solve Eq. (fq) by a WKB- 
type approach. [With some subtleties compared to the usual WKB approximation as the 
matching between the damped and oscillating regions must be done via Bessel functions 
instead of the usual Airy ones]. Qualitatively the motion of y(p) begins by a slow roll 
toward Ym, continues by WKB oscillations around Ym, and terminates as a damped inertial 
motion. The final analytical results for the attraction factor reads (b4 > 1) 

ma (ba) = (C4b4) /* cos 02 f (4.10a) 


with Cy = 15/8, C_ = 15/4 and 


+00 
o= f [sap] dp- T V - 7 (4.10b) 


with J} œ 1.2743, I_ œ 1.4029. Note that when b4 — oo, [m4 (b4)| tends to zero as O(b4 ^). 
Fig. 1 represents the two functions m. (b), obtained by numerically integrating Eq. (£7). 
One must take into consideration the fact that mass thresholds can occur only for parti- 
cles whose masses are smaller than the critical temperature of the phase transition through 
which they acquired a mass (e.g. the pions are the only hadrons to take into account). 
The Higgs threshold is to be considered as part of the electroweak phase transition, and 
the strange quark threshold overlaps with the quark-hadron phase transition. This leaves 
nine, clearly present, mass thresholds associated (in decreasing temperature scale) with the 
top quark (fi? = 12/106.75, B, ~ 35.74«), the Z9 (fi? = 3/95.25, Bz ~ 36.24«), the WF 
(fip = 6/92.25, Bw c 36.37K), the bottom quark (fi? = 12/86.25, y ~ 39.14), the tau 
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(fit = 4/75.75, B. c» 40.17K), the charmed quark (f™ = 12/72.25, Be ~ 40.35&), the pions 
(f? = 3/17.25, B, ~ 42.746), the muon (f? = 4/14.25, 6, ~ 43.00%), and the electron 
(fà = 4/10.75, Be ~ 48.33«). The quoted values of fi? and 84 show that ba = Gyf*® is 
typically a few times « (with extreme values 1.14« and 17.98« for the Z and e respectively). 
A look at Fig. 1 shows immediately that if k is of order unity, each mass threshold will a be 
rather efficient attractor. The compound effect of all those attractors is discussed below. 

Besides mass thresholds, phase transitions provide another possible attractor mechanism 
for the dilaton during the radiation-dominated era. During a phase transition the vacuum 
energy density V changes from some positive value, say V = gyac( n? /30)T4, when T > T, to 
a comparatively negligible value when T < T}. For instance, in the case of the QCD (quark- 
hadron) phase transition one has T, ~ 200 MeV and gy. = 34/3 (in a simple model 
describing the unconfined phase as a relativistic gas of gluons and u and d quarks — besides 
y,e, v and u — and the confined phase as a relativistic gas of pions). Besides its dependence 
on the temperature the vacuum energy density is also a function of the dilaton. Therefore 
the vacuum term in the matter action, Syac = —,/gV (v, T), will generate a corresponding 
source term Oyac = —OV /Oy in the right-hand sides of the dilaton evolution equations (B-10, 
(B:2q) or (B.3). In the simple model of the QCD phase transition just described, one can 
estimate the source term Gyac by assuming that the dilaton dependence of V is essentially 
contained in the y-dependence of the critical temperature T}. In turn, the latter dependence 
is obtained from T; ~ Agcp with Agcp(y) given by Eq. (D.9) with the appropriate one- 
loop coefficient. This shows that y will be attracted toward a minimum of Agcp(y). More 
precisely, if we assume, to fix ideas, that B,(y) = Br(y) in Eq. (2.9) and that ¢ is near 
the maximum Ym of B(y), one gets, in the parabolic approximation (E3) (setting as above 
A= Prot / Prot and p= In(T./T) ) 


glp) + SIL - APP) = sacl) — Pr » (4.11) 


where Syac(p) ~ —6Gyacfvacexp(4p) when p — —oo, with fj. = k In(A^/T;) and f. = 
Gvac/9x(T > Te). After the phase transition, when p — +00, one expects Syac(p) to fall 
quickly to zero as exp(—aT,./T) = exp(—a exp(p)) with a of order unity. In the limit where 
bvac = Bvacfvac is large enough to make oscillate around Ym, one can solve Eq. (TT) by 
a WKB-type approach. The final result for the attraction factor due to a phase transition, 


P(bvac,** +) = ((+00) — Pm) /(p(—00) — Ym), reads 
pibus) 932 Mp4 (b...) 105 exp(—I) cos@ , (4.12) 


where I = (1/4) JZS [1 —3X(p)|dp, and where the angle 0 depends on the two functions A(p) 
and Syac(p). [In the approximation A(p) = 1/3, one finds 0 = f7% [—svc(p)] dp — 1/8]. 
In the case of the QCD phase transition, one has Bvac ~ 42.36& and frac = (34/3)/51.25 ~ 
0.2211. If & is of order unity, bya. ^ 9.37& is probably large enough to render valid the WKB 
result (T2). This yields an attraction factor pgcp c 0.49a!/7&-/5 cos 0. In the case of 
the electroweak phase transition, rough estimates give bya. ~ (A/4)& where A denotes the 
quartic self-coupling of the Higgs. Its seems therefore probable that belectroweak — 1, so that 
the electroweak transition has only a weak attracting effect on y. We conclude that phase 
transitions seem to have only a modest effect on y. It would be at present meaningless to 
refine the calculation of the effect on ọ of the electroweak and QCD phase transitions [even 
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the order of the transitions is in doubt, not to mention the precise redshift dependence of 
A(p) and Syac(p)|. In fact, until one has some understanding of the cosmological constant 
problem, it does not make much sense to compute any gravitational effect linked to phase 
transitions. In the following we shall therefore neglect the effect of the phase transitions 
with respect to that of the nine mass thresholds discussed above. 


V. EVOLUTION OF THE DILATON DURING THE MATTER-DOMINATED 
ERA 


The matter content of the universe near the end of the radiation era and during the 
subsequent matter era can be described as the superposition of a relativistic gas ( “radiation”, 
ie. photons and three neutrinos in the standard picture) and of a non-relativistic one 
(^matter"; made of particles of mass m(y)). From Eqs. (B.J) the source terms for the 
cosmological evolution equations (B.J) read p = p,--p,,, P = P,+Pm, 0 = —Am(Y)(Pm—3Pm) 
with P, = p,/3, Pm ~ 0, and amp) = On m,,(o)/Ov. Either from the definition (D.5a] 
or from the separate energy balance equations discussed below Eq. (B-G), one deduces that, 
during the expansion, p, x a ^ while pm X m,(q)a ?. Finally, the evolution of y with 
respect to the p-time p = lna + const. is given by the equation 


p "id +[1—A(p, e)]e' = —[1 — 3X(», e)]om(o) ; (5.1) 
with 3A(p, p) = [1 + Cm, (g)e"] !, C being some constant. In the approximation where 
the radiation era has already attracted p very near a minimum Ym of m,4(w), we can 
consider that m,,(y) ~ const. in A(p, y). Choosing now the origin of p at the equivalence 
between radiation and matter [p,(p = 0) = pm(p = 0)], we get simply A(p) = 3^! (1 + e?) !. 
Neglecting ° in Eq. B-T) and using the harmonic approximation (Ed), we find that » 
satisfies a linear differential equation which can be rewritten as a hypergeometric equation. 
Denoting z = e? = a/dequivalence We have 


5 3 
z(z + C + (5 F 2) se + 5e — Pm) =0. (5.2) 


The condition of regularity of p when x — 0, say y(x = 0) = qaa (Praa denoting the value 
of y at the end of the radiation era, before the transition to the matter era around p = 0), 
selects uniquely the solution of (P.J) to be Ym + (Praa — Ym) x Fa, b, c; ^x]. Here Fa, b, c; z] 
denotes the usual (Gauss) hypergeometric series. The values of the parameters are 


3 
a=—-—wWw, b t9, pe. (5.3) 


/ 


1/2 
with w = E (Bm — 3J . In other words, the attraction factor of the matter era up to the 


present time, Fm = (now — Qm)/ (raa — Ym), is given by 
Fin = Fa, b,c; —Zo] , (5.4) 


where Zo = e”? = Anow/Gequivalence denotes the (Einstein frame) redshift separating us from 
the moment of equivalence between matter and radiation. As Zp is large (see Eq.(D.5a]) 
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below), we can use the asymptotic behavior of the hypergeometric function (together with 
the properties of Euler’s [ function) to get more explicit forms for Fm. Whatever be the 
sign of Bm — 3/8 (i.e. in the two cases where w is real or pure imaginary) one can write 


Fe 2a PPO Tse eo? 4. (iw > —iw) , (5.5) 


with ro = [(2iw)/T(2iw + 3/2). Actually, from the estimate ([L.6T]) we expect Bm to be 
(much) larger than 3/8 (indeed, if m,, ~ 1 GeV, one would need & to be smaller than 
9.2 x 10? to make Bm < 3/8). In that case (w real), one can compute the modulus of the 
complex number T» in terms of elementary functions to get 


cotanh(27w) di EN 
esc SPESE $0 cos Oy , 5.6 
| edP cos 8 (5.6) 


with 09 = wpo + 2w1n2 + Arg(T2). As in the case of attraction by mass thresholds (when 
Baf? Z 1), the attraction factor (6-9) is proportional to a cosine (when 5,, > 3/8) because 
Eq. (D.]) describes a damped oscillation around the minimum ym of Inm,(y). When 
Bm < 3/8, y slowly rolls down toward Ym without oscillating (overdamped oscillator). [See 
also Ref. in which the transition between radiation domination and matter domination 
was approximated — in the analytical formulas — as being a sharp one]. 


VI. OBSERVABLE CONSEQUENCES OF A COSMOLOGICAL RELAXED 
MASSLESS DILATON. 


Sections 4 and 5 have exhibited several efficient mechanisms for driving the VEV of the 
dilaton toward a value where it decouples from matter. However, none of these mechanisms 
is a perfect attractor. The important question remains of giving quantitative estimates 
of the residual coupling strength of the dilaton at various cosmological epochs and of the 
corresponding observable effects. 

The quantitative estimates of the efficiency of the cosmological attraction of the dilaton 
depend very much on the universality, or lack thereof, of the dilaton couplings. If the dilaton 
coupling functions B,(®), Br(®), By(®) (the latter representing the class of couplings to 
the fundamental Higgs sector, if it exists as such) are unrelated functions, one expects the 
mass functions (2-10) to have minima (if any) at different values of v, say ys. For instance, 
the lepton and quark masses will involve By while hadron masses will all be proportional 
to Boe exp[-87?b3!k3Bs] (B; = Bguig)). In such a non-universal case, the various mass 
thresholds, and phase transitions, will not attract y to the same value, but will tend to 
reshuffle each time the value of y. In that case, the only efficient fixing of the value of v 
would arise during the matter era, y being attracted toward of minimum of m,,,(y) where 
the label “m” represents the type of matter which dominates the present universe. 

By contrast, one can consider the case where all the dilaton coupling functions coincide, 
B®) = B(®). This case of universal coupling of the dilaton to matter has a suggestive 
simplicity. It looks like a natural generalization of the universal e~?? coupling arising at the 
string tree level. In the universal B(®) case, all the mass thresholds, as well as the QCD 
phase transition and the matter era, tend to attract y to a common value, some maximum 
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Ym of B(y) P| In the universal case, the cosmological evolution is an extremely efficient way 
of pinning down the value of y. Moreover, as y is pinned down to an extremum of B(y), 
ie. to a value where 0B(y)/Op and Oma(y)/Oy vanish, one can say that the universal 
dilaton coupling case illustrates some “Principle of Least Coupling" in the sense that the 
universe is attracted to dilaton values extremizing the strengths of the interaction. It would 
be worth exploring whether imposing this universality provides a sensible way of selecting 
a preferred class of string models. In the following, we leave open the two possibilities, 
universal /non-universal, in our discussion of the observable consequences of our scenario. 

The earliest observational information we have about cosmology concerns the primordial 
abundance of the light elements (mainly Helium 4, with traces of Deuterium, Helium 3 and 
Lithium 7). Let us discuss the production of Helium 4 as an example. In the standard 
scenario of homogeneous primordial nucleosynthesis, the abundance of Helium is mainly 
determined by the neutron/proton ratio at the temperature where the rate of interconversion 
n e» p due to weak interactions becomes slower than the cosmological expansion rate (freeze- 
out) (see Ref. [I9]). Neglecting the small additional effect of free neutron decay, one can 
write an approximate analytical formula for the primordial Helium abundance (by weight), 
Y, of the form, Y = 2/(exp(aX) +1) where a is a pure number of order unity and where X 
denotes the following dimensionless combination of coupling constants and masses 


Mn =M M Planck is g« Hm 
X= aia agg (TM) PES Ga) (64) 


Here g> denote the SU(2) coupling constant, ga ~ 1.26 the axial/vector coupling of the 
nucleon, and g. the effective number of relativistic degrees of freedom at freeze-out (retained 
here to allow easy comparisons between the effect of a change in g, — e.g. an additional light 
neutrino — and the effects of changing, e.g., Newton's constant G = mpz,,,, or Fermi’s one 
Gr = g2/8m,). A remarkable fact about the combination X is that it is numerically of order 
unity thanks to a delicate compensation between large [(mpianck/mw) 1/3 ~ (1.52 x 1017)¥73| 
and, small [(m, — m,)/my œ 1.61 x 107°] factors. This fact prevents us from proposing an 
educated guess of the quantitative dependence of X on the bare dilaton coupling constants 
Br(o), By(v),.... Even the sign of Oln X/Oln B (when B;(y) = B(q)) is unclear. On the 
other hand one can estimate that OY /O In X ~ —0.44 both from the rough analytical formula 
for Y (X) and from the numerical computations of the dependence of Y on the neutron half- 
life or on g,. We can therefore write the value of the Helium abundance predicted by a 
scenario modified by the presence of a dilaton as 


Olnn X 
dil — VGR E = 2 
Y (7) =Y (n) 0.2257 Bi K(Prad £m) ’ (6.2) 


where we have reestablished the slight dependence of Y upon the baryon to photon ratio, 1. 
In the standard, general relativistic scenario the dependence of the GR-predicted abundances 


?Note that a primordial (inflationary type) phase transition — as well as the electroweak one, 
if the Higgs sector is fundamental — could instead attract p to a minimum of B(y) through a 
transient vacuum energy x B(ọ). 
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on 7] is crucially used, together with the observed values of the light-element abundances, to 
set upper bounds on 7, and thereby upper bounds of the ratio of the present total baryon 
mass density to the closure density, Q. The standard conclusion being that baryons fail 
to close the universe by at least a factor five, Q, < 0.2 [I9]. Eq. (E-J [to be completed by 
the corresponding dilaton-modified predictions for the other light elements| suggest that a 
dilatonic universe could naturally accomodate Q, = 1 if the value praa of y at freeze-out (i.e. 
just after the electron mass threshold) differs by a small (but not too small) amount from 
the minimum Ym |For instance, in the case of the Helium abundance, the dilaton correction 
term on the right-hand side of Eq. (P.J) should be approximately —0.03, and ô ln X/ð ln B e 
should be positive]. It would be interesting to reexamine in full numerical detail primordial 
nucleosynthesis within the type of dilaton scenario considered here to assess whether it 
could naturally reconcile Q, = 1 with the observed abundances of light elements. Let us 
only note here that the rather modest attraction toward y,, which is probably needed in 
such a scenario seems more natural in the non-universal case. Indeed, in the universal B(y) 
case, all the nine mass thresholds compound their effect to drive y very near some universal 
minimum Ym. More precisely, Prad — Ym = F, X (Yin — Ym) where Yin is the “initial” value 
of p (meaning in this work, before the electroweak phase transition)and where the total 
attracting power of the radiation era is given by 


Fas) = fi ma(Bafi)} x | II am] (6.3) 


i=2,3 


The values of G4 and fi? to be used in the attraction factors of each of the nine mass 
thresholds have been given above [remember that the +(—) sign corresponds to fermions 
(bosons)]. The second factor in Eq. (D.3) corresponds to the effect of the two known phase 
transitions electroweak (2) and QCD (3). In view of the uncertainty in the calculation of the 
effect of phase transitions, and anyway of their expected modest contribution (see above), 
we shall neglect the attraction power of these phase transitions in the following. The small 
but non-zero value of eq — Ym = F,(K)Ay [with Ay = Yin — Ym] implies that all the gauge 
coupling constants squared, g? x B~'(w), differed, at the end of radiation era, from their 
present values gj by a fractional amount 


2 2 

d T s Llipa — Ym)? = SAF (8) Ay)? (6.4) 
gó 2 2 

[where we used the fact that po — Ym «€ Yrad — Ym because of the matter era attraction]. 

As one a priori expects Ay = Yin — Ym to be of order unity, the function 4x F?(«), which is 

plotted in Fig. 2, illustrates the remarkable efficiency (in the universal case) of the radiation 

era in pinning down the values of the physical coupling constants. 

During the subsequent matter era, y is (in the universal case) further driven toward Ym 
by the factor Fj,(&, Zo), Eqs. 6.4-6.9). The numerical value of the matter-era attraction 
factor Fn is proportional to Zo 3/4 where Zo = e"? denotes the redshift separating us from the 
epoch of equivalence between matter and radiation. In the approximation m,,(y) ~ const. 
introduced at the beginning of Sec. M, this redshift is given by [3] 


matter 


= Pb c 13350 Ors , (6.52) 
Po 


Zo 
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where 
Og = 81G pm" /[3(75 km s  Mpe ?] = prette /1.0568 x 107g em? . (6.5b) 


Under the hypothesis of a spatially flat universe (K = 0), generally assumed in 
this paper, (275 is linked to the present value of Hubble's “constant”, Ho, by Q75 = 
(Ho/75 km s ! Mpc^!)?. In that case, the observational limits 50 < Ho/1 km s ! Mpc ^! < 
100 imply 0.44 < Q75 < 1.78. On the other hand, if one assumes that the universe is spa- 
tially hyperbolic (K = —1), one must modify the coefficients of the evolution equation (B-3) 
for y by retaining the K-dependent terms. However, it was shown in that as long as 
Q5 > 0.05 this modification of Eq. (B-J) has a small effect, and that the matter-era attrac- 
tion factor of K = —1 universes is well approximated by the K = 0 formula (6.9), with Zo 
given by Eqs. (D.5a], (6.59). The main difference is that now (275 is not related to Ho, and 
can be smaller than 0.44. In fact, present observational data are compatible with Q75 ~ 0.1. 

Finally, the scenarios considered here predict that the present value of o, say Yo, differs 
from the minimum Ym by qo — Ym = Fi(&, Zo) Ay where Ay = Yin — Ym and where the 
total attraction factor is 


Fi(k, Zo) = F, (K) Fa, Zo) . (6.6) 


There are three kinds of presently observable consequences of having yp near, but different 
from, Ym: (i) violations of the (weak) equivalence principle; (ii) modifications of relativistic 
gravity, and; (iii) slow changes of the coupling constants of physics, notably the fine-structure 
constant a and Newton’s constant G. 

To discuss the modifications of the gravitational sector, we can make use of the re- 
sults of Ref. on the relativistic gravitational interaction of condensed bodies in generic 
metrically-coupled tensor-scalar theories. Indeed, the action describing the classical inter- 
action of massive particles of various species under the exchange of the g,» and ¢ fields is 
given by Sgp + Smlg, P, x] where S, is given by (2-70) and Sm by Eq. BA). This action is 
identical to the one studied in Sec. 6 of [DO]. We conclude that, at the Newtonian approx- 
imation, the interaction potential between particle A and particle B is —GApgmAmp/rAp 
where rag = |x4 — Xp| and 


Gap =G(1+ offa). (6.7) 
Here G is the bare gravitational coupling constant entering the action (2.79), and a is 
the present strength of the coupling of the dilaton to A-type particles, i.e. the value of (B-@) 
taken at the cosmologically determined VEV qo. [In diagrammatic language, the two terms 
on the right-hand side of Eq. (6.7) are, respectively, the one-graviton exchange contribution 
(G) and the one-dilaton exchange one (Ga o1. Two test masses, made respectively of 
A- and B-type particles, will fall in the gravitational field generated by an external mass 


Mp with accelerations a4 and ag differing by 


0) , (0) 


Aa |. 4,0A-— 0B (a? — at jak (0) (0), . (0) 
a / AB aa tag  l-s(o4 c ag)og 


All precision tests of the gravitational interaction used macroscopic bodies made of (neutral) 
atoms. Let the labels A, B,...denote some atoms. In the approximation where one neglects 
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m, /my, Ma/Mn, Me/My, e and aea, the mass of an atom is a pure (dilaton-independent) 
number times a QCD-determined mass scale, say u3(y). In this approximation ay(y) = 
Olnm,/Ov¢ is independent of the type of atom considered and is equal to a3(y) = ô ln u3/dy. 
The dilaton dependence of uz is determined by Eq. (2-9). Choosing uz so that its present 
value ua(qo) is numerically equal to the atomic mass unit, u = 931.49432 MeV, we see from 


Eqs. (:d) that 
aalpo) = as(po) = Ps(vo — Ym) = b3Filk, Zo) Avo , (6.9) 


with 83 = kô ln u3/O0ln B^! ~ 40.82 x. 

In this approximation, the dilaton mimics a usual Jordan-Fierz (-Brans-Dicke) field, i.e. 
a scalar field coupled exactly to T7. The main observational consequences of the body- 
independent coupling (D.9) are modifications of post-Newtonian relativistic effects, O(v?/c?) 
beyond the Newtonian 1/R interaction (weak gravitational field case )f] The latter are 
measured by the two Eddington parameters ygaqa — 1 and gaa — 1 (which vanish in general 
relativity). From we see that in the approximation (6.9) 


2 


1— ^YEdd = DET ~ 2(83)* (Fi(&, Zo) Ay)’ : (6.10) 
o 1 £302 zs 1 
Pgaa — 1 = 2 oly ~ z Gs, Zo) Ay)’ . (6.11) 


Note also that the value of Newton’s gravitational constant (in Einstein units) is Gy = 
G(1 + o3). 

Much more sensitive tests of the existence of dilaton couplings are obtained by looking at 
violations of the weak equivalence principle, i.e. at the body-dependence of œ4 (po) beyond 
the QCD approximation (5.9). To do this, we shall retain the leading m,/mxy, ma/my, 
me/my and a corrections to the mass of an atom. First, the mass of the nucleons have 
the form, mp = My3 + bum, + bama + Cha, Mn = My3 + bamy + buma + Cra, where 
my3(& ua) is the pure QCD approximation to the nucleon mass, and where bu, ba, Cp/U3 
and C;,/u3 are pure numbers (in the approximation of negligible strange-quark content one 
has b, = (p[uu|p)/2mx, ba = (p|dd|p)/2mx) PJ. Second, the mass of an atom can be 
approximately decomposed as 


m(Atom) = Zm, + Nm, + Zm, + Eyres + pmucleus | 


where Z is the atomic number and N the number of neutrons, and where E?"!'s denotes 
the strong-interaction contribution to the binding energy of the nucleus, and EP" "Ss the 
Coulomb interaction energy of the nucleus. 

In terms of the baryon number B = N + Z, the neutron excess D = N — Z, and the 
Coulomb energy term E = Z(Z — 1)/(N + Z)'/3, the mass of an atom can be written as, 


8In view of the positiveness of 33, the recent results of show that the deviations from general 
relativity are further quenched in the strong-gravitational-field case of binary neutron star systems. 
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m(Atom) = u3M3 + o'B + 0D + asouaE , (6.12) 


where M3 is a pure number (= B+ strong-interaction binding contribution) and where we 
have defined 
1 1 1 1 1 1 1 
P = o + Ona t Opa + me ; OS 5620.0 30,0 — 5m. ; 
with the usual definitions for o = i(m, + ma) (b, + ba), 6 = (Ma — Mu) (bu — ba). [Note the 
factor 1/2 in the first term of the definition of 0']. Finally, by differentiating the logarithm 
of (D.T2) we get a more precise expression than (D.9) for the dilaton coupling strength 


06 (B 00 (D da (E 
a4(¥o) = aslpo) + LR (x), air (5), MIL (x), ; (6.13) 


where we have introduced 8 = o'/us, 6 = 6'/ug and approximated Ms ~ M = m(Atom)/us 
in the corrections terms.[] Finally, from Eq. (6.8) we get an equivalence-principle violation 
of the form 


(FT) ay CRE Zoae [ona (F) ee (sr) ce (ur), . A 
where (AX) 4p = X4 — Xp and where Cg = 4,,008/01n B !, Cp = 14,00/81n B-1, Cp -— 
AugA0430, Aug = Oln uz/ôln B^! and A, = ô lna/ðln B !. Numerically, our usual estimate 
(E-J) gives Au, ~ 40.82, and the idea of unification of gauge couplings at the string scale 
gives A, c 1. [E.g. in the simplest SU(5)-type GUT the value of the fine structure constant 
at the QCD-confining energy scale u3 — such that o&uong(u3) c 1 — is given by 


a(us)* = (22/7)agur — (10/21)0suosg(u3) ^ ~ (22/T)agur « B(y)] - 


We have also aga = 0.717 MeV/ua = 0.770 x 10^? from the fit of atomic masses to the 
Bethe-Weizsacker formula. We can therefore estimate the coefficient of the nuclear Coulomb 
energy term in Eq. (6.14) to be Cg ~ 3.14 x 107. As for the other two coefficients, Cz 
and Cp, it is much less clear how to estimate them. From the experiment-derived values of 
o = 35 + 5 MeV and ô = 2.05+ 0.30 MeV, plus the theoretical estimates Cpa = 0.63 MeV, 
Cna = —0.13 MeV EZ] one can compute 8 = 3.8 x 107? and ô = 42 x 107^. From the 
point of view of their dilaton dependence 6 and 6 are the sum of four terms proportional 
to m,/ua, ma/us, me/us and a. It is impossible at present to reliably guess the dilaton- 
dependence of the mass ratios Mquark/Mhadron ANd Me/Mbadron. The numbers we would get 
for 08/01n B^! would be very different were we to assume our usual exponential link to 
the string scale, or some other assumption. It seems however reasonable to estimate that 


"Note that the assumption of a universal B(y) is crucial to ensure that all the terms in Eq.(6.13) 
have in common a very small factor qo — Ym. If, e.g., the mass of leptons (and/or o) depended 
on a different function of y than the mass of hadrons, Eq.(D.13) would, at best, predict that the 
equivalence principle is violated at the (unacceptable) level ~ (O(a) + O(miepton/™Mn))*, in the 
favourable case where the universe is assumed to be dominated by hadronic matter. 
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the order of magnitude of 0¢/0In B7! and 06/0In B-! will be at most that given by the 
exponential assumption (ETT), and at least that obtained by differentiating only the fine- 
structure constant contributions to ¢ and 6. This yields corresponding rough upper and 
lower bounds for the coefficients of the B and D contributions: 1.1 x 10? $ |Cg| S 7.5, 
1.7 x 10? S |Cp| S 8.2 x 107. If these upper bounds are correct, one can check that 
the last term in Eq. (614) will be numerically dominant for pairs (A, B) having a large 
difference in atomic number [Indeed, E/M is roughly proportional to Z?/]. The largest 
effect would arise in comparing Uranium (for which E/M ~ 5.7) with Hydrogen (any light 
element would do nearly as well). For such a pair, Eq. (6-14) yields 


(Aa/a)max = 0.18(KFi(K, Zo) Aq)? . (6.15) 


The right-hand side of Eq. (6-15) is plotted in Fig. 3 as a function of & (assuming Ay = 1, 
and Q7; = 1). As one a priori expects & to be of order unity, Fig. 3 shows that, within 
the scenario considered here (including universal dilaton couplings), the present tests of the 
equivalence principle (at the 1071 — 10^? level) do not put any significant constraints on 
the existence of a massless dilaton. 

The situation is even worse if we consider tests of post- Newtonian gravity. Indeed, from 
Eqs. (6.19) and (6.15) we have the link 


a 


A 
(=) ~ 5.4 x 1075(1 yma (6.16) 


showing that the present and planned levels of testing of post-Newtonian gravity, ie. 1073 
and 1077 at best for yraa, correspond, respectively, to equivalence-principle tests at the levels 
5 x 107? and 5 x 107. The other link Ggaa — 1 = 163(1 — *gaa) = 10.2&(1 — yraa) shows 
that Braa tests do not fare essentially better. 

The last observational consequence of our scenario to discuss is the residual present 
variation of the coupling constants of physics. From 0Ina/0In B^! ~ 1, with n B^! = 
const. + $«(y(t) — Ym)? and a present time dependence of y given by Eq. (D.d) [in which 
the leading term is cos(wp + const.)], we deduce that 


) 3 
(=) — m " 1 (File, Zo) up? . (6.17) 
aH 0 4 
Using w = [3 (8m — 2)]? with Bm ~ 40.8% (if the particles dominating the universe have 


a mass not very different from the GeV scale), we have the approximate link (&/aH)o ~ 
—43&- 1? tan 0o(Aa/a)max. This link shows again that equivalence principle tests are the 
most sensitive way of searching for possible dilaton couplings [In the foreseeable future, 
ultrastable cold-atom clocks might probe the level à/a ~ 10 !6yr^! ~ 10 9 Ho which corre- 
sponds to Aa/a ~ 107°]. 

Finally, the time variation of the gravitational coupling constant (measured in Einstein 
units) is 


(az). — 2 m Oy + d (Bs Fi, Z) Ap}? . (6.18) 


In actual G experiments one is comparing an orbital frequency n (e.g. let us consider that 
of a planet around the Sun) to an atomic frequency v. Taking into account the adiabatic 
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invariants of the orbital motion (angular momentum and eccentricity) and assuming an 
atomic clock based on the Bohr frequency œ m,a?, the directly measured quantity will be 


—2— 6.19 
G Ms Mp Me a’ 1:19] 

where Mms, m, denote the masses of the Sun and of the planet. [Contrary to Eq. (6.19), 
Eq. (6.19) is valid in any system of units]. Eq. (D.I9) gives finally] 

ù ù 3 PPIE 

2 Žo- lw tangy + 1 (Fs, Zo) Av)? [A8 + 565 — Be — 2x] , (6.20) 
in which the term coming from Eq. (D.T8) dominates. In spite of the large factor (83/&)? ~ 
(40.8)?, the scaling of the prediction (6-20) with the Hubble rate Ho makes it pale in com- 
parison with equivalence principle tests. [On the other hand, this large factor renders G 
experiments competitive with à ones]. 


VII. CONCLUSIONS 


Einstein's starting point in constructing general relativity was the interpretation of the 
universality of free fall in terms of a universal coupling of matter to a common metric tensor 
gu». It has since been felt that such a universal metric coupling was the only theoretically 
natural way of explaining how the long-range fields participating in gravity[] could satisfy 
the high-precision tests of the equivalence principle (now reaching the 1071? level). 

The present work suggests that a universal multiplicative coupling of a long-range scalar 
field 9 to all the other fields, Liot = B(®)Lo(guw, ®, Ap, v...) with B(®) admitting a local 
maximum, though a priori entailing strong violations of the equivalence principle, provides 
another theoretically natural way of explaining why no violations have been seen at the 
107"? level. It maybe worthwhile to summarize in qualitative terms] the basic reasons why 
a massless dilaton is rendered nearly invisible during the cosmological evolution: (i) Each 
time, during the radiation era, the universe passes through a temperature T ~ ma the 
A-type particles and antiparticles become nonrelativistic before annihilating themselves and 
disappearing from the cosmic soup; this provides a source term for the dilaton proportional 
to the y-gradient of m4(y), which attracts y toward a minimum v2 of ma(q); Eq. 
and Fig.1 suggest that each such attraction is moderately efficient, leaving y nearer to y*, by 


8The link between ġo and /n is more involved if n is the orbital frequency of a binary neutron star 
system: see P3. which must be completed by taking into account the changes in the rest-masses 
of the stars, and the non-perturbative gravitational self energy effects P. 


?In Einstein's theory gravity is mediated by only one, spin 2, field; but in metrically-coupled 
tensor-scalar theories, gravity is mediated both by a spin 2 and a spin 0 field. In the latter case, the 
universal metric coupled to matter is a combination of the two pure-spin fields: a = A? (p) G7 


10Simplified quantitative estimates are provided below. 
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a factor ~ 1/3. (ii) Under the assumption of universality of the dilaton coupling functions 
B(v), the minima of all the mass functions m4(y) will coincide and the ~ 9 mass thresholds 
of the radiation era will compound their effects to attract very efficiently y toward some 
common minimum Ym. (iii) In the subsequent matter era, p will be continuously attracted 
toward a minimum of the mass function m,,(y) corresponding to the (nonrelativistic) matter 
dominating the universe. | Under the same universality condition this minimum will be again 
Ym-| The attraction factor due to the matter era is inversely proportional to the 3/4th power 
of the redshift Zo ~ 1.3 x 10* separating us from the end of the radiation-dominated era. (iv) 
As a consequence of the very efficient total attraction toward Ym, the present strength of the 
coupling of the dilaton to any type of matter a4(y) , being proportional to the y-gradient 
of ma(y), is very small. The present deviations from general relativity in the interaction 
between two masses, m4 and mpg, are proportional to the product o 4a and are therefore 
extremely small. (v) The equivalence principle tests are very sensitive, but they probe only 
differences (a4 — og)oc which, because of the known universal features of QCD-generated 
masses, contain as supplementary small parameters either the ratio of the quark masses to 
the nucleon mass, or the fine-structure constant. 

From a theoretical point of view, our work suggests a criterion for selecting a preferred 
class of string models: namely those where string-loop effects preserve the universal multi- 
plicative coupling present at tree-level, with a dilaton-dependent function admitting a local 
maximum[] It will take, however, an improvement in our current understanding of super- 
symmetry breaking in string theory to see whether the universality required by the Least 
Coupling Principle is a viable option, providing a reasonable selection criterion for SUSY 
breaking mechanisms. It is to be noted that in this paper we had always in mind the cou- 
pling of the (four dimensional) dilaton which is such an intimate partner of the graviton 
that it seems reasonable to assume that it remains massless in the low-energy worldf4. How- 
ever, the cosmological attractor mechanism described here could also apply to the other 
gauge-neutral scalar fields (moduli) present in string theory. Because of threshold effects, 
the gauge coupling function Br acquires a non trivial dependence on the moduli fields [4]. 
Therefore, we have here a possible mechanism for fixing the moduli to values where they 
decouple from the other fields. 

From an experimental point of view, our results provides a new incentive to improving 
the precision of equivalence principle tests (universality of free fall, constancy of the con- 
stants,...). Fig. 3 suggests, when assuming that the curvature of B(y) near its maximum 
is of order unity — say 0.1 < k < 10 —, to look for a present level of violation of the uni- 
versality of free fall somewhere between 10714 and 10733. Actually, one should not consider 


ll The existence of a local maximum in B(®) is necessary. For instance, in the case of the tree- 
level coupling function exp(—2®), ® would continuously roll toward —oo during the cosmological 
expansion, and worse, by Eq. EJ), would cause deviations from general relativity, including 
violations of the equivalence principle, of order unity or more. 


Tt is enticing to assume that the presently obscure mechanism ensuring the vanishing of the 
cosmological constant allows both ‘gravitational’ fields to remain long-ranged in the low-energy 
world. 
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the results plotted in Fig. 3 too seriously. On the one hand, even within the precise assump- 
tions made in the text, the predicted maximal value of Aa/a contains an unknown factor 
5d O° Ga — Ym)? which could be Z 10. On the other hand, our assumption (B.II) with 
ua = 1 has entailed a specific phasing of the various oscillations undergone by y during the 
radiation era, i.e. specific choices of where on the curves of Fig. 1 (y(p) —Ym)/(y(—co) — Ym) 
ends up being when p — --oo. It is possible that the assumption (B.II) has overestimated 
the combined attraction power of the radiation era mass thresholds. A different estimate 
is obtained by multiplying the WKB approximations ([.I0a] (all valid as soon as & < 1), 
assuming that all the oscillation angles 02 are randomly distributed on the circle. Under 
the latter assumption it makes sense to compute a rms value of the radiation era attraction 
factor ((cos02),,,, = 1/ /2). Neglecting as above the effect of the phase transitions one finds 
LE. (&)]«ms = 1.87 x 1074 x «79/4 for the radiation era attraction factor, and from Eq. (3) 
with w > 1, (cos 9) rms = 1/ V2 and Qrs = 1, [Fin(K)|rms = 1.47 x 107? x K73⁄4 for the matter 
era attraction factor. This leads to a total attraction factor [F;(K)]pms = 2.75 x 107°? x «^? 
and to the following analytical estimate of the rms value of the maximum value of the 
equivalence principle violation 


(Aou) = 1.36 x 107k (Ag). (7.1) 


rms 


The comparison of Fig. 3 with Eq. (J) (valid if x Z 1 and the angles 02 are randomly dis- 
tributed) indicates that the phasing of the radiation era oscillations tends to be destructive. 
It is possible that alternative assumptions, different from (B-T]]), yields values of (Aa/a) 
nearer to the rms analytical estimate (F.I). This would have the consequence that presently 
planned satellite tests of the equivalence principle [J] which aim at the level Aa/a ~ 107", 
would probe a larger domain of values of k, Ay and Qz7;. 

In conclusion, high-precision tests of the equivalence principle can be viewed as windows 
on string-scale physics. Not only could they discover the dilaton, but, by fitting observed 
data to the expected composition dependence (6.14) of the equivalence principle violation, 
they could give access to the ratios Cpg/Cg, Cp/Cg which are delicate probes of some of the 
presently most obscure aspects of particle physics: Higgs sector and unification of coupling 
constants. 
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FIGURES 


FIG. 1. The factor by which q is attracted (when the early universe cools down through 
T ~ ma) toward a minimum Ym of the function m,4(y) is plotted as a function of b4 = baf}. 
The solid (dashed) line corresponds to A being a fermion (boson). 


FIG. 2. The solid line represents log;9[(g2,4 — 92)/ gà] as a function of logy, K, i.e. the fractional 
deviation (left over at the end of the radiation era) of the gauge coupling constants g?,, x B^ (vaa) 
from their present values g@, versus the curvature & of the function In B~!(y) near its minimum. 
The dashed line represents an analytical estimate (when & Z 1) of that deviation, obtained by 
assuming that the phases 0 of the WKB results Eq. Eid) are randomly distributed. 


FIG. 3. The solid line represents log;)(Aa/a@)max as a function of logio &, i.e. the expected 
present level of violation of the equivalence principle (when comparing Uranium with a light el- 
ement) as a function of the curvature « of the (string-loop induced) function In B^! (o) near a 
minimum Ym. The dashed line represents an analytical estimate (when « Z 1) of that violation 
obtained by assuming random phases 0 in Eqs. and (p.d. 
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1 Introduction, Summary, and Omissions 


String theory (see for example [L5§]) assumes that the elementary particles are one dimensional 
extended objects rather than point like ones. String theory also comes equipped with a scale 
associated, nowadays, with the Planck scale (10733 cm). The standard model describing the 
color and electro-weak interactions is based on the point particle notion and is successful at the 
Fermi scale of about 100 Gev (10719 cm) which is 107!” smaller than the Planck scale. 


The correspondence principle requires thus that string theory when applied to these low 
energies resembles a point particle picture. In fact string theory has an interpretation in terms 
of point-like field theory whose spectrum consists of an infinity of particles, all except a finite 
number of which have a mass of the order of the Planck scale. Integrating out the massive 
modes leads to an effective theory of the light particles. 


There exists another class of theories whose spectrum consists as well of an infinite tower 
of particles; this is the Kaluza-Klein type. In such a class of theories [[82, [99, [I2], gravity 
is essentially the sole basic interaction, and space-time is assumed to have, in addition to four 
macroscopic dimensions, extra microscopic dimensions, characterized by some small distance 
scale. The standard model is assumed to be a low-energy effective action of the light particles 
resulting from the purely gravitational higher dimensional system. 


String theory can also be viewed in many cases as representing a space-time with extra 
dimensions. Nevertheless, the effective low-energy theory, emerging from string theory, turns 
out to be different from that resulting from a field theory with an infinite number of particles; 


it possesses many more symmetries. 


String theory shows also differences when physics is probed at a scale much smaller than the 
Planck one. In fact, there are various hints that in string theory physics at a very small scale 
cannot be distinguished from physics at a large scale. A very striking example of that feature 
is that a string cannot tell if it is propagating on a space-time with one circular dimension of 
radius R (a dimensionless number) times the Planck scale or 1/ R the Planck scale (see figure 
1.A). The discrete symmetry apparent in the example is termed target space duality. Moreover, 
there are indications that string theory possesses an extremely large symmetry of that nature. 
A study of that symmetry is the subject of the review. 


The term duality has been used time and again in physics, always for very noble causes. 
The duality between particle and wave was the precursor of quantum theory. In the Ising model 
for magnets it was found that a spin system at temperature T has identical properties as the 
same system at an inverse temperature, once an appropriate dictionary is used[] This property 

^Notice that this temperature duality, outside the second-order phase-transition point, relates different non- 


critical systems. 'l'hese systems are not scale invariant. The duality we discuss in this review, instead, relates 
critical systems. 


and its generalizations have been found in many more statistical mechanical systems, some of 
them (such as lattice gauge theories) are of interest to particle physicists; it has led to the 
notion of a disorder variable. In the presence of monopoles, the electromagnetic interactions 
posses a duality allowing the exchange of the magnetic and the electric properties. This type 
of duality is very explicit in certain supersymmetric systems. String theory evolved out of the 
study of the dual description of two body interactions in terms of the direct channel (s-channel) 
scattering and exchange process (such as t-channel) Many features of these various types of 
duality appear as facets of the duality addressed in this review; none is identical to it. 


The structure of the review is the following: Section 2 is of an introductory nature; the basic 
tools and concepts are introduced in a simple setting. In the other sections they are applied in 


more involved cases. 


In section 2 we discuss the notion of a string background that is a an allowed space-time for 
string propagationf]. There are restrictions on those space-times as they need to obey various 
constraints. In the early days, it was thought that as a consequence of such constraints the 
bosonic string could only propagate in 26 dimensions while a superstring could only propagate 
in 10 dimensions. Nowadays, one is aware of an infinite number of different solutions of these 
constraints, however, their complete classification is not known. It is also not known if all such 
solutions can be smoothly related or if they consist of disconnected islands (see figure 1.B). 


In the same section we focus on a particular class of such solutions in which space-time is flat 
but has a global structure, i.e., several of the dimensions are compactified on tori. In that sub- 
space there are transformations relating the various solutions. Some of these transformations 
turn out to be symmetries, that is they relate solutions which seem different in terms of the 
data which classifies them, but actually describe the same physics; the R — 1/R duality is 
one of them (see figure 1.C). We discuss the group structure of this symmetry of the toroidal 
compactifications in detail. Moreover, we study relations between this symmetry group and 
gauge symmetries. The large gauge group thus uncovered can be viewed as a broken version of 
an even larger symmetry, offering a glimpse at the underlying symmetries of string theory. 


An attempt to implement this symmetry on the low-energy effective theory indeed provides 
an example of what this symmetry could be like. This symmetry needs to relate massless 
and massive modes, as in string theory it turns out that the massive modes cannot really be 
decoupled, and they eventually return. This is also worked out in section 2. 


Having treated the case of flat compactifications and having introduced the key ideas, one 
ventures into less chartered territory. In section 3 one discusses duality in models which seem 
closer to phenomenology. The string is moving on allowed backgrounds which consist of a 
special class of compact dimensions called Calabi- Yau spaces; such spaces manifest themselves 
in space-time supersymmetric theories. In order to study such systems, it is useful to introduce 


?Not all such backgrounds need to have a geometric description even classically. 


the notion of spaces of an orbifold nature. These are spaces which, in particular, contain conical 
singularities. A compact dimension consisting a closed line including its two end points is the 
simplest example of this nature; it is the Zə orbifold of a circle, constructed by identifying a 
point X on the circle with —X (see figure 1.D). 


Point particle quantum mechanics senses the singular nature of these backgrounds, however, 
string theory smoothens these singular effects, a very encouraging feature. In section 3, string 
theory and duality on such objects are described. Another surprise of string theory is that in 
some cases a string cannot distinguish if it is moving on an orbifold or on a circle (see figure 
].E). 


'The methods developed for orbifolds are applied in section 3 to discuss additional aspects of 
the duality invariant low-energy effective action, as well as some aspects of duality on Calabi-Yau 
manifolds. Moreover, in the same section one approaches phenomenology closer by studying the 
string quantum corrections to the tree approximation, and the impact of the duality symmetry 
on them. 


In section 4, duality properties of curved space-times are discussed. For example, a string 
cannot distinguish on which of the backgrounds displayed in figure 1.F it moves. The infinite 
cigar in figure 1.F represents a Euclidean continuation of a two dimensional black hole. In order 
to identify the manifolds related by duality symmetry, another method is explained in section 4. 
While progress can be made even for curved backgrounds, some degree of symmetry is required 
from the manifold in order to apply the method. The role of these extra symmetries is discussed, 
and the method is then applied to various examples: 


e Neutral and charged black objects (black holes, black p-branes) and other singular objects. 
e Cosmological string backgrounds (expanding and contracting universes, in the presence of 


matter). 


This method leads to some surprising consequences: 
e The interchange of singularities with horizons, and the removal of singularities in string 
theory. 
e A relation between neutral objects and charged objects. 
e Topology change in string theory. 


Moreover, it is shown in section 4 that a particularly interesting target space duality, termed 
axial-vector duality, is related to gauge symmetries. 


Finally, in section 5, we discuss some interplay between the worldsheet and the target space. 
In string theory, one is very careful to distinguish between the worldsheet and the target space. 
In sections 2-4 a large discrete global symmetry emerged in many types of target spaces; this 
symmetry bears quite some resemblance to global discrete symmetries on the worldsheet (called 
“modular transformations” ). In section 5 we discuss some mathematical facts which may suggest 
that the worldsheet and the target space are not necessarily disjoint. 


This concludes the introduction and summary of the review. 


In the following we briefly discuss issues that shall not be reviewed extensively. Our choice 
of not treating in depth these topics is due to the review dealing with aspects of duality either 
more elementary or more closely related to the authors past work. 


Readers less familiar with the subject may prefer to go first through the bulk of the review 
before returning to the omissions: 


e Mirror symmetry is a particular target space duality that interchanges two string back- 
grounds corresponding, to leading order in a’, to compact Kahler manifolds with vanishing 
first Chern class. Such manifolds are called “Calabi- Yau” (CY). In compactifying the het- 
erotic or supersymmetric strings to four dimensions one is typically interested in Calabi- 
Yau manifolds with complex dimension d smaller than or equal to three. When d = 3 
mirror symmetry is particularly interesting for various reasons. Firstly, it is a non-trivial 
duality relating a pair of backgrounds with no continuous isometries (and vastly different 
from each other). Secondly, it relates the complex-structure deformations of one CY back- 
ground to the Kahler-class deformations of its mirror partner. Therefore, this symmetry is 
useful, for instance, for calculating worldsheet instanton corrections to Yukawa couplings 
(simply by doing the calculation for the large radius limit of the mirror background). 


Mirror symmetry deserves its own review. Therefore, we mention it only briefly when we 
discuss a sub-class of dualities in CY backgrounds in section 3. This subject is discussed 
extensively in the literature, for example, in i], and in [£89]. 


For a complex torus, mirror symmetry is identical to what is called "factorized duality" in 
this review. We may therefore extend the notion of mirror symmetry to the case of curved 
background with toroidal isometries. The remarkable property that mirror symmetry 
relates backgrounds with different topologies remains true in these cases as well. 


Mirror transformation is just one element in the complete discrete symmetry group of 
CY backgrounds. Generalized duality in such moduli spaces was studied in the context of 
N = 2 Landau-Ginzburg (LG) theories. At the infra-red fixed point of the renormalization 
group flow, and under certain condition on the superpotential, N — 2 LG models are 
conjectured to be CFTs equivalent, in some sectors, to CY ground states [D23. 27d, [6], 
E14 PS]. By studying the deformation space of the superpotential, one is able to find a 


subgroup of the complete set of discrete symmetries PT [50 67. 


The rest of the symmetries can be found by studying the monodromy group associated 
with the differential equation (of Picard-Fuchs type) which gives the periods of the three- 
form Q in terms of the complex-structure deformation moduli E], 213, B4, 63, KA]. We 
will briefly mention these techniques whenever discussing related topics. 


If one compactifies time as well, one finds new phenomena and new discrete (stringy) 
symmetries, relating different backgrounds. For toroidal backgrounds, one finds that 
there exist compactifications with large extended symmetries, typically associated with 
Lorentzian lattice algebras [[49, 230). Furthermore, it was shown that in those cases 
duality acts ergodically on the moduli space 30}. 


The particular element inverting the time-like compactification radius ĝ is referred to as 
“temperature duality.” Indeed, as it is well known in field theory, the analytical continu- 
ation of a compact time yields a theory at finite temperature 27T = 1/0. This 8 duality 
was shown in ref. [B] to be an exact symmetry to all orders in string perturbation theory. 
This duality implies that two Hagedorn-like phase transitions (see, for instance [249, D0T]) 
exist, one at "low" temperature (3, = v2 + 1 for the heterotic string), and the other at 
“high” temperature (8> = V2 — 1) [I3 ROJ). 

The intermediate-temperature phase of the heterotic string was studied in ref. [IT] by 
generalizing to non-zero temperature the construction of a duality-invariant effective action 
proposed in ref. [43 [44], and described in sections 2 and 3. In [IT] it was claimed that the 
phase of the heterotic string above the Hagedorn temperature corresponds to a non-critical 
superstring in 7 + 1 dimensions. 


The emphasis of this review is on target space duality for the bosonic and heterotic strings. 
Yet, there are some interesting dualities in other types of strings, which are less understood 
but well worth mentioning. These dualities typically relate different string theories. 


The first example is provided by the open-string duality. The open string does not have 
winding modes, so the usual form of duality, relating strings compactified on a circle of 
radius R with strings on a circle of radius 1/ R, cannot hold in its usual form. Nevertheless, 
it was claimed in the literature that some properties of the R — 1/R duality survive in 
this case as well if, in addition, one interchanges the open-string boundary conditions, for 
example, from Neumann to Dirichelet-like ones p9, [69, [[5q). 


The second example of non-standard duality is provided by duality between type II strings. 
In this case, there exists a map between the R — 0 limit (in one compact-space direction) 
of the type NA string and the R — oo limit of the type HB [D9, BJ. Type IIA strings 
are mapped into type IIB since the duality changes the GSO projection in the Ramond 
sector [53]. Therefore, this duality bears some resemblance with a mirror transformation. 
This map gives an equivalence between the two string theories, however, the corresponding 


discrete symmetry cannot be interpreted as spontaneously broken gauge symmetry, in the 
way discussed in section 2. 


A formulation of the worldsheet action of the bosonic string, in which target space duality 
is manifest, was proposed in ref. [27], 274]. This string action is based on two sets 
of coordinates: the usual ones (X) and the “dual” coordinates (X). In this way the 
O(d, d, Z) duality is a manifest symmetry of the worldsheet action. The price to be paid 
is the loss of manifest 2-d covariance. 


A doubling of space-time degrees of freedom in the low-energy effective action (vielbeins, 
in this case) occurs also in ref. [R63]. There, a manifestly O(d, d, R) form of the target- 
space effective action was obtained, and O(d, d, R) was realized linearly, again at the price 
of loosing manifest Lorentz invariance (this time in target space). 


Similarly, the doubling of the dilaton + axion degrees of freedom was advocated in |B52l 
for the heterotic string. This doubling allows for the construction of a four-dimensional 
low-energy effective action manifestly invariant under SL(2, R) transformations of the S 
field. The SL(2, Z) subgroup of SL(2, R) has been conjectured to be an exact symmetry of 
string theory in [19 257. This hypothetical exact symmetry, which includes in particular 
a strong-weak coupling duality, was used in |I13] as a means of fixing non-perturbatively 
the VEV of the S field. Even here Lorentz invariance is non-manifest. 


Besides the loss of manifest Lorentz invariance, in two last formulations, it is not yet 
known how to extend the construction of these actions to a completely duality-invariant 
effective action of the heterotic string. The missing ingredient is the knowledge of how 
to include non-Abelian gauge fields. Only after coupling the theory to non-Abelian fields, 
are the continuous symmetries of the previous formulations reduced to discrete (duality) 
symmetries. This reduction from continuous O(6, 22, R) to discrete O(6, 22, Z) symmetries 
was observed in the context of effective actions in ref. [43, [LH], and will be discussed in 
section 2. 


Target space dualities are also present in the space of topological backgrounds (see for 
example [D84, BJ). For the space of twisted N = 2 topological conformal field theories 
it was found that the discrete symmetries are extended to continuous ones [5J]. Mirror 
symmetry in the space of such background was discussed in ref. [P8Q]. The study of target 
space duality in topological backgrounds is useful, for example, in calculating Yukawa 
couplings #9, [51] 69, B86]. Moreover, a duality resembling a strong-weak coupling duality 
has been observed in the moduli space of a particular topological background [PJ]. 


The R — 1/R duality is also present when the worldsheet is discretized as it happens 
in matrix models 264, [63]. This symmetry turns into the regular circle duality in the 
continuum limit, where one recovers a string moving in one compactified space dimension. 


The one-loop partition function is proportional to R + 1/R 9, POG), and therefore, 
it is manifestly duality-invariant. 


In section 4 we discuss a general procedure for finding pairs of curved backgrounds related 
by duality. This procedure applies whenever the backgrounds possess Abelian symme- 
tries. In refs. Bd, (19, [L1d, [24, [48, Ø this procedure was extended to the case of 
backgrounds possessing non-Abelian symmetries. Unlike the case of Abelian duality, here 
one does not know yet how to deal properly with global issues. 


Finally, let us notice that target space duality can be related to the well-known electric- 
magnetic duality of four-dimensional vector fields. In the context of field theory this 
duality was studied in a general setting in ref. [121]. More precisely, the target space 
duality acts on the kinetic term of the low-energy effective action as a particular discrete 
subgroup of the electric-magnetic duality. This phenomenon can be extended to other 
dimensions. Target space generalized dualities (as mirror symmetry) act on the kinetic 
term of the effective action as dualities among forms. This phenomenon further justifies the 
name of duality for the string target-space one since in several ways it is indistinguishable, 
from the low-energy point of view, from the old form-duality. Duality among forms was 
studied extensively in the literature, especially in the context of supersymmetric theories, 


see for instance pQ, [/3, E69 [7], 23, (74 [3 (83, E1, ES, (79, (24, 245 [/]. Quantum 
aspects of duality were studied, for instance, in [E73 Kq, B3] pT). 
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2 Duality and Discrete Symmetries of the Moduli Space 
of Toroidal Compactifications 


2.1 Introduction: 2-d Conformal Field Theories as String Back- 
grounds 


String theories use as building blocks Conformal Field Theories (CFT) (for a review, see for 
instance [I58, [34]). In order to understand the symmetries of the string theories it is useful to 
study several properties of CFTs and translate them to their string theory counterparts. 


Assume one is given a certain Lagrangian, L, which is an exact CFT defined on a certain 
two-dimensional manifold, X. The Lagrangian is exactly solvable, in particular, the Virasoro 
central charge, c, the allowed states and the corresponding operators and their operator product 
expansion (OPE) coefficients have been extracted. Given these data one wishes to investigate 
if there exist other CFTs with the same value of c in the neighborhood of L. A neighborhood 
is defined and constructed in the following manner. One considers the most general Lagrangian 
L 

L'=L+Y_ gifilz,2), (2.1.1) 


where fi(z, Z) are the operators in the spectrum of the theory L and g; are appropriate coupling 
constants. One searches perturbatively for those couplings, g;, which one can add to L such 
that the modified L’ is also a CFT. 


The spectrum of operators associated with L can be divided, using the classification of 
statistical mechanics, into three groups: 


a) Operators whose dimension is larger than 2, which are called “irrelevant operators.” Each of 
them has the property that if one adds it to the Lagrangian with an appropriate coupling, 
gi (which will have a negative mass dimension), and if one considers the flow of the initial 
coupling gj, in the modified Lagrangian, L’, one finds that g; decreases to zero in the 
infrared limit (thus justifying its name). 


b) Operators whose dimension is smaller than 2; these are termed “relevant operators.” Under 
L’, gi (which now has positive mass dimensions) flows towards large values in the infrared 
limit. If the theory is unitary it will flow to a theory with a smaller value of c [D9(]. 


c) Operators whose dimension is exactly 2. These are termed “marginal operators." If L’ differs 
from L just by the addition of these marginal operators, then L’ does not break classical 
scale invariance explicitly, as the g; are dimensionless in this case. However, the g; may 
change under renormalization; this causes the marginal operators to actually subdivide 
into three classes: 
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cl) Marginal operators whose couplings g; in the modified Lagrangian turn out to be infrared- 
free on the worldsheet. Such operators effectively belong to the class (a) of irrelevant 
operators. They differ from operators that are irrelevant at the classical level in that g; 
decreases logarithmically and not power-like towards the infrared. 


c2) Marginal operators whose couplings g; under the modified Lagrangian are asymptotically 
free and thus increase logarithmically towards the infrared, causing an instability. This 
turns the operators into relevant ones. 


c3) Marginal operators whose addition to L does maintain the dimension of the coupling g;, 
thus promoting L to a family of CFTs. These operators are called “truly marginal,” and 
it is them who form a basis for a neighborhood of conformal field theories. 


The space of different conformal theories in the neighborhood of the theory L is spanned 
by the corresponding coupling constants g;. The number, N, of independent operators f;(z, Z), 
(i — L,..., N), which can be added simultaneously to L, such that L’ is a CFT, counts the local 
dimension of the space. In general this is a perturbative statement. In many cases the exact 
form of the truly marginal operator, which started out as being described by f;(z,Z), would 
need to be modified so as to maintain L/ as a CFT for a finite value of g;. 


The space of all CFTs connected to L by truly marginal deformations is called the “(con- 
nected) moduli space" of L. Locally around L the moduli space reduces to the neighborhood 
described above. The dimension N itself is a local concept as it may change for specific finite 
values of gi. 


Considering the local neighborhood, M, it turns out that in some cases one can span the 
same space M by applying a certain continuous group G to L. Moreover, one finds that there 
also exists a subgroup Gg of G which acts like a symmetry of the physical theory. Upon acting 
with an element g of G, a theory Lı defined at one point in M is transformed into another 
theory Lz, corresponding to a different point in M (parameterized by different values of the 
couplings g;). When g € Ga, these two theories are actually physically equivalent. This identity 
holds for all the orbits of M under G4. The groups G and Ga depend on the particular nature 
of M. A general classification is not yet available; we will discuss several cases in this report. 


Let us now return to the language of string theory. The couplings g; correspond to allowed 
target space backgrounds in which the string may propagate. For a bosonic string, the couplings 
are usually collected into the background metric Gu(X ), the antisymmetric-tensor Bi (X), and 
the dilaton (X ). These couplings are in general X dependent, where X is a target space 
coordinate. A typical worldsheet action S is of the form 


1 2n n ; N i i 
= —— aß - p j aß ie 4 j 
S = wu] d f dr vss" 6000: X 0: + €°°Biy(X)OaX'O0X 


EE y/ge (X) R9) (2.1.2) 
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where gag is the worldsheet metric, g = det gag, a’ is proportional to the inverse string tension 
and R®) is the worldsheet scalar curvature. 


One may wish to recall that the ultimate purpose of the worldsheet action is to be used 
in order to calculate the S-matrix for scattering in some target space. The scattering quanta 
represent the fluctuations in some target theory around the classical values Gy, By and Ê 
defined by 


G4(X) = Gij(X) + hi0, 
B4(X) = B4(X) + bu(X), 
(X) = é(X)- (X). (2.1.3) 


The fluctuations h,,, 


in the target space. The existence of truly marginal operators on the worldsheet corresponds 


bij and ġ describe the massless graviton, antisymmetric tensor and dilaton 


to the existence of massless particles in the target space. Similarly, the target space tachyon 
corresponds to a relevant worldsheet operator, and massive states in the target space correspond 
to irrelevant operators from the CFT point of view. In string theory they are always dressed in 
such a way as to be vertex operators whose dimension is (1, 1). The notation (dr, dg) means that 
the left- (right-) handed conformal dimension of the operator is dz (dg). The right-handed and 
left-handed dimensions are defined to be the scaling weights under the worldsheet coordinate 
transformation: Z => AZ, z — Az. 


In this section we discuss the groups G and Ga for the case in which the geometric picture 
consists of a string moving on a background where d dimensions are compactified, and G, B, 
$ are X independent. These are termed “flat compactifications" or “toroidal backgrounds." In 
section 2.2 we first describe the d — 1 case, namely, a circle compactification, and we study 
its one-loop partition function. In section 2.3 we present the higher-genus circle duality. The 
general case for the bosonic and the heterotic strings is presented in sections 2.4 and 2.5. The 
identification of the elements of Ga with target space dualities will allow us to interpret most 
of the latter as residual broken gauge symmetries. This is discussed in section 2.6. Finally, in 
sections 2.7 and 2.8 we present duality invariant effective field theories realizing this interpre- 
tation. 


2.2 HR — a’'/R Duality in the One-Loop Partition Function 


The simplest example of duality transformations [94 B47], and duality symmetry, is provided 
by a single bosonic string coordinate compactified on a circle of radius R. We set the world- 
sheet metric in (2-1-9) into an orthonormal form: gago, T) = Nog. (For the moment we have 
suppressed any dependence of the worldsheet metric on the global structure of the worldsheet). 
The worldsheet action is 1 
CM J drdod,X OX. (2.2.1) 
Ara!’ 


13 


The compactification is defined by the period identification 
X x X --2n Rm, 


where m is an arbitrary integer. 


(229) 


Since X (o, 7) satisfies a free wave equation, it admits a decomposition in terms of left- and 


right-movers 
X (0,7) = Xn(a —7)+ Xr(o +7). 


(2.2.3) 


These modes, upon the continuation 7 — —i7T, become, respectively, the analytic and anti- 


analytic string coordinates. They have the mode expansion 


al ] al 1 +il(o—T) 
Xn(c—T) = TR- 3Pn(c - 7) * i 72,70€ : 


140 


a! . ar 1 ~ —il(o+T) 
Xrlo +T) = ep +4/—pr(o+7) +1 — -âe f 
2 2 


where x = x, + xg, and the dimensionless quantities pr, pg read 


PR = = 


PL = R Va 


The canonically conjugate momentum of X (c) is 


P(o) 


PL d PR + 5 age!" (e—7) + y agg O+) . 
140 IA0 


1 
— 9nv 2o! 


The total momentum P = JE da P(c), canonically conjugate to £r, + £p, is 


1 
P = —— (p; + pn). 


v 2a’ 
From eqs. (2.2.5, 2.2.4, one derives the canonical commutation relations 


"i "m 
Itz, pr] = [zR pr] = Js [ems On] = (äm, Gn] = Mm+no- 
The (normal ordered) Hamiltonian reads 
H = Lor + Lor, 


where 


1 oo 
Log — JPR + aa, 
il 


1 Pe, a 
Lor = PL + 26i. 
I1 
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(2.2.4) 


(2.2.5) 


(2.2.6) 


(2.2.7) 


(2.2.8) 


(2.2.9) 


(2.2.10) 


Here Loz and Log are separately conserved, due to conformal invariance, and are the zero modes 
of, respectively, the left and right Virasoro operators [L58]. 


Notice that Loz and Log are invariant under the transformation 


> ——, m en. 2.2.11 
voa R l ) 
Under eq. (2.11) pr transforms into —pr, whereas pz is invariant. The oscillators an, &n also 
transform in a simple way under R/Va' — va'/R: 


Qn — —An, An ` An (2.2.12) 


(so that (Z-2-TT]) together with (B:2.T2) implies Xge—eX Xr > Xr). 


Equations (B:2.TT| provide the simplest example of a Target Space Duality Symmetry. 
This is a stringy property that does not exist in field theory. The difference between a point- 
particle field theory and string theory may be understood by realizing that an extended object 
— a string moving on a circle - can wrap around it. Its winding number m, i.e. the number 
of times the string wraps around the circle, is an integer number. In order to wrap around 
the circle the string must be stretched, so its energy increases with the winding number and 


with the radius of the circle as m? R?. 


This contribution to the energy of the string is to be 
added to the field-theoretical one, equal to the square of the center-of-mass momentum, which 
is quantized in units of 1/ R, and thus proportional to n?/R?. The total energy of the string 
turns out to be invariant under the transformations (.2.11] 2.2.12), which inverts the radius of 


the circle, and interchanges winding numbers with momenta. 


The one-loop partition function of the compactified bosonic string is 


Z = [£c rz)» Que cum rude (2.2.13) 
r PLPR 

Here 7 denotes the modular parameter describing conformally inequivalent tori, I is the funda- 
mental region of the 7-plane under the action of the torus mapping class group SL(2, Z), and 
2 (7,7) is the contribution of all coordinates, other than our compactified X, to the partition 
function. This partition function was first presented in [57]; for more details see e.g. ref. [5J]. 
The trace in eq. (2.2.19) is taken over the Hilbert space spanned by the oscillators oj, &ı. The 
sum over pr, pg extends to all momenta of the form (2-2-9). Symmetry of the partition func- 
tion under the target space duality (B.2.11]) follows by noticing that the integers m and n of 


eq. (2.2.9) are dummy variables in (2.2.19). 


So far, we have proved that target space duality is a symmetry of the one-loop partition 
function, that is of the (free) string spectrum. If symmetry (B.2.TT) extends to the higher-genus 
contribution to the partition function as well, ie. to the interacting string, we may claim 
that a small compactification radius (R/ Va’ <1) is completely equivalent to a very large one 
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(Va'/R « 1). This statement, pointing out to the existence of a minimal length in string 
theory, will be proven in the next section. 


To make contact with the expression for the worldsheet action in eq. (2.1.9) it is useful to 
rescale the coordinate X to RX. The new coordinate is dimensionless and has periodicity 27 
(X & X + 2mm). Now, the action in (2T) reads as in eq. (2-1-9) 


1 2m A 
—/ do f dr6,,8, Xo X, (2.2.14) 
Ara!’ Jo 


with the dimensionful metric Ĝu = R. Furthermore, since duality involves explicitly the 
parameter a’ it is convenient to define a dimensionless metric Gj, = G1/o/. In the same way 
we redefine R to be the dimensionless radius, namely 


R 
va! 


The new metric and radius transform in a simple way under duality: 


>R. (2.2.15) 


1 1 


2.3 Duality in the Higher Genus Partition Function 


String theory involves a summation over worldsheets of all genera. For target space duality to 
be a symmetry of string theory (at least in perturbation theory) it should be a symmetry on 
each genus g. In this section we discuss this issue. We work with the dimensionless coordinate 
X whose periodicity is 27, and with the dimensionless compactification radius R. 


In order to study duality on higher-genus Riemann surfaces, it is convenient to revert from 
the Hamiltonian representation of the partition function, used in the previous section, to its 
functional integral representation. The partition function on a genus g Riemann surface Mg 
reads, upon analytical continuation 7 — —ir [59]. 


drdo /gg^? 84 X8g X — drdoL 


2 
Z, = fldgagdX dR] P My Arden (2.3.1) 


The integral is extended to all two dimensional metrics gag compatible with the topology of Mọ. 
The string coordinates have been split into X, and “the rest” X, with Lagrangian L. 


The compactification of X is defined by generalizing to a genus g surface the period identi- 


fication (2.2-9) 


[ax =20m, f dX — 25, (2.3.2) 
ay bi 


The a; and b; are the canonical homology cycles of the surface M,; they are shown in figure 
2.A. The label i takes the values 1,...,g [I0]. We denote with w; the standard basis of closed 
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holomorphic (1,0)-forms spanning Hao) (Mg, Z), and obeying [0], H 
f Wj = Ou; , Wj = Tij = T] ij + VTo ij- (2.3.3) 


The period matrix 7;; is symmetric, of dimension g x g, and it is a function of the 3g — 3 modular 
parameters of M, [0], Bl. The most general field X satisfying eqs. (B.3:2) reads H 


X(z,z2) = X(z) + X(z )- X (z, zZ). (2.3.4) 


The field x is an arbitrary scalar field globally defined on M,, whereas X(z) is a holomorphic 
solution of the classical equations of motion 


g z 
z) 22m M | mjwj + niTijwj. (2.3.5) 
j=" % 
The coefficients m; and n; are those of eq. (2.3.9) and the integral is performed on an arbitrary 
path joining a fixed reference point z with z. Equation (2.3.9) is independent of the path 
because the forms w; are closed. 


By a standard choice of the gauge fixing of the general coordinate and conformal invariances, 
and by choosing the appropriate two-dimensional metric gag [[53, H| the genus g partition 
function reads 

p E dmD(m)R Y^ e^ m-nr)'r '(m+n7), (2.3.6) 


The integral in this equation is -—— over the moduli space M, of M,, and the sum extends 
to all integer m;, n;. We denoted by D(m) all contributions to the partition function which are 
independent of R and m;, n;. Boldface characters denote g-dimensional row vectors. The factor 
R in front of the sum is due to the X zero mode. 


The sum in Z, can be rewritten in a more compact form by performing a Poisson resumma- 
tion on n (see for example [254)) 


D eo TR nn); (m+n?) _ R-9 det T y; e PrTPR-PI7PI), (2.3.7) 
MiNi (m,k)eZ?s 
where 
: ic k — Rm), 
= =| = m 
Pik Va R 
: pm eau ). (2.3.8) 
= m oO. 
PL Ja R 


By sending R > 1/R and k — m, and noticing that, as in the previous section, the integers 
k and m are dummy variables, we find 


Z, (=) = A777, (R): (2.3.9) 
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The complete partition function of the string is 


Z(®, R) = 32e 9? Z (m), (2.3.10) 
g=0 


and 9 is the (constant) dilaton (see eq. (B.1.2)). Equation (2.3-9) implies therefore [B4, 
1 
Z (o + 2log R, =) — 7(6, R). (2.3.11) 


Equation (D.3.TTJ is the generalization to all genera of the result obtained in the previous section. 
In contrast to the one-loop case, here the dilaton VEV 4 appears explicitly. The equivalence 
of two seemingly different partition functions proven here is rather formal, since Z(6, R) is ill- 
defined, due to the tachyon divergence. This difficulty however is not present in the interesting 
case of the heterotic string, which is still duality invariant, as we shall prove later. The conclusion 
we reach thanks to eq. (B.3.TT) is therefore meaningful, and it refines the statement made at 
the end of the previous section, namely: a compactification of small radius is equivalent to one 
of large radius, provided we also change the dilaton VEV according to ® > ® + 2log R. 


2.4 O(d,d,Z) Duality for d-Dimensional Toroidal Compactifications 


The worldsheet action describing a toroidal background is (for a review, see [I58]) 


1 2T . f : x 
Bp zi do | dr [vag Gi;0, XIXI + e” B;jða X'05 X? 
T JO 


1 
EN R®| l (2.4.1) 
Here X* are dimensionless coordinates whose periodicities are 27 f] namely 
X’ x X’ ++ 2n m. (2.4.2) 


The metric and antisymmetric tensor G;;, Bij, i,j = 1,...,d, are the dimensionless ones, defined 
as in the end of section 2.2. The simplest case where d = 1 was already discussed in sections 
2.2, 2.3. In string theory the total Virasoro central charge should vanish. For the usual bosonic 
string the matter accounts for 26 units of c. The action above describes only the d compactified 
coordinates, and therefore, its central charge is c = d. In general, the model S (R4T) is tensored 
with some other CFT, for example, a string moving in a (26 — d)-dimensional flat Minkowski 
space, such that the total value of c is indeed 26. Till further notice we will concentrate only 
on the internal sector described by (2-4-])). 


The number of independent truly marginal operators for a generic d-dimensional background 
is d^. This is an exact result as the model is Gaussian. The d? marginal operators are composed 
of the d(d 4- 1)/2 operators 

/39* Oa X*0s X1, (2.4.3) 


ë The geometrical data of the torus, in the presence of torsion, is encoded in Gi; and Biz. 


18 


and the d(d — 1)/2 operators 
eP Og X'0s X7, (2.4.4) 


with the corresponding symmetric couplings G;; and antisymmetric couplings B;;, all in all d? 
couplings and operators. We disregard for a while the dilaton operator and coupling. 


The d? couplings are the data describing the CFT; they are organized in the form (G, B). 
We will occasionally find it convenient to arrange the data in a matrix E whose symmetric part 
is G and whose antisymmetric part is D, 


E-G-B. (2.4.5) 
We call E the “background matrix.” 


We first solve for the spectrum of the theory (Ẹ.4.]). This is done by performing a canonical 
quantization on the worldsheet. Since we are studying theories with no Weyl anomaly (as it 
happens for strings at criticality) we can set the worldsheet metric into a diagonal orthonormal 
form 


Jagleo; T) = Nag. (2.4.6) 
(For the moment we have suppressed any dependence of the worldsheet metric on the global 
structure of the worldsheet). 


The canonical momentum Pj associated with X* is given by 
Pr G; X? + B; X? = p; + oscillators, (2.4.7) 


where p; is the string center of mass momentum. Since the coordinates X^ have periodicities 
27, it follows that the momenta p; is quantized in integer units 


een (2.4.8) 


The Hamiltonian and momentum constraints take the form: 


H = Lor 4 +Lor 


1 27 - P " a g 
== | do [Gn (RGÀ Pj) + X"(G — BOB), X" + 4X" By. GP; 
1 2T 
= zl do(P2 + P2), 
Pra = [2r P; -+ (G = B)gX?]ez, Pra = [2r P; = (G -+ B)gX]es, 
2v 
do P X' = Lor = Lor = 0 (2.4.9) 


0 


Here e and e* are defined by 
2 ejej = 2Gij, 2 ete = $ aie = (GË, (2.4.10) 
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The vectors e; are a basis to the compactification lattice A¢, such that the target space d-torus 
is T^ = R?/tAf; the vectors e* are a basis to the dual lattice A^*. The indices a,b label an 


orthonormal basis to the target space. 


We deduce from eqs. (2.4.9) that P; and Pg, even in the presence of the backgrounds, still 
decouple and that they describe left- and right-movers, respectively. The model is indeed Gaus- 
sian for all flat data E; this is instrumental in obtaining exact results. Now, the Hamiltonian H 
consists of a zero mode part (for which we retain the notation H), and the part describing the 
oscillators. These oscillators — of each coordinate — transform similar to (2.2.19) under duality, 
in a way that does not change the spectrum (as shown at the end of this subsection). We thus 
first discuss only the zero mode part, whose Hamiltonian reads 


1 
Lor + Log = 5 (PL + DR) = 
1 " . . : : 
= 2 In(G7!)9n; + m'(G = BG™'B);;m! + 2m’ Ba (G^!) ng] i 


H 


(2.4.11) 


The integers n; are the momentum eigenvalues defined in eq. (2-4-9) and m are the so called 
winding modes defined in eq (2-4-9). The zero-modes pz, pr are given by 


pr = [n’+m'(B-G)le’, 
pL = [n'+m'(B+G)le*. (2.4.12) 


Here, for simplicity, we suppressed all vector and matrix indices for all quantities involved. Note 
that by eq. (2-477) one obtains that a state with a non-zero winding number but no explicit 
time dependence still carries momentum. This phenomenon was detected first in the context 
of 4-dimensional gauge theories D'8T]; it was shown that a monopole in the presence of a theta 
term obtains electric charge. This was studied in various four- and two-dimensional systems 
[5] HJ. The B field plays a role very similar to that of a theta term as we shall see. 


The Hamiltonian can be defined for closed worldsheets with genus 0 or 1. Given the Hamil- 
tonian and its spectrum, the next task is to identify the group generating the moduli space of 
the whole set of Lagrangians E30, 238], and the subgroup Ga which maintains the physics of the 
models 34, B], [4d, 260, [40]. The moduli space for toroidal compactifications is isomorphic 
to O(d,d, R)/(O(d, R) x O(d, R)) B38], where O(d, d, R) is the non-compact orthogonal 
group in d + d dimensions. A convenient way of representing the elements g € O(d, d, R) is 


a b 
-(22) ma 


where a,b,c,d are d x d matrices, and such that g preserves the form J 


O I 
;-(? 3), oan 
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namely, 
gJg=J = ac+ca=0, d+db=0, a'd+cb=I. (2.4.15) 


(A useful consequence of the above condition is that if g € O(d, d, R), then g € O(d, d, R). This 
is proven as follows: begin with g'Jg = J, and take the inverse of both sides. Using J^! = J, 
one finds g !J(g*) ! = J. Multiplying from the left by g and from the right by gt one finds 


J — gJg', 
which shows that g* € O(d, d, R)). 


The (d, d) Lorentzian momenta (pra, pg) in (B.4.T2) form an even self-dual Lorentzian lattice 
[44 E39, namely, the Lorentzian length is even 


p? — ph = 2m'n, € 2Z, (2.4.16) 
and the Lorentzian lattice is self-dual. It is known [259] that all even self-dual (d, d) Lorentzian 
lattices are related by O(d, d, R.) rotations. Obviously, any O(d, d, R) rotation of I^? gives back 
an even self-dual Lorentzian lattice. Moreover, to any l^? corresponds a particular toroidal 
background. The Euclidean lengths p? + p?, in two lattices related by an O(d, d, R) rotation are 
generally different, and give rise to different spectra. 


As (pr, pn) transform as vectors under O(d, d, R), the Hamiltonian (B.4.11]) is invariant under 
rotations by the maximal compact subgroup O(d, R) x O(d, R). Therefore, these rotations do 
not change the zero-mode spectrum. Thus, the solution-generating group G is O(d, d, R), and 
the moduli space is locally isomorphic to the coset manifold O(d, d, R)/(O(d, R) x O(d, R)). 


Recall that the momenta pr, and pg are specified by the background matrix E. Therefore, the 
way the solution-generating group G acts on E is defined by its action on the vectors (pz, pg). 


The spectrum is expressed by (pr,pg) or, equivalently, by the bilinear form defined by the 


2d x 2d matrix M 
G— BGB BG! 


«c = ( 43, 4 ) (2.4.17) 


The spectrum of the system as obtained in eq. (R-4.1])) is given by the scalar 


1 1 
H=3(PL+Pr) = 57 MZ, Z= (mam). (2.4.18) 


Here Z is the vector of integers counting the winding number and the number of momentum 
quanta, corresponding to (pr, pr). Under the O(d, d, R) transformation g, given in eq. (2-419), 
the matrix M transforms as 

M, = gMg'. (2.4.19) 
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To find the corresponding transformation of the background matrix E, it is convenient to 
first embed the O(d, d, R)/(O(d, R) x O(d, R)) moduli elements E = G+ B in O(d, d, R). This 
is done by looking at the O(d, d, R) element 


JE=G+B = | : 25 j (2.4.20) 


where the vielbein e is defined such that G = ee’. Next, we define the action of g € O(d, d, R) 
(2.4.13) on a d x d matrix F by the fractional linear transformation 


g(F) = (aF -- b)(cF +d). (2.4.21) 


It now follows that 
ggE(1) - E—- G- B. (2.4.22) 


Here J is the d-dimensional identity matrix. Moreover, one finds 


From eqs. (£419, 2.4.2], 2.4.23) it follows that 
M = M(E)) = M, = 9Mg' = 998959 = ggg > 9p = JIE, 


and as 
E = gg (I) = ggg(1) = g(E), 
one finally finds that the O(d, d, R) transformation properties of the data E read [[4@, 260, [20, 


[1]. 


E' = g(E) = (aE -- b)(cE +d)". (2.4.24) 
(It is easy to verify that this action is consistent with the group property: g(g'(E)) = (gg')(E).) 


Now that we know how G = O(d, d, R) sweeps the full moduli space of toroidal backgrounds, 
we may try to detect if in the process there still remains some symmetry group Gg. A necessary 
condition for a group element to belong to Gg is that it leaves the spectrum of S invariant. It 
is allowed to change each state separately but the total spectrum should remain unchanged. 
The group element should act like an automorphism on the space of states. However, more 
is required in order to prove that both theories are equivalent: one ought to show that all 
correlation functions in one theory can be mapped into identical correlation functions in the 
other theory. In this section we will discuss only the above mentioned necessary condition on 
the spectrum, and in section 2.6 we will show that there exists a gauge symmetry relating the 
different points connected by the symmetry group Gg. This will guarantee the equivalence of 
the theories. 


Returning to the spectrum, there are two types of symmetry operators one can identify 


explicitly [T4d, 260]: 
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1. Integer theta-parameter shift O;; c O(Z): 


One can add to the antisymmetric matrix B;; an antisymmetric integral matrix O;;(Z) 
(that is a matrix composed of integer numbers) without changing the physics. In other 
words, one can act with the O(d, d, R) elements of the type 


ge = | ] E j (2.4.25) 


where O;; € Z and 0;; = —Oj;. Indeed this element not only belongs to O(d, d, R) but 
to its discrete subgroup O(d, d, Z), made of the elements g with integer entries. 


In a way, the fact that O(Z) are symmetries of the spectrum is evident from the role of B 
as a theta parameter: the constant B-term in S is a total derivative, and therefore, gives 
only topological contributions. For an integer O-shift the action is changed by an integer 
multiple of 27, and therefore, does not contribute to the path integral. 


2. Basis change A € GL(d, Z): 


One can conjugate E by E' = AEA', where A describes a basis change of the compacti- 
fication lattice A. This can be done by acting on E as in eq. (2.4.24) with the O(d, d, Z) 


elements 
A 0 


where A € GL(d,Z). (For example, some of these operations result in permuting the 
space-time dimensions and thus they do not change the physics.) 


Explicitly, the invariance of the spectrum can be shown by considering the new bilinear 


form 


Z'M'Z = (AYGA n — m'A(G — BG 1 B)A'm 
—2n (A lY (G^! B) Atm. (2.4.27) 


The original form, 
Z MZ = Gn — m'(G — BG! Bym — 2n'G Bm, (2.4.28) 


is obtained by redefining m’ = Atm, n! = A^!n, which is an allowed transformation. 


In addition to O(Z) and GL(d, Z) in (1),(2) there is a less obvious element of O(d, d, Z) 
which is a symmetry of the spectrum |[48, 260, [[40, [1]: 


3. Factorized duality D;: 
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_ €i €i 


€i 
Here e; is zero, except for the ii component which is 1, and J is a d-dimensional identity 
matrix. It can be shown straightforwardly that this transformation leaves the partition 


function invariant as well. 


Factorized duality is a generalization of the R — 1/R circle duality in the X* direction. 
Explicitly, D; takes R; —^ x if the d-dimensional background is a direct product of a 
R;-radius circle and a (d — 1)-dimensional background, leaving the latter unchanged. 


It turns out that the elements in (1),(2) and (3) generate the discrete group O(d, d, Z) 
(£44. (140, [LT]. An additional symmetry is the worldsheet parity e — —o which acts on 
the background by B — —B [[4]]. It is not included in O(d, d, Z) since it interchanges pr, with 
pr, and thus flips the sign of the Lorentzian norm p? — p?. This completes the identification of 
the symmetry group Gy. 


To discuss the transformation of the oscillators in (2.4.4) under O(d, d, Z) we have to define 
the mode expansion of coordinates and conjugate momenta: 


X'(a, T) = qi + mo + TG? (p; = Bjym^) cc 5 —[o? (aye ee?) aft a (E)e rr"), 


2nP(o,T) = pit > [Eto (E) "C079 + Eyi (Eje ? (02). (2.4.30) 
Let us recall that the periodicity of the coordinates x’ is 27 and both the winding number m 
and the oscillator number n are integers. 


The commutation relations of a? (E), à? (E), x’ and p; are found by expanding the equal-time 


canonical commutation relations 


[X (c, 0), P; (c, 0)] = iójó(e — a^). (2.4.31) 
The non-zero ones are 
[o4 (E), o2, (E) = [a5(E), a, (E)] = mG" imino: (2.4.32) 


Here the oscillators and their commutation relations are background-dependent since we fixed 
the periodicity of the coordinates to be 27. 


By inserting the mode expansion of X and P into eq. (2-49), and after integration and 
normal ordering, one finds that the complete Hamiltonian (zero modes plus the oscillator con- 
tribution) is: 

1 5 
H = 34 M(E)Z +N+N. (2.4.33) 
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Z and M were defined in eqs. (2-417) and (2.4.19), and the number operators are 
N = Dal (E\Gye(E), Ñ= Y ,(E)Gya4(B). (2.4.34) 


n>0 n>0 


The transformation of the background matrix E under duality was given in eq. (2.4.24). A 
pair of useful relations between the original metric G and the dual metric G" is: 


(d -- cE)'G'(d--cE) — G, (d— cE*)'G'(d — cE*) =G. (2.4.35) 


The first relation is derived by writing G” = (E' + (E"))/2, and using the expression for E' from 
eq. (2.4.24) to evaluate the left hand side. The second relation can be derived by first writing 
the analog of eq. (2.4.24) for (E")', and then expressing G” in terms of this (E")*. Since duality 
is a symmetry of the string, it has to act as a canonical transformation on all the oscillators; 
that is, it has to preserve the commutation relations (B.T.31]). This fact, together with the mode 
expansion (2.4.30) uniquely fixes the action of duality on the oscillators a2, à?. With the help 
of the relations (B.4.33), one finds that the transformations of the oscillators read 


On(E) > (d — cE*) 'o,(E), &à,(E)— (d--cE) la, (E). (2.4.36) 
The number operators in the Hamiltonian (B.4.34) are manifestly invariant under (2.4.39), to- 


gether with G — G’ as given in (2.4.39), and therefore, we conclude that the entire spectrum is 
O(d, d, Z)-invariant. 


Finally, under worldsheet parity (B — — B) the left-handed oscillators are interchanged with 
the right-handed ones: 
worldsheet parity : o e à. (2.4.37) 


The spectrum is manifestly invariant under this transformation. 


Now, that we have specified how both the zero modes and oscillators transform under duality, 
one can deduce the transformation of states, O|pr, pr). (Here O is a polynomial in the oscillators, 
and |pr, pr) is the state corresponding to the operator exp(ipr Xr(Z) + ipgXg(z)).) 


2.4.1 Generators of O(d,d, Z) and E — 1/E Duality 

We now discuss a particular element of O(d, d, Z) which is an analog in d-dimensions to the 

R — 1/ R circle duality. It is given by the inversion of the background matrix E [[48| 
E-GHBAE-G-B-E! (2.4.38) 


Here G” and B' are the symmetric and antisymmetric parts of E'. From eq. (2.4.38) it follows 
that the metric and the antisymmetric tensor transform as 


Q -= O'-(G- BO IB) dJeg-qgog gt. 
GUN -= cES (2.4.39) 
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Here G” (B’) maintains the symmetry (antisymmetry) of G (B). The form for B’ in this equation 
assumes that B is invertible (it is possible to write B'(G, B) in a non-singular form even when 
B has zero eigenvalues). 


Under the transformation (2.4.39) together with interchanging winding modes with momenta 
(n «+ m) the Hamiltonian in (£I) is manifestly invariant, and therefore, the spectrum as 
well. Moreover, from the expression for H in eqs. (2.4.9) it follows that E — 1/E interchanges 
(27a’)P — X'. Another way to argue that the interchange of P with X’ is a symmetry is to 
notice that there exists a canonical transformation doing precisely that [I4]. It is defined by 
the generating function of the old and new coordinates (the latter are denoted by a tilde): 


WE - ON" 
Fo L| f X'(c)X (c)do, 

P(o) = SF/6X(0) 5 X'(o), 

P(o) = -6F/6X(0) = 5—X'(o). (2.4.40) 


Note that the canonical transformation (2.4.40) is equivalent to the simple change of back- 
grounds (2.4.58), (£39) when these are constant. 


In the absence of torsion (B — 0) one obtains the transformation 
GG (2.4.41) 
Recall that, by our starting point (2-1-9): 
Gi; = (a) Gy. (2.4.42) 


Here we have inserted back a’, so Gi is the conventional (dimensionful) metric and (o/)'2 is 
the string length parameter. We see that the transformation (B.4-41]) corresponds to either a’ > 
(det G)?(a/)-! at fixed G or, more conventionally, to G > o/G-! at fixed a’. Conventionally, 
one says that the theory is invariant under a change in G (at fixed a’). 


Duality can be given [[4d] a somewhat different meaning, which we illustrate in the case of 
d = 1, i.e. one compact dimension (discussed in section 2.2). Indeed, one may say that, given 
a string moving on a circle of radius R, the theory has to decide what is the best value of the 


1/2 


“quantum” length (a’)!/?. Such a choice has an intrinsic Zo ambiguity given by eq. (2.4.41). If 


the value a’ = R? is (is not) picked up the “vacuum” does not (does) break spontaneously Za. 


It is known that, when the symmetric point is picked up, an enlarged gauge symmetry also 
follows corresponding to a level one SU(2); x SU (2) representation of the affine algebra (for 
a review, see for example [[34]). Thus à Z preserving vacuum appears to preserve enlarged 
gauge symmetries as well. 
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The duality operator that inverts the background matrix E corresponds to the O(d, d, Z) 


gp = | ? b (2.4.43) 


As explained before, the oscillators of X also transform under O(d,d,Z) and, in particular, 


element 


under the inversion duality gp; in that case, their transformation is given by eq. (D.4.30) with 
d = 0 and c = I. For example, at the self-dual point E = I, one finds a, > —o,, An — Qn. 


We now consider some examples. In the c — d — 1 case only the duality transformation gp 
is available. The group O(1, 1, Z) consists of two elementq], only one of which acts non-trivially 


0 1 
| a ) (2.4.44) 


The fractional linear transformation on G4, leads to 


1 
Gu. 


on the compactification radius: 


In this case, the manifold M defined in section 2.1 is shown in figure 1.C. The groups G and Ga 
defined there are O(1, 1, R) and O(1, 1, Z), respectively. 


In the c 2 d — 2 case, corresponding to two compactified dimensions, the factorized dualities, 


D, and D» (2.4.29) are represented by: 


JD, = i JD = (2.4.46) 


Coro © 
coor © 
coo oc FE 
= OOo c 
coo oc me 
= OO O&O 
Coro & 
coor © 


When the torus is a direct product of two circles (Giz = Big = 0) D, and D» correspond to 
R, — 1/R, with Rọ fixed, and R; fixed while Rə — 1/ Re, respectively. 


The generator O45 which causes the shift of the Bj, field is represented by: 
I © 0 1 
es - (1 n 22 2, a (2.4.47) 
The group GL(2, Z) is generated by three symmetries: 


a) The permutation symmetry Pi» giving rise to the element: 


Pa 0 01 
ins = ( T EX Pa=(9 3! (2.4.48) 


T Actually, O(1, 1, Z) has four elements, but minus the identity acts trivially as a fractional linear transfor- 
mation. In general, whenever we discuss O(d, d, Z) we actually mean the projective group PO(d, d, Z). 
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b) The reflections on each space component i, Ri, given by: 


| (R0 (10 
JR — i a m-( 0 i 
| (PR 0 (1 0 
m= (5 2), n-(15). Bos 


Obviously, one can get Rə from R, by a permutation: Rə = Pio Rı Py. 


c) The transformation Tıg of the form: 


_{ Tr 0 Id od 1 
9T; = ( 0 (Th)! ) , TR = | 0 1 i (2.4.50) 


The generators Pi», Ti2, Rı generate GL(2, Z). Its subgroup SL(2, Z) is generated by Tis 
and the symmetry Sj. = RıPı2. The labels S and T are supposed to recall the standard 
SL(2,Z) generators. 


The previous examples are useful in analyzing the general case [Z]. In the general c = d 
case the group O(d, d, Z) is generated by permutations P;;, reflections R;, the symmetries 7;; and 
Oj;, and the factorized dualities D;, i, j = 1,..., d. In the d = 2 case the proof will be obtained 
in subsection 2.4.2 by referring to well known properties of the modular group SL(2, Z); in 
the general case, this can be obtained by straightforward, but rather tedious, algebraic 
manipulations. 


Actually, it is enough to consider a single reflection and a single factorized duality, say H4 
and Dı, and a single transformation of the type T, and a single ©, say 7j; and Oj. The 
other elements can be obtained by repeated application of the previous ones, together with 
permutations, P;j, i,j = 1, ..., d. 


We recall that we have shown the symmetry to occur for the partition function on the 
worldsheet torus. We will see in section 5 that it occurs for any worldsheet Riemann surface. 
The moduli space of allowed backgrounds has, therefore, a large degree of symmetry. String 
theories having a different description in terms of the conventional target space metric and 
torsion are actually physically identical. From a string theory point of view the target space 
description has fundamental domains. Moreover, these fundamental domains have an orbifold 
structure due to the occurrences of fixed points, that is there exist points in moduli space which 
are fixed under the symmetry group. It will turn out that these fixed points play an important 
role in the identification of the gauge symmetry inherent in the duality transformations. We 
thus turn to study some properties of these fixed points. 


For the c — 1 compactification moduli space, as mentioned before, the fixed point in the 
moduli space of circle compactifications coincides with the appearance of enhanced gauge sym- 
metries SU(2); x SU(2)p. 
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For the more general case, the duality transformation E — E still has strictly speaking a 
single fixed point given by 
Bar. Seg (2.4.51) 


which is the unique solution to the equation (G + B)? = I when G is positive definite. At 
the single fixed point the string forms a level-one representation of the affine algebra SU(2)¢ x 
UE. 


Let us consider now the slightly more general example of fixed points of inversion duality, 
E — E~', modulo SL(d, Z) and O(Z) transformations: 


E™ = M'(E+0)M, MeSL(d,Z), © € O(Z). (2.4.52) 


It turns out that any background with a maximally enhanced symmetry falls into this category 
[[4q. (By “maximal,” we mean an enhanced semi-simple and simply-laced symmetry group of 
rank d corresponding to a level 1 affine Lie algebra). In those cases the background is 


1 
Ey = Cy, >j, Ba=5Cu, By =0, i<j, (2.4.53) 
where C;; is the Cartan matrix. Thus, 
E, E^! e SL(d,Z), (2.4.54) 


and M = E !, O = E'— E (ie, Oi; = —Ciy, i >j, Oy = Ciz, i < j, Ou = 0) solve eq. (E459). 
This fact shows that a maximally enhanced symmetry point is a fixed point under some non- 
trivial O(d, d, Z) transformation, and therefore, an orbifold point in the moduli space. Fixed 
points corresponding to non-maximal enhanced symmetries can be found by using factorized 
duality instead of the full inversion E — E71. 


We have not shown that the condition E € SL(d, Z) either implies an enhanced symmetry 
or exhausts all solutions. In fact, already for B = 0 one knows examples of models which 
correspond to physical fixed points, but do not have an enhanced affine algebra. Such systems 
are the 24-dimensional Leech lattice and the 8-dimensional Eg lattice (with the full Cartan 
matrix as the background metric). These systems contain new (n, 0) conserved currents, where 
n>l. 


Furthermore, examples where no higher spin conserved currents exist are also known, as 
described in the following subsection, where the special c = d = 2 case is studied in detail. 


2.4.2 The d — 2 Example 


The symmetry group, Ga, of d = 2 flat compactifications is generated by O(2,2, Z) and B > —B. 
As O(2,2,R) decomposes into SL(2, R) x SL(2, R) one may expect O(2, 2, Z) to factorize into 
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SL(2,Z) x SL(2,Z) [BI] Bou]. In fact, the moduli space is isomorphic to SL(2,R)/U(1) x 
SL(2, R)/U(1) but, instead, the duality symmetry group turns out to be isomorphic to SL(2, Z) x 
SL(2, Z) &s [Zz x Zə) BI Bod, [141]. 


To show this, one organizes the four real data, G41, G4», G22, B12, into two complex coordi- 
nates p and 7 in the following manner [EI]: 


_ _ Gg  ivG 
T z Td Ve— Gos + "m 
pc prt 102 = Bit iVG where G = G41G55» — G2, (2.4.55) 


The inverse relation is: 


g- YE (riis Pelia) (2.4.56) 


T2 T1 1 —1 0 


where b = Bi. The target space is a two-dimensional torus and as such it supports a complex 
structure 7 and a Kahler structure p. All in all, as we are going to explain, it turns out that 
there is a minimal set of four “generators” for the symmetry group Ga. “Generators,” in this 
context, means a set of group elements from which the whole group is generated by forming 
products. 


A (non-minimal) set of generators is found as follows. SL(2,Z) is generated by two ele- 
ments, so a product of two SL(2, Z) has four "generators. Two other generators are the one 
interchanging the two S L(2, Z), and the reflection X! —^ —X!. Moreover, the worldsheet parity 
c — —o (B — —B) provides a seventh generator. The SL(2, Z)? generators are 


1 
5: Pp, PASS 
T 
T: pop, T>T+Hl1, 
1 
S: pr--, T>T, 
qu —>p+1, r—rT. 2.4.57 
pp 


The first two transformations reflect the fact that the target space is a 2-d torus, and thus 
unmodified by modular transformations of its complex structure. 


The fourth transformation expresses the periodicity in the antisymmetric torsion B12. The 
third transformation is a stringy symmetry that for B — 0 takes the volume in target space into 


its Inverse. 


Writing (p?, p%) in terms of 7 and p as 


1 


2 
p, = Jpg m 7 72) — elm + rm) 
1 
2 = 2 
_ E _ 2.4.58 
PR D pots (ni — rn2) — p(ma + Tm|)| ( ) 
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exposes three more symmetries. The first one exchanges the complex and Kahler structures 
Dz: (1,p) > (p,T). (2.4.59) 


This symmetry is of a stringy nature, it is actually the O(2,2, Z) element we called factorized 
duality (2.4.29) (here acting on the second coordinate). This can be seen by setting Biz = Giz = 
0. In this case eq. E259) corresponds to G22 — 1/Gə2. The other symmetry is 


R:  (r,p)— (-7, —p). (2.4.60) 


This equation corresponds to the X! — —X! reflection we mentioned above. Indeed, this 
symmetry changes the sign of G4? and B12, while leaving G11, Gos invariant. The last symmetry, 
which corresponds to worldsheet parity (c — —o), interchanges pr, and pg and corresponds to 
B — —B, while all other data are invariant. It is given by 


W: (np) (r,—p). (2.4.61) 


Since this symmetry interchanges pr, with pg, it changes the sign of the Lorentzian norm p? — p, 
and thus cannot belong to O(2, 2, R). 


The set of generators we presented is not a minimal one. One can remove the S", T" and 
R elements from the set of generators, as they can be obtained from S, T, Da and W by the 
help of eqs. @.4.59, 2.4-6]]) (S' = D2SD2, T' = D2T D», R= D3W DW). The four symmetries 
(S, T, D3, W) provide a minimal set of “generators” for the symmetry group. 


The target space moduli space has the global structure of a product of the fundamental 
domains of two tori, that is SL(2, R)/U(1) x SL(2, R)/U(1), modded out by the discrete sym- 
metries. In figure 2.B we show, as an example, the slice p — 7 of the fundamental domain. A 
similarity between worldsheet and target space symmetries emerges. We will further discuss 
this issue later in section 5. 


Not only do target space and worldsheet symmetries show similarity, there are cases where 
they could even be interchanged. Let us consider the one-loop partition function Z(r, p;o). It 
describes a string moving in the target space background defined by the data T, p when the 
worldsheet is a torus with a given complex structure c. This partition function is symmetric 
under the interchange of the complex structures of the target space and the worldsheet BI] 


Z(T, ceo T). (2.4.62) 


Together with the factorized duality, 7 > p, this gives rise to a triality. This result also 
generalizes (partly) to higher dimensional backgrounds and higher genus worldsheets [[4(] as 
we discuss in section 5. 


We conclude the example by noting several points in moduli space which are fixed points 
under some (non-trivial) duality. 
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Let us describe at first two points with a maximally enhanced worldsheet symmetry. The 
first corresponds to the (SU(2) x SU(2))z x (SU(2) x SU(2))z symmetric point, described by 
E — I, or equivalently by 


(r.p) = (ii). (2.4.63) 

The second corresponds to the SU(3)z x SU(3)r symmetric point, described by 

1 1 
B=(5 4); (2.4.64) 
or equivalently by 
1 iV31.i/3 

_ (1, v3 1 iv3) 2.4.65 
ma- (543.5437) (2.4.65) 


Equations (2.4.69) and (2.4.69) are the two “orbifold singularities” in the fundamental domain 
shown in figure 2.B. 


Finally, we present a continuous set of fixed points under the E — E~! duality, combined 
with the B — —B worldsheet parity. These backgrounds correspond to the special value T = i, 
while |p| = 1, or equivalently 


Eis - ( 5, 1). st. g + =l. (2.4.66) 
It now follows that 


and therefore, it is a fixed point of WD (recall that D = D, Də). This continuous set of fixed 
points of an element of G4 includes two fixed points of O(2,2, Z). The first is b = 0, g = 1, that 
is the symmetric background (2.4.69). The second is a fixed point of T'D € O(2,2, Z) at the 
special value b = +1/2,9 = V/3/2. This last example shows that there are orbifold points 
in the moduli space that do not have extra conserved chiral currents. 


2.5 Duality of the Heterotic-String Spectrum 


The Heterotic-string action in flat background, including the coupling to a background gauge 
field A7 and a background antisymmetric tensor B,,, u,v = 1,...,d, a = 1,...,16 is (for a 


review, see [53]) 
1 5 Jya 
$= = I d*z [(Guy + Buw )OX"ÖX” + AL OX"OX 
+ (Gag + Bap)OX°OX°| + (fermionic terms), (2.5.1) 


with the constraint that the X, are chiral bosons. Here we work in the orthonormal gauge 
(2.4.4), and the complex worldsheet coordinates and derivatives are 
1 


1 . ; 
z= m Tic) = a — i0,), (2.5.2) 
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and therefore, d?z = dadr, and 0x0x = 1(0.z)? + $(0,2)°. 


The index a denotes an internal index. The internal coordinates live on the weight lattice 
of Eg x Es or Spin(32)/Z». The indices (u,a) label a (16 + d)-dimensional orthonormal basis: 
Gi = Osis Gag = Ôa. 


The moduli space of the heterotic string in d-dimensional toroidal backgrounds is isomorphic, 
locally, to the symmetric space O(d + 16, d, R)/(O(d + 16, R) x O(d, R)) 23d, B33. Here we 
will study the global structure of the moduli space following [489], namely, we will identify the 
target space discrete symmetries. 


Due to chirality the geometrical interpretation of the heterotic background fields is not man- 
ifest. Therefore, we will “embed” the compactified section of the heterotic string (not including 
the worldsheet fermions) in 16 +d space-coordinates of a bosonic string. The Lorentzian lattice 
of the bosonic string is of the form: 


i I 
B PR|. ii—-i..d I,J=1,...,16. (2.5.3) 
PL Pp PL 
The embedding is such that the lattice generated by 
Pr 0 
; 2.5.4 
( PL PL ) gn 
is a sub-lattice of the original one, and gives the spectrum of the heterotic string. This will 
allow us to get the spectrum of the heterotic sting from that of the bosonic string by truncation. 
The sub-spectrum of the dual spectrum is given by a duality transformation of the original sub- 


spectrum. Thus, all one has to find is the E-matrix of parameters of the relevant bosonic 
coordinates. 


Let {EF|I = 1,...,16}, {efli = 1,...,d} satisfy 


Er- Ez = 2Grz, ei: Er=0, 
€j: €j = 26g. (2.5.5) 


where 


GeL = JC T Oil al Oe ud 
Bey = 2Br (ei*)" (e? *)", pe? Bs3BuE "PIE UE 
A'* = 2 Ais (e* "(E *), (2.5.6) 
and E!* (e!*) is the basis dual to Ey (e;). 


The A field stands for an antisymmetric tensor and a metric in the coefficients E;;, Ej; 
of the background matrix. It is impossible for Ej; to depend on A, as the gauge field is a 
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continuous parameter, while there are only discrete solutions to Ez; which allow truncation of 
the spectrum of the (16 + d, 16 + d) model to a chiral (16 + d, d) model. 


The operator E of the embedding bosonic string has the form: 


Gt BAS 4 Ai 
E=B+G= (G+ B+; x), : (2.5.7) 
0 (G+ B)rj 
To prove it, let us pick up a basis a = (oj, a7) of a lattice A(4*19 with the metric 2G: 
lik 
Qi = (ei, 54i Ex), 
ar = (0, Ej). (2.5.8) 
The dual basis o* is 
a'* = (e'*,0), 
1 : 
g* = (= 54€ " E^"). (2.5.9) 
Thus, the bosonic Lorentzian lattice (pz, pr) has the form: 
Pr = (m (m)(B - G))(o*) 
= n;o* * 4- nto! * 
Bee oS 0 j* 
(mi, mr) à e) ( ee ) 
—Air (B = G)rj a 
1 1 
= ([n; + m;(B — G)j — iy Axi 2 Pur + m;(B +G) Ale ", 
[nz + m;(B — G)r;| E" *). (2.5.10) 
Here it turns out that Er; = (G + B)7, is given by 
1 
Ery = Ciy, I>J, Ey = gCin Erz = 0, I< J, (2.5.11) 
where C;; is the Cartan matrix of Eg x Eg. Therefore, the vectors Vz, W; defined by 
ny+m(B +G) = Vz, 
nJ T mj;(B — G)rj = Wy, (2.5.12) 


are in the root lattice of Eg x Eg. 


The truncation to a sub-lattice describing the heterotic string spectrum is the set of (nj, mr) 
such that W; = 0. Defining P and L by 


ne = -P, 


m,(B—G)y;e* = —L- BL, (2.5.13) 
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we get 1 
1 1 
pa — (3P - L- BL- ;VA- 4A(AL),0). (2.5.14) 


In the same way 


pz = [(nY + (m'(B + Gj(a^) = (SP eee tAv z AD, V+AL). (2515) 


The vectors (pr, pg) span precisely the (d + 16, d)-dimensional even self-dual Lorentzian lattice 
of the heterotic string B38]. Therefore, the bosonic truncated spectrum coincides with the 
heterotic model. 


The A field stands for a metric 


SV 
e : k (2.5.16) 


0 LAs 
245i 2.5.17 
( -34y 0 l ) 


in the cross directions. It also affects the metric in the compactified space: Gij — Giy + ZAR Ag. 


and an antisymmetric tensor 


The background-inversion duality transformation for the bosonic string E’ = E~}, induces 
the transformation on the heterotic string background fields: 


1 = = 
Ay = (G+ B- 4A Ax) A(G + Bis, 
1 " 1 
(G'--B); = (G-B)js(G-B); mod SL(16,Z) transformation. (2.5.18) 


So far we have described a particular element of the discrete target space symmetries of 
the heterotic string in flat backgrounds. Following the discussion for the bosonic string in 
section 2.4, one can show that here target space duality is generalized to a group isomorphic to 
O(d + 16, d, Z). This group is the subgroup of O(d + 16, d + 16, Z) that preserves the heterotic 
structure of E in (2.5.7) (namely, that transforms the lower two blocks 0 and (G + B);; into 
themselves), while acting on E by fractional linear transformations (2.4.24). 


2.6 Duality as a Gauge Symmetry 


In this section we relate (most of) the discrete symmetry group Gq — the subgroup O(d, d, Z) 
for d-tori compactifications — with a gauge symmetry. 
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2.6.1 Motivation 


We have described in some detail the discrete symmetry group Gg which relates physically 
equivalent theories in the moduli space of flat compactifications; some of these symmetries are 
of a stringy nature, and are rather surprising from a field theory point of view. So far, it 
was shown that the worldsheet partition functions of any two theories related by a O(d, d, Z) 
transformation are identical] 


We will show that the theories themselves are identical by demonstrating that two theories 
related by O(d, d, Z) are actually gauge equivalent under some gauge group. Uncovering such a 
gauge symmetry would afford one a glimpse into the structure of the large symmetry which is 
supposedly associated with string theory. A gauge symmetry could ensure that the symmetry 
group O(d, d, Z) indeed persists to all orders in string perturbation theory. For example, such 
symmetries in Gg would be protected from explicit breaking had they actually been residual 
gauge symmetries surviving an incomplete gauge fixing of some continuous gauge group. 


The discrete nature of the group Ga suggests that if it is a residual gauge symmetry it is to 
be associated with large gauge transformations, namely, gauge transformations which are not 
connected (in the space of gauge transformations) to the identity. Such a residual worldsheet 
gauge symmetry is familiar in string theory; it is the modular group acting on the worldsheet 


metric. 


In string theory a large discrete symmetry, the modular group of Riemann surfaces (iso- 
morphic to SL(2,Z) on the torus, for example) is present; it reflects the underlying general 
coordinate invariance and Weyl invariance which are there when string theory is viewed as a 
theory of two dimensional gravity. This is the group of residual symmetries in the conformal 
gauge when the worldsheet is a torus. There are traces of general coordinate and Weyl invariance 
in the Veneziano and Virasoro-Shapiro amplitudes. 


The similarity of the target space Ga symmetries with those of the worldsheet modular group 
encourages to view them as some gauged fixed version of a similar larger symmetry in the space 
of allowed string theory backgrounds. 


Another hint in that direction emerges from the effective target space Lagrangian of the 
theory [B4]. Consider the case of the bosonic string with one compactified dimension (d = 1). 
The target space picture consists of an effective SU(2); x SU (2)g scalar potential which has flat 
directions. The potential is constructed in terms of scalar fields in the (1,1) representation of the 
SU (2); x SU(2)n symmetry group. A special point among all possible vacua is the one where 
all scalar fields obtain, say, a vanishing expectation value; in that case the SU(2);, x SU(2)n 
symmetry is retained. For any non-zero expectation values of the scalar fields, the symmetry is 


8 For d > 1 we have shown explicitly only duality at genus g = 1; the proof for g > 1 is along the lines of 
section 2.3, and will also be discussed later in section 5. 
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spontaneously broken down to U(1);, x U(1)r. 


In the spontaneously broken case, the space of classical minima separates into gauge equiv- 
alent “shells;” each shell is a four dimensional surface characterized by its radius, and all points 
on a given shell are gauge equivalent (the surface is four dimensional as it is parametrized by 
the transformations associated with the four broken symmetry generators). In a finite scale 
invariant field theory (such as a four dimensional N — 4 SUSY theory), different surfaces would 
also be physically equivalent, as they represent equivalent theories which differ only by their 
scale; that scale is spontaneously generated and corresponds to the expectation value of a scalar 


fieldf] 


Using the SU(2); x SU(2)r symmetry, any scalar expectation value in the adjoint repre- 
sentation can be pointed along a single component, for example, in the direction of the Cartan 
sub-algebra; let us denote the value of that component by h. A discrete gauge transformation, 
such as a rotation by an angle ó around an appropriate SU(2) isospin axis (for example, if 
h points in the J? direction, a rotation around the J! axis can be used), rotates the scalar 
configuration h into —h. The two configurations are gauge equivalent (by a discrete gauge 
transformation). From the target space point of view, this identification corresponds to the 
d — 1 circle duality. Let us repeat that the two configurations are members of the same gauge 
equivalent surface, and therefore, are separated by a finite distance. 


The correspondence of the above observation with target space duality is seen from the 
worldsheet perspective. The point where SU(2); x SU(2)g is unbroken corresponds to the 
self-dual R — 1 point in the moduli space of circle compactifications. The spontaneous breaking 
of the target space symmetry (by giving an expectation value h to a target space scalar field) is 
achieved by an explicit breaking of the corresponding worldsheet symmetry [B4]. The explicit 
breaking is done by adding to the worldsheet Lagrangian Lo, describing the self-dual point, a set 
of compatible marginal operators f(z,z) to obtain the modified conformal Lagrangian, L(óR), 
describing a string moving in one of the dimensions on a circle of radius R= 1+ ôR, 


L(8R) = Lo + OR f(z,2). (2.6.1) 


Expanding the duality relation R’ = 1/R around R = 1, one obtains the dual Lagrangian 
L'(6R): 
I/(8R) = L(—dR) + O((6R)*) = Lg — ÔR f(z,z) + O((8&R)^). (2.6.2) 


This shows that the theories L and L’, obtained by perturbing with h = ôR or with —h, are dual 
to each other. But we have argued that they are also gauge equivalent by a transformation of 


? In regular field theory this picture would be valid for all surfaces. However, in string theory things are more 
complex. The number of compactified dimensions, d, is bigger than 1, and at a finite distance from the point 
where the scalar fields had zero expectation value, the SU (2) ;, x SU (2)r symmetry is restored; the reappearance 
of massless states is special to string theory and will be dealt with in detail in section 2.8. We will ignore this 
extra structure for a while. 
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the target space SU(2); (or SU(2)r) gauge symmetry! Therefore, for d = 1, duality is related 
to a target space gauge symmetry. 


The above consideration has another immediate worldsheet counterpart. The affine Lie 
algebra on the worldsheet is enhanced at the self-dual point from U(1); x U(1)g to SU(2); x 
SU (2)n, with the appearance of two more (1,0) chiral currents, and two more (0,1) anti-chiral 
currents (the (1,0) and (0,1) indicate the scaling dimensions of these worldsheet operators). As 
will be explained in more detail soon, the perturbations h and —h are related by a reflection of 
the current (or the anti-chiral current) contained in the marginal operator f(z, Z); this reflection 
is an element in the Weyl group of the enhanced symmetry SU(2); (or SU(2)r). Therefore, 
the two perturbations are related also by a worldsheet symmetry. 


The relation between duality among theories near the self-dual point and Weyl symmetries 
is valid all along the line of circle compactification (this will be shown for the general case). 
This concludes the discussion in the case of d = 1 flat compactifications. 


As d increases, so does the complexity of the group Gg. In particular, the couplings Bi; 
appear, and the moduli space has an increasing number of special points. Several questions 
arise: is there a generalization of the Weyl group construction of duality for general values of 
d? What is the relation between the symmetry group G4 and transformations appearing in the 
Weyl construction? Is there a preferred subgroup of special points to be utilized in the Weyl 
construction? What type of gauge group exists for general values of d? These issues are explored 
in the following subsection. 


2.6.2 The Weyl Construction 


The search for a basis of truly marginal operators in the moduli space, in the neighborhood of a 
CFT defined by some worldsheet Lagrangian, L, was discussed in section 2.1. For the purpose of 
the discussion in this section we will consider expansions around Lagrangians L( Eo) defined at 
points with enhanced symmetry in the moduli space of d-dimensional toroidal compactifications 
(here Eo denotes a background matrix corresponding to a point with enhanced symmetry). We 
do not know at this stage what is the general classification of such points. It may well be that 
all of them are needed to be considered in order to fully appreciate the larger gauge symmetry. 
We limit our discussion to those characterized by the existence of extra (1,0) currents and (0,1) 
currents, in addition to the Abelian ones. All those have been shown to be fixed points (under 
some elements of the duality group). It will turn out that they carry quite some information. 


The moduli space of flat compactifications contains points with an enhanced affine symmetry 
group Gz x Gr. We will discuss the discrete set of points with a maximally enhanced symmetry. 
By “maximally” we mean that Gr = Gg = G, where G is semi-simple and rank(G) = d. 
(It is possible to generalize the study to any Gr x Gg). These special points are described 
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by a background matrix, which we denote by Ej. The symmetric part of Ey, Gm, is one 
half the Cartan-matrix of a simply-laced group (modulo the discrete symmetry group). The 
antisymmetric part, Bm, is the Cartan valued torsion (B.4.53) (modulo the discrete symmetry 
group). The point Em can be described by a level 1 WZNW model on the group manifold 
of G. Alternatively, the theory might be described in terms of d free bosons on the constant 
background Ej, with a Lagrangian L(Ey). These theories contain the necessary extra (1,0) 
currents and (0,1) currents, in the adjoint representation of Gz and Gr. 


Thus we are choosing to expand around special points where the spectrum of L is equipped 
with some current algebra. When the enhanced symmetry is Gr x Gg, with Gr = Gr = G, 
the truly marginal operators can be composed out of the (dim G)? (1,1) operators resulting 
from multiplication of the chiral and anti-chiral currents. The algebraic structure enables one 
to state a simple condition, valid to all orders in perturbation theory, on what are the allowed 
truly marginal operators. 


Denote the chiral (anti-chiral) (1,0) ((0,1)) currents by J^ (J^), where a,b = 1, ..., dimG. 
The perturbed theory 


L(Ey;€) = L(Eu) + AL, AL = ea JP, (2.6.3) 
is a truly marginal deformation of L(Ey) whenever the matrix e satisfies bd 


5 EnaEmb f =O (2.6.4) 
for all a,b,c. Here f""^ are the structure constants of the group G. The perturbation AL in 
eq. (2-6-9) is equivalent to a perturbation 


AD = ea J" J” (2.6.5) 


if J’ (J") are connected to J (J) by a continuous transformation in the group Gz (Gg). Taking 
into account the “gauge” equivalence, the moduli space in the neighborhood of Em is spanned 
by the (1,1) truly marginal operators in the Cartan sub-algebra of Gr x Gg, 


AL = ej HH, Ld ed od rank G — d. (2.6.6) 
Their number is (rank G)?; a more involved way to appreciate this number is outlined below. 


The number of truly marginal independent directions is (dim G)? (generated by the J^J^ 
operators, a,b = 1,...,dimG). But, because of the condition (2.6.4), the set of critical points 
that can be reached from L(Ey) by conformal deformations spans a lower dimensional surface 
in the large space; its dimension is 2(dim G — d) + d?. However, the dimension of the physical 
moduli space in the neighborhood of these points is only d?. This is due to the fact that 
different truly marginal perturbations are equivalent under continuous transformations in the 
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group Gz x Gga[] For example, in the d = 1 case, the space of critical points is a 5-dimensional 
surface — spanned by deformations of the type (1322. à4J?) (325.4 J^) (the overall scale is 
irrelevant) — in a 9-dimensional Euclidian space spanned by J*J°, a, b = 1,...,3. The physical 
moduli space is one-dimensional, and generated, say, by the J?J? operator. 


Suppose one can relate ¢’ to e, in the tangent space at the point Em, by gauge transform- 
ing the currents H and H. Then the discrete symmetry relating L(Em, €) to L(Ey,€) is a 
spontaneously broken gauge symmetry of the enhanced symmetry group G. The symmetry 
is extended to the entire moduli space. The products of such transformations, originating at 
different enhanced symmetry points in the moduli space, correspond to a gauge transformation 
of a bigger group. We will discuss these points in more detail in what follows. 


The symmetry group Ga: 


Let us recall briefly some properties of the discrete group Ga (see section 2.4). Ga is isomorphic 
to the semi-direct product of O(d, d, Z) and a 2-dimensional parity symmetry. In the language 
of background fields, 2d parity relates the antisymmetric tensor B;; to —B;;. The subgroup 
O(d, d, Z) acts on the background fields as a fractional linear transformation. The generators 
have been described in detail in subsection 2.4.1; here we only recall that one can generate 
O(d, d, Z) by permutations Pj, reflections R;, the SL(2, Z) symmetries T;;, the antisymmetric 
tensor shifts O;;, and the factorized dualities D;, i, j = 1, ...,d. 


Weyl symmetries as a part of Ga: 


We now turn to showing that the operations which are gauge transformations implemented 
by Weyl transformations, which themselves generate a group that we denote Gwey, can all be 
expressed as elements in Ga. Therefore, many €, elements will be shown to be gauge symmetries; 
we will also discuss the other Gg symmetries. In order to show this we need to prove a few 
statements: 


Statement 1 
Any element of Gwey, of a type expressing a pair of chiral and anti-chiral Weyl reflections, 
(Wz, Wp), around an enhanced symmetry point, Em, corresponds to an element of O(d, d, Z). 


The corresponding O(d, d, Z) transformation is denoted g(Wr, Wr, Em). We will expand on 
this statement below. 


Statement 2 
A general element in Gwe, can be expressed as a product of Weyl reflections around enhanced 


10 The counting goes as follows: eliminating the gauge equivalence, by subtracting the 2(dim G — d) broken 
gauge symmetries from the [2(dim G — d) + d?]-dimensional space, leaves d? physical directions. 
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symmetry points, all sharing the same symmetry. 


Let us elaborate on this statement. There are many enhanced symmetry points (for d > 1 
there are infinitely many points with enhanced symmetries for any group with rank d); nev- 
ertheless, the products of Weyl reflections around points with the same enhanced symmetry 
group (for instance, SU(2)) are sufficient to generate the full group Gwey. The content of the 
group itself does not depend on the special enhanced symmetry points used in its generation. 
The same is true if one forms products of Weyl reflections around points with several enhanced 
symmetry groups. This is due to the fact that an element of Gye, may be represented by 
many different products of reflections around different symmetry points; that is, the realization 
of Gwey in terms of reflections is not unique. 


To describe the third statement, we first present some definitions. Let A be the lattice 
defining the torus of compactification, T? ~ R“/mA, of an enhanced symmetry point Em, and 
let A be an automorphism of A, namely, 


AGA S Os (2.6.7) 


where Gy is the symmetric part of Em. Each Weyl reflection is, in particular, an automor- 
phism of A, called inner. But there are automorphisms that are not Weyl reflections; these are 
called outer automorphisms. To an outer automorphism (for instance, a permutation of the 
two SU(2)’s in SU(2) x SU(2)) corresponds an element g(A, A, Em) which is in the GL(d, Z) 
subgroup (A € GL(d, Z)) of O(d, d, Z). The third statement is: 


Statement 3 
If g € O(d,d, Z) then g = [],; g( Ar; Ani, Emi) for some enhanced symmetry points Ey; . 


Here (Azi, Ari) is a pair of automorphisms, inner (Weyl) or outer, of the enhanced-symmetry 
root lattice A;. The content of statement 3 is that any element of O(d, d, Z) can be written as 
a product of the elements in Gweyı (corresponding to Weyl reflections around points with en- 
hanced symmetries) and additional elements relating current-current perturbations of enhanced 
symmetry points; the latter act on the currents as outer automorphisms (we elaborate on that 
below). 


Statement 4 


4a. The group Gweyi(d) is a subgroup of O(d, d, Z), generated by the elements in O(d, d, Z) that 


contain an even number of the generators P;;, Tij, O;; (see their definition in subsection 2.4.1). 


ijs 


Ab. The group O(d, d, Z) is a subgroup of Gyey(d + 2). 


Here Gweyi(d) denotes the group Gwe for d-dimensional toroidal backgrounds. 
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The statement 4a tells us that the residual symmetries of the broken gauge group, 
I 9(Wrs Wri, Emi), (2.6.8) 


(namely, the products of elements corresponding to pairs, (Wr;, Wri), of chiral and anti-chiral 
Weyl reflections around the enhanced symmetry points Ey;), generate a special (infinite order) 
subgroup of O(d,d,Z). Moreover, statement 4b tells us that all the elements of O(d, d, Z) can 
be interpreted as spontaneously broken gauge symmetries in the group generated by products 
of Weyl reflections around points with enhanced symmetries in d+ 2 dimensions, Gweyi(d+ 2). 


We are now going to elaborate on each of the above statements, and prove the various 
assertions. 


The meaning of statement 1 is the following. In vector notation, the worldsheet Lagrangian 
L(Ey,€) is defined to be 
L(Ey, €) = L(Ey) + H'eH. (2.6.9) 


L(Ey,c) is equivalent, physically, to the theory L(Ey,c), where € = W,eWp. This is so 
because L(Ey) is unaffected by Wey] reflections acting on the (1,0) currents and (0,1) currents. 
The transformations 

H' = W,H, H'eWLH (2.6.10) 
are equivalent to a change of the background matrix deformation e to €’. Now recall that € and 
€ are equivalent background perturbations of Em if Wz and Wp are Weyl transformations. In 
that case the theories described by the background matrices Ey + € and Ey + WreWf, are 
connected by a gauge transformation in Gy x Gg. 


The particular element in O(d, d, Z), (Wr, Wr, Ey), which corresponds to this gauge trans- 
formation, is found in the following manner. It is sufficient to find the O(d, d, Z) transformation 
that coincides with the symmetry e — ce infinitesimally close to Ej. This is true because 
two isometries of a complete space, which coincide on the tangent space at the point p, and 
which preserve p, coincide on the entire space. A convenient metric on the moduli space is the 
Zamolodchikov's metric (which is a metric of O(d, d, R)/O(d, R)? viewed as a symmetric 
space), 

ds? = gay da?da? = Tr (GtG e) ' (2.6.11) 


Any automorphism satisfying eq. (2.6.7) is obviously an isometry acting on e in the neighbor- 
hood of Ey. The discrete symmetry corresponding to the action of Wz and Wp is, therefore, 
an isometry (as it should be by definition). 


We will look for an isometry in O(d,d,R) which coincides with the action of the inner 
automorphisms Wz, Wp on the tangent space of Ey. Thus, we look for an element (see section 
2.4) 


(a b tr O Wu. X 
g=(¢ 1) € O(d,d,R), g'Jg = J, gem ae (2.6.12) 


42 


such that 
g(Ey +) = [a(Eu + €) + b]|e(Eu +e) + d! 2 E - e - O(e). (2.6.13) 
Solving for e' one finds 
e = (a — Eyc)e(cEy +d), (2.6.14) 


and we demand that & = WreWġ, thus 
a — Eyc = Wr, cEy t d — (WE). (2.6.15) 


Finally, after some algebra one finds #3, [A 


g(WL, Wr, Em) = A(Ey) ai e A (Ex), (2.6.16) 


where 


— Ft-t -1 —1 pt 
E/2 -E'G ) GŒ G 2) (2.6.17) 


E e gr a Ue ir E/2 
As expected, g is a representation, g(W,W2) = g(W1)g(W2). Using the properties of Em one 
finds that g is not only an O(d, d, R) rotation, but an element of its discrete subgroup O(d, d, Z) 
as well. This completes the proof of statement 1. 


Statement 3 is easily proved finding the product [] g(Az, Ar, Ey) for each generator of 
O(d,d,Z). We first present the elements in the d = 2 case, and then we generalize to any d. 
For d = 2, 


JD, = g(r,1, I), GR — ques I), ÜPi5 = g(p,p, I), 


Jor = gp, p, E(SUs)]g(p, p, 1), 
9r. = 9n JP JD(Jo2) "glp, 1, E(SU3)|9P,.9R, 5 (2.6.18) 
where i - T 
»-[ 3 "- (s we E(SUs) = (3 J (2.6.19) 


D = D; D» is the duality symmetry that takes the background matrix to its inverse. 


Modulo the permutation Pj», which corresponds to an outer automorphism of SU (2) x 
SU(2), the list in eq. (2.6.18) is made of gauge transformations. The SU (2) x SU(2) outer 
automorphism cannot be viewed, on its own, as a gauge symmetry in a larger group, say SU (4). 
Neither it is a Weyl symmetry of SU (4) nor of any other larger gauge symmetry (we shall discuss 
soon what this implies about the identification of the points related by this discrete symmetry). 


The automorphisms of the points in moduli space with an enhanced symmetry group SU (2) x 
SU (2) and SU(3) (even for specific backgrounds: J and E(SU3)) are sufficient to generate all 
the elements of O(d, d, Z). This is true if we use the points with such symmetries in any pair of 
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target space coordinates with indices 7,7. In that way one gets D;, Ri, Pij, Tij and O;; using eq. 
(2.6.19). The group O(d, d, Z) is, therefore, completely generated, and that proves statement 3. 


Actually, one can say more. Weyl reflections at the points with an enhanced symmetry 
SU (2)? are sufficient in order to get all the gauge transformations. For any simply laced group, 
G, the following was checked: Let E, be the background matrix at an enhanced symmetry 
point G, defined as in eq. (2.4.53) (namely, Em is the upper-triangular matrix given by the 
sum of one-half the Cartan matrix plus its antisymmetrization). The O(d, d, Z) transformation 
that corresponds to the right-handed Wey] reflection of the first simple root (Wz = 1, Wp # 1) 
is R,D,. The transformation which corresponds to the left-handed Weyl reflection (Wr, Z 
1,Wg = 1) at the point Ef, is Dı. These are exactly the O(d, d, Z) transformations that 
correspond to reflections in the SU(2) case. By a conjugation in O(d, d, Z) one gets all the gauge 
transformations which correspond to a G-enhanced symmetry point. We conclude, therefore, 
that the duality relations obtained from different enhanced affine symmetry groups are the same. 


The proof of 4a is now very simple. D, and R,D, are trivially generated by an even number 
of generators O, P and T. A conjugation in O(d, d, Z) and multiplication preserve the parity of 
O, P, T generators. Therefore, every gauge transformation is even in O, P, T. Also, any element 
which contains even number of O, P, T's is in Gw.y. The argument in the previous paragraph 
also proves statement 2. 


We conclude that the group O(d, d, Z) is generated by the groups Gwey and Zə. The Zə 
stands for the outer automorphism that permutes two coordinates at the point with an identity 
background matrix. Therefore, up to a change of names, all the elements of the O(d, d, Z) 
discrete symmetries are linked to gauge transformations of the kind that was described. 


The fact that O(d, d, Z) transformations which are odd in ©, P, T"s are not gauge transfor- 
mations might be a little surprising. However, there is a simple way to interpret also the odd 
elements as gauge symmetries in string theory. This is the content of statement 4b, which we 


are now going to prove. 


In string theory there are 26 — d (10 — d) space-time coordinates in addition to the d- 
dimensional internal space. Let go (ge) denote an element which is odd (even) in O, P, T^s. For 
go € O(d,d, Z), ge = GoY23,24 is an element in O(d,d, Z) x O(2,2, Z). Y23,24 is any element in 
O(2,2, Z) which is odd in O93 94, P533, and 75354. The 23-24 plane is spanned by two space 
coordinates. The action of ge on the submoduli, for which the 23'rd and 24'th coordinates are 
constrained to have an infinite radius, is reduced effectively to go. Thus, one may consider go 
as a broken gauge transformation, in the limit where two coordinates are decompactified. Note 
however, that for d > 21, the consequence of the identification through a gauge transformation 
involves the introduction of local symmetries mixing internal and 4-dimensional space-time 


coordinates. 
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We have completed the discussion of O(d, d, Z) as a spontaneously broken gauge symmetry 
in string theory. However, we are left with the Zə class of Ga for which we have not found 
a general gauge interpretation. These are the symmetries corresponding to worldsheet parity 
(B — —B on the background). To discuss properties of this symmetry consider the following. 


Recall that a convenient isometric embedding of the moduli space O(d, d, R)/O(d, R)? in 
O(d, d, R) is the set of phase-space matrices (see section 2.4, eqs. (B.4.17)-(p.4.23)) 


G—-BG!B BG! 
M-("Leis ga) 


Recall also, that the spectrum of the theory is given by Z'MZ/2, where Z is a 2d-dimensional col- 


(2.6.20) 


umn vector with integer components. The inner automorphisms (transformations in O(d, d, R)) 
that preserve the spectrum generate the group O(d, d, Z). The transformation that takes B to 
—B is the outer automorphism 
I 0 I 0 

m> (3 DMa 5). (2.6.21) 
While the symmetry group O(d, d, Z) corresponds to linear transformations on the currents J 
(and/or the currents J), the parity symmetry corresponds to the change J = J. Therefore, 
unlike O(d, d, Z) it cannot be interpreted as a spontaneously broken gauge symmetry. 


Finally, let us say few words about the heterotic string. For the heterotic string things are a 
bit more involved; only elements in the subgroup of O(d + 16, d, Z) generated by g(Wz, Wr = 
1, Ey) are gauge transformations. (On the submoduli of a zero background gauge field, A — 0, 
they will generate a subgroup made of elements with even number of generators R, O, P and T. 
The reason is that in the SU(2) case only D is a gauge transformation; R and RD act on right- 
handed currents and as a result the GSO projection in the supersymmetric sector is changed. 
Now, conjugating J and D we get elements which are even in R, O, P, T). However, when Wr 
is non-trivial, the corresponding symmetry is not linked to a gauge transformation. Yet, we 
conjecture that all the elements of O(d + 16, d, Z) can still be interpreted as spontaneously 
broken gauge symmetries, in analogy with the bosonic string case. 


2.7 Effective Field Theory and O(6,6, Z) Duality 


Having seen the rich structure of duality symmetry one would attempt to find an explicit target 
space realization of it. Here and in section 2.8 we pursue this attempt by studying heterotic 
N = 4 supersymmetric compactifications to D = 4. The rational to study local N = 4 
supersymmetry is that this is the most constrained heterotic background in four dimensions. 
We adopt the following strategy: 


a) We review the construction of N — 4 supergravity coupled to matter. The only freedom in 
this construction is the choice of the gauge structure constants. 
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b) We find the structure constants of the spin-1 fields relevant to low energy physics by com- 
puting their off-shell string 3-point functions. 


c) We add to those spin-1 fields other (harmless) degrees of freedom in order to close a com- 
pletely duality-invariant gauge algebra. 


N = 4 is the largest supersymmetry that can be possessed by the heterotic string compact- 
ified to four dimensions. It is realized when the compact space is a torus. The most general 
duality group, generated by a gauge symmetry, for torus compactifications of the heterotic 
string to 4-D space-time, as shown in section 2.5, is O(6,22, Z). This is the group of L(622 
automorphisms which preserve its Lorentzian metric. In particular, when the Lorentzian lattice 
takes the special form 


(622) — p66) g p(016). (2.7.1) 


the Narain compactification reduces to a standard toroidal one, where the background gauge 
fields in the compactified space are all zero. An obvious subgroup of the duality group is, in 


this case, O(6, 6, Z), namely, the group of length-preserving automorphisms of I9), 


The group O(6, 6, Z) enjoys an interesting property: it transforms modes that are massless 
for any I 99 background into themselves E} These modes are called “marginal” since they 
persist and thus correspond to truly marginal deformations of the CFT. If we are interested 
in low energy physics (E < a’~'/?), the only relevant interactions are those of the massless 
modes. All these interactions can be derived from a Low-Energy Effective Action (LEEA), 
which describes all physics well below the string scale. Since O(6,6,Z) is a symmetry that 
(generically) does not mix marginal low energy degrees of freedom with ultramassive ones, 
the LEEA of a Narain compactification, containing those low-energy degrees of freedom, must 
be invariant under O(6,6, Z). When the T? torus of the compactification with lattice (B.7.1] 
is modded out by an appropriate discrete symmetry group one finds the so-called orbifold 
compactification [BG]. In this case, the N = 4 supersymmetry of the torus compactification is 
broken down to N = 2, N = 1 or N = 0. Likewise O(6, 6, Z) breaks down to some non-compact 
subgroup, e.g. SL(2,Z). This latter group is still an invariance of the CFT of the orbifold 
compactification, and therefore of the resulting LEEA. 


In this section we shall examine the N — 4 LEEA, and show that, for compactifications 
described by lattice (B.7.]]), the LEEA is indeed O(6, 6, Z) invariant. 


Since the LEEA describes low energy physics, we should include in it only terms with at 
most two derivatives of the low energy fields. Indeed, higher derivative terms are multiplied by 
powers of (a'!/?), and thus negligible at E « o/- V2. Furthermore, the four-dimensional LEEA 
is N = 4 supersymmetric, since it comes from the dimensional reduction of an N = 1 theory 
in ten dimensions [D4) P7] BJ. The gauge group, on a generic (non self-dual) background, is 


!1 Modes that become massless only on special backgrounds (self-dual radii) do mix with massive ones. 
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either Eg x Eg x U(1)9 or Spin(32)/Z» x U(1)9E] The ten-dimensional gauge group Es x Es 
or Spin(32)/Z» is untouched by O(6,6,Z). In four dimensions and at special values of the 
background (corresponding to self-dual points w.r.t some element of O(6, 6, Z)) the U(1)9 factor 
in the gauge group can be promoted to a non-Abelian group. For instance, at the self-dual 
point of a circle compactification, U(1) is promoted to SU(2) as was discussed in section 2.6. 
Since the SU(2) states have nonzero winding number on T°, they cannot be described by a 
field-theoretical Kaluza-Klein mechanism. Generically, though, the LEEA containing modes 
with zero winding or T? momenta will offer an adequate description of low energy physics. 


The key observation is that an N = 4 supersymmetric Lagrangian with at most two deriva- 
tives in the fields is completely determined by its gauge group [41 (75, B3, R79]. In other words, 
the Ward identities of N — 4 are so strong as to completely fix the Lagrangian in terms of the 
gauge-group structure constants. 


'The most general N — 4 supersymmetric Lagrangian coupled to gravity contains two types 
of multiplets [1J]: the gauge matter multiplet and the gravitational multiplet. The gauge 
matter multiplet is 


T 1.. 
ZAY = (Zh = ems (2.7.2) 


A ,,A A A A 
(A5 Vi. Zi), Z5 =Z 2 


jo 
The multiplet contains a vector, two Majorana spinors and six real scalars, all belonging to 
the adjoint of the gauge group G. The indices i, j,... = 1,2,3,4 are the so-called extension 
indices: they label the four supersymmetry charges, and span the fundamental representation 


of SU(4) A Lg. 


The gravitational multiplet contains one spin-2 field (the graviton), four spin-3/2 (gravitini), 
six spin-1 (graviphotons), four spin-1/2 and one complex scalar 


» 4 1 z 
(Guus Dias Ai n Vi, P), Aiju = =A m Ay = (Aij u) = z JE A pi p: (2.7.3) 


The most general Lagrangian containing these multiplets can be found using superconformal 
techniques [74 K3, P7g]. Without entering into details, let us recall some useful notations. 
The physical (Poincaré) multiplets (227.9, D.7.3) can be re-expressed in terms of the following 
superconformal multiplets: 

a) Superconformal matter 
(A pi Zoh S=1,..,n+6. (2.7.4) 


b) Conformal-supergravity multiplet 


(Juv, Vi m Vi, Q). (2.7.5) 


12 The extra U(1)9, coming from the heterotic right-movers, corresponds to the graviphotons in the N = 4 
gravitational supermultiplet. 
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Here n is the dimension of the gauge group. Multiplets (2-7-4, 2-7-5) contain more degrees of 
freedom than (2.7.9, 7-3). In order to eliminate these degrees of freedom one introduces the 
constraints 

nsrZ&ZT " = —5*6), nsrZout — 0. (2.7.6) 


Here nsr = diag(—I¢, +122) is the Lorentz metric of signature (6, 22). The physical scalar and 
spin-1/2 fields have index S = 7, ...,n +6, the first six scalars and spin-1/2 are non-propagating 


auxiliary fields [4, F3, £3. 279). 


The most general N — 4 Lagrangian can be written in terms of these superconformal 
fields [74, [75]. We write down here the bosonic Lagrangian only. Fermionic terms, obviously, 
are uniquely fixed by supersymmetry[7] 

1i 1 , 
-1 — +R ppv +S R ij S 
e L = ms [- 155 F" — peg Ph 
1¢* 


V 1 * 
fgg K" i — 7 Rw) + ARD, o D'wy 


1 T 1 1... 
tgEGE" + nns Gale; Byes + SE XT ‘| (2.7.7) 


In eq. (.7.7) Roy* = 1, e = det ef, and we have used the following notation [74 [3] 


1 1 
R — o 
= ie zi teww P ^, Dy Zis = 0 i f'onAs Zi 
X" we NL MAE Uum Wa Pe 
4, Los 
Eg = EU nes Xas, A = gee Faw Zignsr. (2.7.8) 


As usual, f'o g denote the gauge-group structure constants. The fields ZR include 36 non- 
propagating scalars. Notice that the indices ij parametrize the antisymmetric representation 
of SU(4) (which is isomorphic to the vectorial of SO(6)). The n + 6 scalars Z7, due to the 
constraints (2-7-9) parametrize the coset manifold O(6,n)/(O(6) x O(n)). The indices S, T, 
etc. are both in the adjoint of the gauge group, and in the fundamental of O(6, n). Therefore 
the allowed gauge groups G of N = 4 supergravity are those satisfying Adj G C Vect SO(6, n). 
Notice that in eq. the n matter gauge fields and the six graviphotons group together 
naturally in F [T S = 1,...,n4- 6. This grouping is due to the fact that the “parent” conformal- 
supersymmetry spin-1 fields all belong to superconformal matter, and not to the multiplet of 


superconformal gravity (2.7.9). 
It must be noticed that the gauge group can be non-compact if Adj G does not belong to 
SO(6) x SO(n), that is, if the gauge group acts nontrivially on both physical and compensating 


13This Lagrangian could be further generalized F4 E| at the price of reducing the kinetic-term duality 
group EJ. This goes exactly in the opposite direction of our program of finding the masimally duality-invariant 
LEEA. 
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multiplets (277-4). A generic toroidal compactification on T® œ T°, on the other hand, 
yields the compact gauge group G = U(1)® x G, with G either Eg x Eg or Spin(32)/Zs. In this 
case 


Fog, PO Hed (2.7.9) 

Lagrangian (2.7.7), when all fo r = 0, is invariant under the following non-compact transfor- 
mation 

Z Bi NS, F => Ap Fis AS APneg = nsr- (2.7.10) 


This O(6,n) symmetry is explicitly broken by the structure-constant dependent terms. When 
G = U(1)® x G the residual non-compact symmetry is O(6, 6). 


This result means that the LEEA involving massless modes possesses indeed the O(6, 6, Z) 
symmetry we found in the worldsheet analysis of sections 2.4, 2.5. In fact, the residual symmetry 
of the LEEA eq. (2.7.7) is even larger than expected: it is a continuous group O(6, 6, R) instead 
of a discrete one] When higher derivative terms (O(a’)) are included in the LEEA, the 
invariance group is expected to break down to O(6, 6, Z). This latter group, being an invariance 
of the underlying worldsheet conformal theory, is an exact symmetry of the LEEA, to all orders 


in a’. 


We have just found how easy it is to write down a LEEA invariant under the O(6, 6, Z) 
subgroup of the full duality group O(6, 22, Z). This happens because O(6, 6, Z) transforms the 
marginal modes into themselves. On the other hand, constructing a LEEA invariant under 
O(6, 22, Z) is a more complex endeavor. Indeed, within O(6, 22, Z) there exist elements trans- 
forming states that are massless for any background of the form 99 T (919 into ultra-massive 
ones. This fact is due to the non-Abelian character of the gauge group. Explicitly, Eg x Eg states 
outside the Cartan subalgebra are mapped into massive modes under generic O(6, 22, Z) trans- 
formations. Moreover, the typical orbit of a string state under O(6, 22, Z) contains an infinite 
number of points. Still, since string backgrounds related by duality yield the same physics, we 
do expect an O(6, 22, Z)-invariant LEEA to exist. This LEEA may contain an infinite number 
of fields, and even ghosts, provided their masses are always of the order of the compactification 
scale R, or larger. The essential requirement we must impose on the O(6, 22, Z)-invariant LEEA 
is to reproduce the correct physics at energies E « R^ !,o/^ R. The next section is devoted to 
the construction of such LEEA. 


14 The dilaton RS = 3(v/9) = |ó|-? in (TF) is the duality invariant one (see subsection 4.2.4 for more 
details). 
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2.8 A Completely Duality-Invariant Low-Energy Effective Action for 
the N = 4 Heterotic String 


In the moduli space of toroidal compactifications there is an infinite number of special points 
where massive modes become massless. These points correspond to systems with an enhanced 
affine symmetry. Massless fields become massive at the neighborhood of such points by the 
Higgs mechanism. The generalized duality group mixes massless modes with massive modes 
that might become massless at some point of the moduli space. Therefore, the LEEA should 
contain all the fields which correspond to string states that become massless at some point of the 
moduli space. The number of such fields is infinite, and on a given background all except a finite 
number of them are very massive. In this section we present the relevant structure constants 
of the infinite dimensional “Duality Invariant String Gauge algebra” (DISG). We justify the 
name given to this group by showing that the Higgs mechanism in the LEEA coincides with 
the stringy Higgs mechanism. Namely, the masses of the LEEA scalar fields coincide with the 
string spectrum at the particular background. We also show the invariance of the LEEA under 
the action of the generalized duality group O(6, 22, Z), and the structure of the DISG algebra. 
Our analysis follows closely ref. [4 


Since the form of a gauged D — 4, N — 4 supergravity (with at most two space-time 
derivatives) coupled to matter multiplets is determined by the knowledge of the gauge group [/4, 
(9, 279, BS], one has only the freedom to choose the right number of matter multiplets and the 
correct gauge group in order to figure out completely the LEEA of the string. Let us start from 
the solution and present the matter multiplets and the structure constants of the DISG algebra 
which are relevant for D — 4 low energy physics. 


The scalar fields which are relevant for D = 4 low energy physics Z$, a = 1,...,6 E 


S = 1,....,0o will be labeled as follows: 
Zh Zas 75 Fy? = Zh, 
pcr672 op =2, ab=1,..,6, I=7,..,28, (2.8.1) 
where D (622 is an even self-dual Lorentzian lattice of signature (6,22). The “momentum” 


p = (pL, pr) has 6 left-handed components pł, a = 1,...,6, and 22 right-handed components 
ph, I = 7,..,28. This is the Narain lattice of the string toroidal compactification [23q, B39). 
The scalar product is Lorentzian, png = —ptq? + pbqb, where L(R) denote left-handed (right- 
handed) momenta. The indices (b, I) refer to the Cartan Sub-Algebra (CSA), while the p indices 
are of the Lorentzian length two generalized roots (and therefore their number is infinite). These 
fields live on the infinite dimensional coset space 
O(6, oo, R) 
O(6, R) x O(co, R) 


15We used here the isomorphism between the vector representation of SO(6), indexed by a, and the antisym- 
metric of SU(4), indexed by ij. 


(2.8.2) 
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The structure constants of the gauge group which are relevant for D = 4 low energy physics 


are 


rol xx E(p, q)ó, Lo; LM = —ip!, fip = —ipy05, 1 s = —ip?, 


[pi PHD = aNd = Tyr = 2. (2.8.3) 


The two cocycle e(p, q) satisfies the identities 


e(p,gje(p + qr) = eE(p,gt+r)e(a,r), 
e(p,q) = (-1)?™e(q,p), e(p,—p) = 1, (2.8.4) 


and 

&(p,q) = e(q, =p =g): (2.8.5) 
When p and q are the roots of a finite dimensional gauge group g, the &(p, q) reduce to the 
structure constants of g in the Cartan-Weyl basis [[63, [9, [T]. As demonstrated in [[T'] 


(6,22). 


€(p, q) can be extended to all vectors in T An elegant explicit construction of e(p, q) has 


been given in [5J]. 
Q 


The set of structure constants in (2.8.9) is not sufficient to close a Lie algebra. The Lie 
algebra that contains all fields presented in and preserves the D = 4 low energy physics 
is the DISG algebra. We will elaborate on the DISG algebra later on. Meanwhile, we will 
consider only the sub-set of generators discussed above. 


The metric y is easily extended from the CSA to the generators which are relevant for the 
D = 4 low energy theory by defining 7 -» = N-pp = 1, and setting all other components to 
zero. By lowering with this metric all indices, one finds that the structure constants fosr are 
completely antisymmetric, due to (2-8-5). 


Using the infinite dimensional DISG as the gauge group of the low energy D = 4, N = 4 
supergravity theory means to use the structure constants (2-8-9) in the action (2.7.7). The 
covariant derivatives and the scalar potential are obtained upon substituting the structure con- 
stants (2-8-9) into equations (2.7.7) and (2.7.9). Let us show, at first, that the Higgs mechanism 
of the LEEA coincides with the stringy Higgs mechanism. 


The simplest zero cosmological constant minima of the action (2.7.7) lie in the CSA. The 
value of the cosmological constant is found by writing down the scalar potential 


1 2 
V= je Zee Zor (gh + 32 Masrfuvw, 279 = Z? Z9. (2.8.6) 
Let us expand the scalar fields around a VEV in the CSA, 


ZS = C62 + Cló? + GS, (2.8.7) 
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where CL, C}, a,b = 1,..,6, I = 7,..,28, are constants and the constraint (2.7.9) is satisfied. A 
rotation of Z? to 

(2) = ZSMŠ, (2.8.8) 
where M € O(6,00,R), preserves the scalar quadratic constraint (277.4) (which now reads 
"nsrZ2Zl = —ó,). Changing the VEV of the scalar fields to new ones in the CSA can be done 
by a rotation in O(6, 22, R) C O(6, oo, R). 


Under the orthogonal transformation (2.8.8), the scalar potential V transforms into 


1 2 
VE = Fo PZ (ZV GP" SUP fase fovw 
1 2 
= i E a + 34. Mosrfovw: (2.8.9) 
where 
fosr = (MIF (Mg! fors MS. (2.8.10) 


Thus changing the VEV of the Higgs fields in the CSA is equivalent to a transformation of the 
structure constants (2.8.3), given by an O(6,22, R) rotation of I?) (ie. a rotation of the 
“momenta” labels p). This transformation is an isomorphism of the gauge algebra. Finding the 
mass spectrum of the theory on an arbitrary VEV is now very simple. 


Using the field redefinition described above, one can always choose a zero cosmological 
constant minimum to lie at 
G21, es. @5= 1.56, 
Zi =0, [=7,...,28, Z?=0 vpe Te), (2.8.11) 


Around this point the mass spectrum of the effective action is exactly that predicted by string 
theory. This is easily checked by looking at the mass term of the gauge boson A. Using 


eqs. (2.7.9, B.8.7)) one finds 
1 a 1 Q— . a T ra 
SoD ZDZ“ = -0,Q0 C7 "C f AL — Ta a fp A" 
1 i 
= 504 "Ç Epo a? + bue (P... 
(2.8.12) 
n (B.8.T2) we chose the string tension to be a’ = 1, and *..^ stands for higher-order terms. 


The gauge-vector kinetic term is Fu P" /4, thus the mass of the gauge boson Af, is 


i, =p y da us B. (2.8.13) 
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This is exactly the mass of a string vector boson with internal momentum p = (pr, pr), s.t. the 
components of pr, are pa E]. The field p*¢? in equation (B.8.12) is the Goldstone boson. The 
appearance of the correct masses and the Goldstone boson can be rechecked by expanding the 
scalar potential (.8.0)) up to quadratic terms in the fluctuations around the point (.8.TT). One 
finds: 


V = (PP) G" -PrP aG" toli’). (2.8.14) 
Equation (2.8.14) gives five scalars with mass p^p, and one massless scalar for each nonzero p. 
The massless scalars are, naturally, the Goldstone bosons of the broken generators of the gauge 
group. 


It is important to realize that, since the infinite dimensional gauge group acts nontrivially 
on the compensators Zr, and since the latter can never vanish, because of constraint (2.7.4), the 
gauge symmetry is always broken to some finite dimensional rank 22 group g times the U(1)9 
(originated by the left-handed sector of the string). The unbroken gauge group is generically 
U (1)7, however, it is extended to bigger rank 22 groups at special VEVs [] In the neighborhood 
of such VEV the N = 4 supergravity is reduced to a gauged D = 4, N = 4 supergravity with a 
finite dimensional gauge group g. 


The condition for a transformation M in (D.8.8) to be a residual symmetry of the LEEA is 


fosr = fast; (2.8.15) 


where fosr is defined in (B-8-10), i.e. M is an automorphism of the gauge group. By construc- 
tion, the full duality group O(6, 22, Z) is a symmetry of the LEEA. This is because O(6, 22, Z) 
is the Weyl group of the gauge algebra i! 


We pass now to the determination of the gauge group of the duality invariant low-energy 
effective action. As mentioned before, duality implies that massive states are to be included as 
well. For example, we must include those states which become massless on some background, 
together with all states related to them by duality. It should be stressed, on the other hand, that 
the LEEA, by definition, gives the correct string dynamics only for those processes involving 
light particles, with energies far below the string (or Planck) scale. For this reason the complete 
spectrum of the LEEA needs not (and indeed does not) coincide with the string spectrum. Only 
states related by duality to massless ones must coincide. 


‘©The string vertex corresponding to the field A® is ue Prem tPRI zR). The mass and left-right level matching 
condition are given by: m? = m? = mz, where im; = 4 + ip? — 4 = ipi (the first 1/2 is the conformal 
dimension of the worldsheet fermion and the —1/2 is the normal ordering constant in the NS sector) and 
im? = $p? — 1 (the —1 is the normal ordering constant of the bosonic right-handed sector). 

In string theory this corresponds to points in the moduli space with an enhanced affine symmetry. 

18For gauged N = 4 supergravity with a finite gauge group g the automorphism group of g is a subgroup of 
O(6, 22, Z) which leaves the enhanced symmetry point in the moduli space fixed | m as discussed from the 


worldsheet point of view in section 2.6. 
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The strategy for determining the LEEA reads as follows. We determine first the string- 
theoretical three-point functions of those spin-one fields AT that become massless at some point 
of the moduli space. We then take the low-momentum limit of these three-point functions by 
defining an appropriate off-shell continuation. From these three-point functions we extract a set 
of structure constants fsry. Finally, we find a Lie algebra whose structure constants coincide 
with fsry when evaluated on the original states a . 


The spin-one states which become massless at some point of the moduli space are of two 
kinds. The first one is made of vectors which are massless on all backgrounds 


e, V" (p) | a? ze,DoX*OX" exp(ip,X")(8,2,2), a= 1,.,6, 
eg, V/^(p) = | 48:5, DoX"OX! exp(ipyX")(0,2, 2), = 7, =, 28. 

(2.8.16) 

Here £, is a polarization vector obeying £,p" = 0; the vector p is the space-time momentum 


with components p,; X is a heterotic superfield, i.e. its left-handed part is 2-d supersymmetric, 
X(z,2,0) = Xr(Z) + Xn(z) + Ov (z), and Dg is a spinorial derivative, Dg = 05 + 00. 


The second one includes all spin-one fields which, at particular points of the moduli space, 
extend the Abelian U(1)*8 symmetry generated by (2.8.1) to larger non-Abelian symmetries. 
The vertices corresponding to these fields are 

eV p) = | Ba? 2C(p)epDoX" exp(ip, X7 + ipr Xf + ip, X")(0, z, Z), 
In eq. (E.S:T7]) C(p) is an operator defined for every internal lattice vector p and obeying [T7], 


[63] 
C(p)C(q) = e(p, a)C(p + q). (2.8.18) 


The two cocycle e(p, q) satisfies the compatibility conditions (2-8-4) and (B.8.5). Its presence is 
necessary in order to reproduce the correct commutators for the unbroken Lie algebra on the 
vectors p, = 0, p? = 2 [IT]. 


The spin one states (2.8.14) and (2.8.17) give rise to (broken) gauge symmetries, at least in 
that they give rise to the correct (on-shell) Ward identities [59 277], 220, RIJ 


pV = 0, p, V^" a0, pV Ln V x 0. (2.8.19) 
Here ~ denotes an on-shell equality, and V?" is the scalar-field vertex 
V"(p) = f dod?zC(p)DoX* exp(ipa X$ + iprXh  ipX")9, 2,2), 


-p +p? =2. (2.8.20) 
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From eq. (2.8.TJ) one can recover an off-shell gauge invariance of the effective action, as shown 
in [P44]. 


Besides (2.8-1G) and (B.8.T7], other fields may become (almost) massless in the appropriate 
regions of the moduli space. They are characterized by lattice vectors of zero (Lorentzian) norm 
—p? + p? = 0. These states become exactly massless at the boundary of the moduli space, 
that is (for example) when some of the compactification radii R — oo. Since this limit gives 
rise to a higher dimensional theory, we shall not include those fields. Our aim is only to build 
a four-dimensional effective action. This action makes sense only when the dimensions of the 
compactified space are O(Mpj), where Mp; is the Planck mass. 


Let us evaluate the relevant three-point functions involving the vector fields (2-8-T9) and (B.8.T]. 
We define the off-shell three-point function according to ref. PIT] RIQ] as 


Vije = lim(0|h? o Vi(e)h o V; (e) Vi e)|0) 


= lim[h'(h(e))h (e))^ h (e) (0|Vi( (e) V; (ho) Vi Co)]0). (2.8.21) 
In eq. (B.8.2]) ^ denotes the S L(2, C) transformation sending oo > 0, 0 — 1, 1 — oo, i.e. 
= 1 1 
z7) = —[——,—— 2.8.22 
h(z,2) = (hh = (1): (2.8.22) 


and ^' = |Oh|?. The suffix d; is the conformal weight of the vertex V;, which also includes 
reparametrization (and super-reparametrization) ghosts. Obviously d; = 0 for on-shell vertices. 


In eqs. (2-38-19) and (E:8.T7] we represented all vector vertices in the zero-ghost picture [IT9. 
Actually it is convenient to use several different pictures simultaneously. In the —1 picture, the 


vertices in eq. (2.8.17) read, e.g. 
e Vy (2,2) = eyC(p)i^ exp(—¢) exp(ipa XT + iprXp + ip, X")co(z, 2). (2.8.23) 


Here c and € are the reparametrization ghosts, and ó$(z,z) is the bosonized supersymmetry 
ghost [19]. v^(z) is the fermionic superpartner of 0.X"(z). 


Let us evaluate 


Vegn = lim(0|h? o eV; (p)(e)h o eV? (a) (eV. (x) (910). (2.8.24) 


e) = 1-0), 
((p-v)u"(1/e)u^(1)u*(0) = e(g"^p* — gp.) 


= e"[ o(9], 


) 
(OX" exp(iP X)(1/e)v? exp(iQ X)(1)v? exp(iRX)(0) = i[-p^ c^ T 


) 

) 

(exp(i P X )(1/e) exp(iQ X)(1) exp(i X )(0) 
) 

g^ c" "go" 4 O(cP^*3) 


(2.8.25) 
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Here P + Q + R = 0, where P = (pa, pr, pv) is the total momentum vector, and g” is the 
space-time metric. The () in the first line of (2.8.25) includes the insertion of the charge at 
infinity exp 2¢0, where o is the zero mode of ¢. Substituting eqs. (D.8.23) in definition (2.8.24) 
we find, taking into account the transversality of the polarization vectors e, 


Veer = iE ppE pgEar (9° p7 + gr? + g"" q"')e(p, q). (2.8.26) 


In (2-38-26) the two cocycle e(p,q) is a function of only the internal momenta, as C(p) in 
eqs. (£8.11, D.8.18) depends only on the internal lattice vectors. 


The other three-point functions we need are 
Vagr = lim(0|h? o V (p)(e)h o V (a) (98V. (2) (©)10), (2.8.27) 


and 
Vior = lim(0|h? o Vy (p)(9h o £V, (a) (EV (0) (910). (2.8.28) 


By calculations similar to those leading to eq. (2-8-29), and since 


(OX"OX" exp(iPX)(1/e)W? exp(iQ.X)(1)W’ exp(àRX)(0)) = 


-g gq" t o(c 09, (2.8.29) 
we find 
VaQR m —E Ebr q" 9", 
Vigg = —EupEpgEor(g ^ p^ + gir? + g^" q')q!, 
P+Q+R = 0, P=(0,p). (2.8.30) 


Now, we must compare eqs. (2.8.29) and (£8.30) with the three-point functions one gets 
from an N = 4 supergravity Lagrangian discussed in section 2.7. By eliminating auxiliary fields 
and expanding the N = 4 Lagrangian around the background (.8.T]) (see for example [P§4)), 
we find the kinetic term 


1 1 
a XO Fa EE E Y FREE "ny. (2.8.31) 
a K,K! 


Notice that the graviphotons Af, appear with positive signature. The index K = (I, p) labels 
all spin-one gauge fields belonging to vector multiplets. The term, trilinear in the vector fields, 


that we get from (D.8:31] is 
0" AM fkr, AK AL + O^ AVF fE AS Al ng Kit 
O^ A"F fE AL Agng + O^ AF fi ALAN mco. (2.8.32) 
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Recalling that the indices a, K are lowered with the matrix nsr which obeys nas = —dap, 


a = 1,..,6, and that fsry must be completely antisymmetric [74 K3 P3 [4J], we cast (2.8.39) 


in the following form 
— Q^ A"F fax ASAT + 0^ A"F fy LAT AM. 8.33) 


By substituting to the A of eq. (2.8.39) the appropriate transverse plane waves, we find the 
three-point functions 


VaRE = iE pE pqE0r9 g^ faK L, 
VirM = lE ppEpgEor (97 q" + g^ + gp) fru. (2.8.34) 
Comparing eq. (2.8.34) with eqs. (28:24) and (2.8.30) we get 
far = —iq^, fiar = —iq', Sgr A e(p P,q q), (2.8.35) 


which are the structure constants in eq. (2.8.3). 


Next, we ought to find a Lie algebra whose structure constants include those given in (2.8.39). 
This algebra can be defined as follows [53 [[43, [44]. Let us consider twenty-eight free bosonic 
fields with correlation functions 


(X4(z)X?(w)) = =^” log(z —w), A,B — 1,..,28. (2.8.36) 
Here 4? = diag(—1°, 1°). Notice that these fields are chiral. 


Let us further compactify the bosonic fields on a (6,22) Lorentzian even self-dual lattice 
1622) Let us denote, as before, with X^(z) the six negative-metric bosons, and with X/(z) the 
other twenty two positive metric bosons. For each lattice vector of Lorentzian norm p“p?n4g = 
2, we associate a chiral vertex operator 


y? -f2 p)exp(ipaX*)(z), p^pPmag = 2. (2.8.37) 


The vertices (£8.37), together with 


dz 


= 
271 


——OX^(z, A=1,..,28, (2.8.38) 
give rise to a Lie algebra g, whose elements are (2.8.37) and (2.8.38) together with all possible 
multiple commutators of the V?. This algebra is a particular pam of (indefinite-signature) 
lattice algebra [53]. In some cases lattice algebras reduce to hyperbolic, affine or finite Kac- 
Moody algebras [[53, [I8]. The vertices V^ span a maximal commuting subalgebra [53], which 
plays the role of the Cartan subalgebra. The rank of g is thus finite (and equal to 28, in our 
example). 
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Two facts ought to be noticed now. The first one is that, as shown in the following, there 
exist a g invariant non-degenerate two form 7, with at least six negative eigenvalues, which 
reduces to 4g on the Cartan subalgebra. This implies the identity 


fSenvu + fSynrv = 0. (2.8.39) 


Here S, T, U, V label the generators of g. Identity (2.8.39) is indispensable for the construction 
of an N = 4 supersymmetric Lagrangian [/4, [79, P3. E79]. 


The second fact we should emphasize is that in g there are many states actually not present 
in the string spectrum. This is not a serious problem for our construction, anyway. We are in 
fact interested in constructing only a duality-invariant low-energy effective action. All new states 
introduced by the definition of g have masses O( Mpi) for all values of the lattice momenta p^ 
corresponding to four-dimensional compactifications of the heterotic string. The only region in 
which some of the additional states may become light corresponds to the decompactification limit 
mentioned earlier in this section. In this limit some states with momenta obeying p^pPr4g = 0 
may become almost massless. On the other hand, a 4-D low-energy effective action cannot 
be expected to correctly describe a higher dimensional theory. The Kaluza-Klein spectrum is 
indeed truncated down to the lightest states from the very beginning. A phenomenon similar to 
the one encountered here has already been noticed in the past, in connection with the study of 
string effective actions. In P9, DT] e.g., it was shown that by adding higher derivative terms to 
the effective Lagrangian of both the bosonic and heterotic Pg, BT] strings, additional states 
of mass O(M pj), as well as ultramassive ghosts, may propagate on a generic background. This 
is the price paid for truncating the higher spin modes of the string. 


We pass now to a more detailed study of the DISG algebra g. The simplest new states that 
one finds by taking the commutator of two vertices (D.8.37]) are 


dz 
V”, V°] = e(p,q) per + q)pp0X” exp i(pa + qa) X ^(z), 
(pa+qa)(p4t+q4)=0 A,B=1,..,28. (2.8.40) 


In other terms, by taking the commutator of two vertices (D.8.37), corresponding to momenta 
obeying png = —2, one finds “photon” states of the form 

dz . 

5,;C(p)£40X^ exp(ipaX^)(z), pap^-0, paé4=0. (2.8.41) 
The mass of the states one gets from formula (2.8.T3), is only small in the decompactification 
limit, in which, as previously stressed, the whole effective action approach looses meaning. The 
low energy dynamics of strings is therefore not affected by the presence of these new “photon” 


states. 
The states with prp = —2, whose mass square is always larger than M2, read 
dz 
V"(&£Ap, Ea) = aie 9) (£Ap0X ^8XP + € 40? X^) exp(ipAX^)(z), (2.8.42) 
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where the coefficients £Ap, £4 obey 


T euge. Leap Stop £a £p = 0. (2.8.43) 


Notice that some of the states (D.8.41) and (2.8.49) have negative norm. Their presence is to 
be expected, since we are dealing with a model possessing six time-like coordinates. In this 
case, the Virasoro constraints (see eq. (2.8.49) below) cannot, by themselves alone, eliminate 
all ghosts. 'The same remarks given previously apply to these ghost states: their mass is always 
O (M. pi). 


All elements of g are line integrals of primary fields of conformal weight one of the Virasoro 
algebra generated by 


iae —5nandX*0X* (2). (2.8.44) 


This statement is easily proven, since it holds true for all states given in (2.8.37) and (2.8.38), 
and the Jacobi identity together with [L,, A] = [Ln, B] = 0 imply 


[Ln [A, B] = ([Ln, A], B] ^ II, B], A] =0, n 7 0. (2.8.45) 


To define an invariant tensor 7°” on all elements of g is equally easy. Indeed, by writing the 


elements of g as 
dz 
Pesado? 2.8.46 
vs = f 26%, (2.8.46) 
where ó?(z) is a primary field of conformal dimension one, and denoting with |0} the SL(2, C) 


invariant vacuum of (23-44), we may define 7°" as 


1*7 = lim 5 (0169 (71/967 (910). (2.847) 


This definition is nothing but the BPZ scalar product [EG]. Hermiticity of n°" is therefore 
immediate BG]. The invariance of (2.8.47) is proven by using representation (D.8.4d) for the 
elements of g, and by use of the Cauchy theorem 
dz 
$ 


2ri 


fYonve + ome = imll f, ds(2)or(-1/e)ov(6)|0)=0, —— (2848) 


where C is a contour encircling both points e and —1/e. 


As we recalled earlier, the invariant metric sr has more than six negative eigenvalues. This 
simply signals the limits of validity of the LEEA approach. Gauged N = 4 supergravity can be 
constructed for any invariant tensor obeying eq. (2.8.39) and of signature (6 +n, m) F4, K3, BY, 
P79]. In this case the N = 4 matter scalars live on the coset manifold 


O(6+ n,m, R) 


O(6, R) x O(n,m, R)' pug 
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and as expected there are scalar ghosts propagatingf"]. 


The fundamental property of the DISG algebra g is that its automorphism group contains 
the duality group O(6, 22, Z), as mentioned before. Since all elements of g can be written as 
commutators of elements (2.8.37) and (2.8.38), we need only to show that O(6, 22, Z) acts as 
an algebra isomorphism on these elements. Let us define the action of O(6, 22, Z) on g by 


X^(z) 2 AX? (2), p* (A1)4p?, AS € O(6, 22, Z). (2.8.50) 
By inspection of eqs. (2-83.57) and (2.8.59), O(6, 22, Z) is an isomorphism if 
C(A^1p) = A7!C(p)A. (2.8.51) 


The linear operator A acts on the same Hilbert space on which C(p) is defined. Property (B:8:51]) 
is demonstrated in the appendix of ref. [44], where an explicit construction of A, é(p,q), and 
C(p) is given. 


The DISG contains infinitely many affine Lie algebras. To see this, let us select a set of 


(6.22) of the form 


vectors p of P 
p= (0,0,0,0,0,0,a), o? =2. (2.8.52) 


Let us choose the a so that they generate a finite dimensional Lie algebra, say SO(44) x U(1)6. 
Let us further select a vector po € 2) of zero norm ponpo = 0, and orthogonal to all a. Define 
now the generators 


E? =y% TA — fie (npo)O X^ exp(inpo4 X4) (2). (2.8.53) 


The commutators of these generators read 


ela; B) Enim a B= — 
[En E] = asHA,, + Môm,—n pon Ho a= —8 
0 otherwise 
[H2, ES] = a^ Bt ms [H4, HB] = m^? ôm -npon Ho. (2.8.54) 
Here we made use of the equation 
poa H4 JR: exp(impgAX^)(z) 20, if m0. (2.8.55) 


This identity holds because the integrand can be written as a total derivative. It is immediate 
to recognize in eq. (2.8.54) the commutation relations of an affine Lie algebra of level pon H [[[80, 


p29, P3. 


I?Together with their supersymmetric partners. 
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To conclude this section, let us notice that there is a way of avoiding ghosts in an effective 
action which includes massive fields. One can indeed pick up twenty-eight linearly independent 
positive lattice vectors p;, i = 1,..,28, of Lorentzian length two and such that pinp; > 0 and 
form with them a (hyperbolic) Kac-Moody algebra. The procedure is standard [89]. To any 
length-two vector +p;, one associates a generator V,,,. One then considers the algebra G freely 


generated by the V}p,, the vertices V^, A = 1,..,28, and the commutation relations 


E(pi, —Pj)Vpi-p; Pinpj = 1 


[Vis Vl - piaV4 i=j 
0 otherwise 
(Vp: V,;] = 0, ae Vis] s p? Vy, 
Vv =0, A, B — 1, ..,28. (2.8.56) 


By dividing G by the (unique) maximal ideal commuting with all V^ one defines a hyperbolic 
Kac-Moody algebra G C89, 229. 


Among the known properties of G there is the following: there exists an invariant Hermitian 
form nsr, reducing to 74g on the Cartan subalgebra, and positive definite outside it [[80]. In 
our case this means that there exists an 7 with only six negative eigenvalues. Thus, the algebra 
G gives rise to a ghost-free N = 4 supergravity [[4, [73, 279). The problem is that this theory is 
invariant only under a subgroup of O(6, 22, Z) Pm We think that complete duality invariance is 
more important than the presence of non-physical ultramassive ghosts, which, anyway, become 
relevant only at energies so high as to render the LEEA approach inapplicable. For this reason 
we suggest that the relevant LEEA gauge algebra is the algebra of the DISG, i.e. g. 


Finally, we comment about few relations with Closed-String Field Theory (CSFT). 


In ref. it was shown that O(d,d,Z) is a symmetry of CSFT of the bosonic string 
expanded around flat backgrounds, as is suggested by the discussion of section 2.6. Moreover, 
in ref. [I38] it was shown that a truncation of the string field gives rise to an effective action 
compatible to cubic order with the duality invariant LEEA for any choice of a cyclic string 
vertex. From CSFT one may learn how to add the pnp = 0 modes to the effective action. 


As we mentioned before, to construct the complete invariance algebra of the string, we must 
add higher spin states to the algebra. To bypass this difficulty it is easier to study first the 
gauge symmetries of the N — 2 string, as the higher spin modes are never physical in that case. 
This was done in ref. [I9]. A suggestion for the complete invariance algebra of the bosonic 
string was put forward along the lines of this section in ref. [E30]. 


We conclude here our study of the D — 4, N — 4 duality-invariant effective Lagrangian of 
the heterotic string. In the next section we shall extend the analysis to more general compactifi- 
20 This fact can be easily proven by noticing that any root of G is either positive or negative Esq, and thus 


G cannot contain all length two vectors of 6:22), 
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cations. In particular, we shall study string theory on orbifolds and Calabi-Yau manifolds from 
the effective-action perspective and, briefly, from the (microscopic) worldsheet viewpoint. 
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3 Duality and Discrete Symmetries of the Moduli Space 
of Orbifold and Calabi- Yau Backgrounds 


The previous section dealt with the case of toroidal compactifications of the heterotic string. 
In order to make contact with phenomenology, on the other hand, strings must be compactified 
on more complicated background as, for instance, orbifolds or Calabi-Yau spaces [I]. In 
these cases one may also define duality between seemingly different backgrounds. 


Before discussing more complicated cases let us mention the simplest example of non-flat 
compactification and its duality symmetry, namely the *orbicircle" example. 


The orbicircle is defined by identifying the points x and —z on the circle zr ~ x + 2x Rm, 
m € Z (see figure 1.D). This identification gives rise to a closed segment whose two boundary 
points correspond to the fixed points under x — —x : x = 0 and x = mR. Even in this case 
there is a duality transformation relating a length nR orbicircle with another one of length 7/R. 
This can be shown at the level of the spectrum [P4] of the corresponding CFT along the lines 
of section 2.2. 


The orbicircle compactifications span a sub-space of c = 1 backgrounds. The moduli space 
of c — 1 unitary CFTs is shown in figure 3.A Bd, £33, [E95]. It consists of target spaces 
which are circles of radius Re, target spaces which are orbicircles of radius R», and three special 
orbifolds [[33]. These three points correspond to CFTs without marginal deformations. The 
local dimension of the moduli space is zero at those points. Along the Re- and R,-line the 
dimension is one. There is a special point where the two lines meet. At this point, a string 
cannot distinguish if it moves on the circle or on the orbicircle. This point is the self-dual point 
of the orbifold, with a symmetry enhanced from Z» x Zə to U(1); x U(1)g. 


We return now to compactifications to 4-D, in which case no complete classification is 
presently available. A few particular examples of orbifold compactifications are studied in some 
detail in section 3.1. The subject has been studied in more general or more complex situations 
in several papers as, for instance, in refs. 207, pog. P23. 290, Po Pd, Dd. p9, Bos, (00, 
p3, 57) r3. 


In section 3.2 we extend the analysis of sections 2.7 and 2.8 to the N = 1and N = 2 
orbifold case. Namely, we find 4- D effective actions invariant under the complete duality group 
or subgroups thereof. N = 1 orbifolds are particular (singular) examples of Calabi-Yau spaces. 
The effective actions for those compactifications are conveniently described using the language 
of "special geometry," which we introduce in section 3.3. The study of duality in Calabi-Yau 
spaces is briefly surveyed in section 3.4. In the same section we also review various results 
concerning the structure of the superpotential of N — 1 compactifications; it turns out that 
duality significantly modifies the naively expected low energy physics. 
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3.1 Duality in Orbifold Compactifications 


Reducing N = 4 to N = 2,1,0 supersymmetry in four dimensions can be achieved in a simple 
way by means of an orbifold construction [BO]. A (symmetric) orbifold construction based on T 
(the six-dimensional, compact, internal manifold generating P®), involves the following steps: 


1. Identify points of T? conjugated by a group element g € G. The group G is a symmetry of 
T$, e.g. a discrete rotation. In the following, for sake of simplicity, we shall take G = Zy. 
This choice gives rise to an Abelian orbifold [Bd]. In general, the action of Zy on T? 
is not free. In other words, there exist points of T? which are invariant under Zy. For 
instance, as mentioned above, the one dimensional torus Tt (namely, a radius R circle) 
can be modded out by the Zə symmetry x — —z. This symmetry has two fixed points: 
x = 0 and z = TR. The existence of fixed points means that the quotient space T°/Zy is 
not a smooth manifold, but rather possesses conical singularities. In spite of this fact, the 
resulting string theory is consistent, unlike the corresponding Kaluza-Klein field theory. 


Once Zy has been defined on the compactified coordinate, one defines its action on the 
gauge indices. In the Zə example, for the Eg x Eg heterotic string, one may decompose 
one of the Eg factors of the gauge group into representations of the maximal Es-subgroup, 
SU (2) x Ez. Then, one may identify the Zə acting on the torus coordinate with the center 
of SU(2). 


2. Project the Hilbert space H of the N = 4 heterotic string onto Zy invariant states. 
Explicitly, the projection reads 

P-— m 3.1.1 

re! sa 


Here g is the generator of Zy, obeying g^ = 1. 


3. Unlike the field-theoretical case, this is not the end of the story. Indeed, one must also 
take into account those string configurations that close only up to a Zy transformation: 


X^(o + 20,7) = (hAX)^(o,T), h € Zw. (3.1.2) 


These configurations generate new string states. The Hilbert space they span is called the 
twisted sector. 


The N = 1 or N = 2 LEEA of an orbifold compactification contains two types of fields: the 
untwisted ones, which form a subset of the N — 4 fields, and the twisted fields. The twisted fields 
are new, additional fields, not present in the truncation of the N = 4 LEEA. Their Lagrangian, 
therefore, is not fixed by supersymmetry and field-theoretical arguments alone F}. 


?! 4 remarkable exception is found in the fermionic construction of four-dimensional strings [rdi [i33]. In that 
case one can figure out a Zə truncation of a four-dimensional N = 2 theory which breaks supersymmetry to 
N = 1 without introducing additional massless states. The LEEA for the massless states of the resulting N = 1 
theory is determined by supersymmetry and a few other properties [r04.. 
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In this section we find out what subgroup of the O(6, 6, Z) duality group survives the orbifold 
truncation, and find the transformation laws of untwisted and twisted massless states under 
such duality. The more ambitious problem of finding a LEEA, invariant under the O(6, 22, Z) 
subgroup surviving the orbifold truncation, is (partially) answered in section 3.2. 


The orbifold construction sketched above can be extended to a general I9?2 compactifica- 
tion 37]. Here we deal, for simplicity, with 6:9 a (019 (symmetric) orbifolds. 


Let us define explicitly the action of Zy on the string coordinates. To keep the notation 
simple we will consider the Z3 orbifold, giving rise to N = 1 supersymmetric theory. The 


generalization to any Zy is done in [Bd]. 


First of all, by complexifying the six internal torus coordinates we may write 
(XY (z, weg raso X = (X, $129 (3.1.3) 


namely, from now on we work with the complex torus 79 = (T?)?. Notice that we choose a Za 
acting in the same way on all coordinates. By denoting with X(z)4, A = 1, ..., 16, the 16 chiral 
left-moving bosons taking value in the maximal torus of Eg x Ea (or Spin(32)/Z3), we further 
define 

(gX)^(z) = X^(2) + 2«d^. (3.1.4) 


The shift 54 obeys 3518 , ó^p^ € Z for all p4 in I99, 
Equations (B.1.3, B.T.4) induce the following transformation on the 999 vector (kt, ki) 
(gk), = €" Pk, (gk) = e?" kh (3.1.5) 


The kj g are expressed in terms of the momenta and winding numbers of X* by eqs. (B.5.14, 
The gauge algebra is realized in terms of (1,0) conformal vertices, as explained in section 


2.8 for the DISG algebra. Here they take the form 


- 16 
V, C(p) He er Y p*p4 = 2, p^ € pe). 


Vs = 4d£L8x^(a. (3.1.6) 


The cocycle C(p), in this case, can be written down explicitly as follows [I62]. Pick up a basis 
fey|M = 1,...,16} of P16, and choose the em such that e-e = £4 efef, = 2. Then the 
cocycle reads 

C(p 8(—)"'*, X«Y 2 X XVYPey en. (3.1.7) 


M>N 


Here p is the momentum operator of the left-moving chiral bosons. 
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The Zs action on vertices (B.1.0) reads Bq 
(gV), — e? Xa T UVU!, (gV4) = Va, (3.1.8) 


where U is a unitary transformation acting on the cocycle C(p) only. This transformation 
simply defines an equivalent representation of the cocycle, as noticed in section 2.8. 


Let us examine now the behavior of the orbifold compactification under duality, beginning 
by analysing the states in the untwisted sector. 


Equations (6.1.9, B-14) completely specify the projection (B.I.1) on ^ untwisted states. 
These states can "m written as a product of an oscillator part and a I 69-]attice part. It is 
useful to decompose the lattice states in the following way 


3 
22. erem enk), (3.1.9) 


This linear superposition of lattice vectors transforms as 
g|k)s = e] an. (3.1.10) 
If we denote by Om a polynomial in the oscillators of the string coordinates, transforming as 
(JOm) =e" Om, (3.1.11) 


the invariant states are simply O,,|k),;, with m — m' = 0 mod 3. Notice that at k = 0 the only 
invariant states read O,|0). 


The subgroup of O(6, 6, Z) surviving the orbifold truncation can now be determined quite 
simply. 


Let us find at first what constraints follow from the lattice-dependent part of the vertex 
Om|k)m. By definition, a symmetry transforms physical states into physical states, so, the 
duality transform of O,,|k),, must be Z3 invariant too. This requirement implies in particular 
that 

g| Ak), = e?" Ak), A € O(6,6,Z). (3.1.12) 


In general 
(Ak) = Nik! + AK, (3.1.13) 


thus, the A satisfying eq. (B.T.T2) obey 
Ai — Ai =0. (3.1.14) 


This equation is quite natural, it says that the surviving duality group is included in O(6, 6, Z)N 
SU(3,3, RK) [0J], namely, the duality subgroup preserving the complex structure of (1?)*. 
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This group, called SU (3,3, Z), commutes with the orbifold projection and, therefore, transforms 
Om, that is the oscillator dependent part of a physical vertex, into another operator O/, which 
transforms under Z3 as Om. This means that SU(3,3,Z) maps massless physical states into 
themselves. Invariance under this group puts severe constraints on the form of the N = 1 LEEA 
arising from this orbifold compactification. 


We have not yet shown that SU(3,3, Z) is an invariance of the twisted sector too. Here we 
shall give a sketch of this proof, carried on in detail in ref. DOSE] 


In the twisted sector, the string coordinates obey the boundary conditions 


Xnet = e""PxX (nao) we(ro- 2x) = OME (7,0), 
Xf(r-o-2x) = XfA(r+o0)+20md4, m=1,2. (3.1.15) 


The boundary conditions of the Neveu-Schwarz fermions y$ are dictated by worldsheet super- 
symmetry. The boundary conditions in (B.1.15) entail the following mode expansion 


a l 4 a | lx 
X'(no) = fit Y coe "0 9.—9 SO iie "Cro, 
V2 neZ+m/3 sd v2 ncZ—m/3 n 
Wmo) = — X — wem 
n€Z--m/341/2—t/2 
Xf(r-e) = (p^-- mé^)(e 7) X Ladem Tto) ge pem (3.1.16) 
V2 fen” 


In this equation f? denote the T? fixed points of the Zs transformation g” = exp(27Tim/3). The 
index a labels these fixed points and the integer t is equal to 0 in the Neveu-Schwarz sector, and 
to 1 in the Ramond sector. Notice that the mode expansion of the heterotic chiral boson X^ 
is unchanged, but for a translation by md“ of the lattice vector p^. There is a mode expansion 
given by eq. (8.1.14), and therefore, a Hilbert space of states for each one of the fixed points fa. 
In other words, each twisted sector (with twist g") is made of many identical copies, one for 
each fixed point. 


By denoting with O;, as before, a polynomial in the string oscillators obeying (gO), = 
exp(27ik/3), and by |p4,a) a state at the a-th fixed point with heterotic momentum p^, we 


may write a Z3 invariant twisted state as 
Ox|p^ + mé4,a), k+654(p4 + mó^) = 0 mod 3. (3.1.17) 


Notice that the twisted states have k' = K' = 0, since a non-zero momentum or winding 
number in T° is incompatible with boundary conditions (B.I.13). 


?? Ref. deals with invariance under an S L(2, Z) subgroup of SU (3,3, Z), but its techniques can be extended 
to the general case. 
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It may seem that the state (D.I.T7) be mapped into itself by a duality transformation, 
since it does not depend on kf, k'. This is not true, however. States, of identical oscillator 
and momentum content, belonging to different fixed points, are isomorphic (they have the same 
conformal weight etc.) and can mix together. In general, under duality states (B.T.T7]) transform 


as 
Ox|p^ + mó^, a) > e'*(&P9 S (AO, p^ + mó^,6), A € SU(3,3,Z). (3.1.18) 


The phase y(G, B, A) depends on the background fields G, B, but not on the fixed point, whereas 
the unitary matrix S,,(A), transforming different fixed points into each-other, is independent of 
the background. 


Equation (B.T.T8) is sufficient to conclude that the spectrum of an orbifold compactification 
is invariant under duality. Indeed, eq. (B.1.18) maps physical states into physical states, and 
defines a unitary transformation between equivalent Hilbert spaces. 


The explicit form of Sa and y was given in ref. POJ. There it was also shown that not 
only the twisted-sector spectrum, but also its interactions, namely the three- and four-point 
correlation functions, are invariant under duality, if the twisted vertices are transformed as in 


eq. (B.T.T3). 


The previous analysis has dealt with a simple question, namely, what is the duality group of 
an orbifold compactification. The next question one is naturally led to is how this duality acts 
on fields, in particular on the massless ones. To answer this question one must find how twisted 
and untwisted vertices depend on the background. Here, for sake of simplicity, we choose T° 
to be a product of three identical two dimensional tori T?. The four T?-moduli (background 


fields) Bij, Gij, i, j = 1,2 reduce to two, once the complex structure has been defined by 


aj 
X(z,2) = Xl(z,z) + e?! 3 X?(z Z). (3.1.19) 


'This identification leaves one free complex modulus, since the metric of a complex 2-d manifold 
has only one independent component. Let us define this modulus by 


T=1V det G + B3. (3.1.20) 


Then, our general formule: (.5.T4, D:5.15]) giving pz and ppr in terms of the background fields 
reads 


br = —— [ma 4 eril 4 (n — eril 


(Bon? 


PR = — [me + e7? m] + T(ni — gu. (3.1.21) 


(Bon? 


Here mi, ni € Z. 
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There are three moduli 7;, one for each T? factor in T? = T? & T? & T?. The subgroup of 
SU (3,3, Z) most frequently studied in the literature is SL(2, Z)’. This subgroup acts on the 7; 
as follows 

Ti — aera tO Qj, bi, ci, di E Z, aidi — bici = 1. (3.1.22) 
CiTi + di 
We notice that the group acts projectively on the moduli, thus, it should more properly be 
called PSL(2, Z)?. 


Equation (B.1:22) induces a SL(2, Z)’ transformation on the lattice (B.T:21). This transfor- 
mation can be realized by acting on the fields X5(z), X; (Z) as follows 


iTi tdi a ; iT; + di Me. 
STE at SG E ang (3.1.23) 
cii + di CiTi + di 


xi(z) > A 


Obviously, as dictated by worldsheet supersymmetry, the right-moving fermions W,r(z) transform 
as the coordinates v 
; CT; + d; ; 

: A|——— i ; 3.1.24 
ale) (SEES) vio (8.1.24) 
In these equations, A is a SL(2, Z)-dependent, but background independent phase [203 [79 [79]. 


Let us find how SL(2, Z)? acts on the vertices of massless untwisted scalars. The trans- 
formation law on target space fermions has been presented in ref. [[78, [7d], and follows by 
imposing target space supersymmetry on the scalars. The scalar vertices read 


[ di OV PG), dnas = | vis VÉ Qa), 


ey = / d^zWs(z)8X1(z). (3.1.25) 


S 
E. 
Wi 
a 
| 


Here V9 (z) denotes a Eg x Es vertex, given by eq. (B.1.9), transforming in the (a, b) repre- 
sentation of SU(3) x Es. The breakdown Es — SU(3) x Es is achieved by setting the lattice 
shift ó^ equal to (1/3, 1/3, 1/3, 0, ..., 0). 


Equations (B.T.23, B.T.24) give the following duality transformation laws for the massless, 
untwisted scalar vertices 


CjT; + di CiTi + dj 
03,27) = II^ i aay" $5,7) $a, 27) — II^ (ar a. (3,27); 
o GTitdi\ us 
¢7 = Drs (3.1.26) 


The transformation laws of the twisted vertices are more involved, since states corresponding 
to different sectors transform into each other. Nevertheless, one may fix the 7;-dependent part 
of the duality transformations by a few simple considerations. 
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At first, one notices that transformations (B.1.23 B-T.24) act as chiral rotations on the string 
coordinates. The corresponding chiral charges are determined by the mode expansion of Xi, R 


and q^, in the m-twisted sector, given in eq. (B.1.1d) 


Qr = >, Y nVa — m/3 — t/2 
nEZ+m/3+1/2—t/2 
} lo zi i E 
Qs em 2 —Q nAn + m/3, QB,R = ` —Q nAn — m/3. (3.1.27) 
ncZ—-m/3 ne€Z+m/3 


The shift in the ground-state chiral charge is dictated by spectral flow BT]. 


Let us analyse the m = 1 twisted sector. (The m = 2 case can be worked out in complete 
analogy with the previous one). 


In this sector, the massless scalar states are [Bd] 
Ip^ + 64, a), |0, a) n; (3.1.28) 
and 
& ilp + 6^, a), Q |0, a) n. (3.1.29) 


The ground state of the left-movers |p^ + 64) contains a non-zero vector in the shifted Eg x Es 
lattice. This is a vector in the weight lattice of SU (3) x Eg x Es. In eq. (B.T-28) this vector spans 
the (1, 27, 0) representation of SU(3) x Es x Es, while in eq. (B.T.29) it spans the (3, 1,0) [Bq]. 


The duality transformations (B.T.23| B.1:24) are given by exp? 3274 (Qh — Q?)0; with 20; = 
log|(ciri--d;)/ (ciri-d;)]. By denoting with $7, 27) and $13.1) the vertices associated to states (B.1.28 
and (B.T:29), respectively, and using the formula for the chiral charges given in eq (B.T-27]), one 


finds that SL(2, Z)? acts on the twisted states as follows 


ü 6,7; + di un 
(1.27) = n) SaaP (1,27): 


j \GTi + di 
2 5/6 = 1/3 = 1/3 
Ge + di CjTj + dj CkTk + dk 2 jib : 
(3 ———— ———— ————— SP k. (3.1.30 
3,1) ud (= + i) i— +d; Ger de abP(3,1)> tAIF ( ) 


As in eq. (B.1.18), vertices corresponding to different fixed points transform into each other. 
The matrices SC): Soa): describing this mixing, depend on a;, bi, c;, di, but are independent of 
the modular parameter Ti. These matrices cannot be determined by our simple method, they 
are given explicitly in ref. EOS. 


Equations (B.1:2d, completely fix the moduli-dependent part of the S L(2, Z)? duality 
on all massless scalars of the Z3 orbifold compactification. These formulas can be easily extended 
to any Zy orbifold. 


As we previously stated, the LEEA containing massless states must be exactly invariant 
under SU (3,3, Z), and thus under SL(2, Z)’. This property, together with the explicit form of 
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duality on massless fields, imposes powerful constraints on the form of the LEEA. Some of the 
consequences of this constraint will be studied in section 3.4. 


3.2 Duality Invariant Effective Field Theories of N = 2,1 Compacti- 
fications 


In this section, following [[44], duality in N = 1,2, compactifications will be analyzed. We 
study the “large” duality interchanging massive and massless modes. This is the symmetry 
that places most restrictions on the LEEA. Unfortunately, unlike the N = 4 case, for N = 2,1, 
supersymmetry arguments alone are not strong enough to fix the form of the LEEA completely. 
The presence of additional twisted sectors in the orbifold construction, for instance, makes the 
knowledge of the N = 4 LEEA insufficient to determine the complete low-energy N = 2,1 
actions. The N = 4 LEEA is, on the other hand, all what we need to find the N = 2,1 effective 
actions for the untwisted states. The derivation of such LEEA’s is the subject of this section. 
In section 3.4, we shall examine the restrictions imposed on orbifold compactifications by the 
“small” duality S L(2, Z), transforming massless states into themselves. In this case the analysis 
can be extended, and it gives constraints on the twisted sector as well. 


To study the LEEA of the untwisted sector of orbifold compactifications, we need some 
definitions, which extend those of the previous section. 


A (Zy) orbifold projection is defined by picking an element O of O(6,Z) x O(6,Z) C 
O(6, 22, Z). For simplicity, we consider here the case of an O acting symmetrically on left and 
right movers, even though this restriction is by no means necessary [237]. Moreover, we choose 
O such that O^ = 1 for some integer N « oo. The action of O on the LEEA fields is defined 
by specifying how Ó acts on the gauge indices as well as the N = 4 “extension” indices. For 
the gauge indices, one defines how O acts on the chiral fields X“(z) of eq. (.8.3d) 


OX^(z) = A&XP?(z)-2mó^, Af = diag(A Ap 0), 
A € O(6,2), A,B —1,.,28, a,b — 1,..,6. (3.2.1) 


The shift vector 64 obeys 
64=0, A=1,..,12, Np464 € Z, Ypa e TO), (3.2.2) 


Equations (B.2. I] B22 define O on all vertices. For example, since A? is an element of the 
duality group, 


OVS = j Zoi) exp[ipg( AE X^ + 26P)|(z) = exp(2mipó)V^ '?, (3.2.3) 


where V? is defined in eq. (2.8.37), and the second equality in (B.2.3) is modulo a conjugation 
of C(p). 
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One can further define the action of O on the N = 4 indices by specifying how it acts on the 
fundamental representation of SU(4). This is because À € SO(6), SO(6) ~ SU(4), and because 
the vectorial representation of SO(6) is isomorphic to the antisymmetric of SU(4). With an 
appropriate choice of basis, and by labelling with |j) the fundamental representation of SU(4), 


we get 
4 
A= diag(A1, A2, A3, A4), m; € Z, S on — 0, mod N. 
j=l 
Olj) = AU) = Aj) = exp(2nim;/N)j). (3.2.4) 


By recalling that the N = 4 matter multiplet of the LEEA reads 


ij — GÀ 
(Aj. Up Zg) Z = Uy Ze, (3.2.5) 
we define 
O(S, Vj, Z5)V* = (A5, exp(2mim;/ N) ? exp[2mi(m; + mj)/ N]Z;.). (3.2.6) 


This transformation is induced by the transformation of the vertex V? given in eq. (8-40), 
namely, (OV)%. 


The fields of the untwisted sector of the N < 4 theories are those left invariant by the 
above transformation. If O € SU(2) C SU(4), the resulting orbifold is N — 2 space-time 
supersymmetric. If O € SU(3), O ¢SU(2), the orbifold is N = 1 supersymmetric. We turn 
now to a study of the LEEA for the untwisted sector [I08, ([06, 65} L3, pq. 


A method for studying the untwisted sector of 4-D superstring effective actions has been 
proposed in refs. [03 [0q, [T3]. That method has been used in to study systematically the 
scalar manifolds of Zy orbifolds. The results of can be generalized easily to the duality- 
invariant LEEA presented in section 2.8. Let us briefly review the methods of [[08. [08, (IT). 
The fundamental fact used there is that the orbifold truncation acts on the compensating 
multiplet (A7, 7, Zz;) in a well defined way, given by eq. (B.2.0). For the compensating scalars 


one finds, by using eqs. (2.8.39), (B.2.]) and B20), 
(OZ) = exp[2ri(my + m, + m; + mj)/N]Z3. (3.2.7) 


The compensators surviving the projection generated by Ó, i.e. those left invariant by transfor- 
mation (B.Z), determine by themselves alone the geometry of the manifold of the (untwisted) 
scalar fields. 


As in ref. [TJ we find five different geometrical structures for N = 1 theories, and two for 
N = 2. Let us consider first the N = 1 cases. The five different structures correspond to the 
following choice of the coefficients m; in eq. (B.2.4) (all equalities below are modulo N, and 
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mı = Mm = m3 = N/3, N € 3Z, 

mMm ma, m +m:+m,=0, m; # N/2, N € 2Z, 
c mi;zmazma, m+m:+m,=0, m; # N/2, N € 2Z, 
m; =m = N/A, ma — N/2, N €4Z, 

e mám, m= N/2, m+m:+m,=0, N c 27. 


o v 
3 
= 
I 


[em 


The compensating scalars surviving the truncation defined by O are 


g“ 


4j: 
Zis i,j =1,2, Z for case b 


i,j = 1,2,3 for case a 


Zi, 1=1,2,3  forcasec 
"EN 43 712 
Zip 54—71L2, 23, Za for case d 


Ze, 1=1,2, Ze, Zi for casee (3.2.8) 


By substituting the fields of eq. (B.2.9) into the constraint (2.7.9), we find that the structure of 
the scalar manifold is always SU(1,1)/U(1) x K, where K is 


SU (3 +n, m, R) 
U(1) x SU(3, R) x SU(n,m, R) 
SU(2 -n,m,R) SU (2 +n’, m', R) 


UO x SUG.FO x SUln m R) U(Dx SUR) x SUR m R) | b 
U(1) x SU(2, R) x SU(n,m, R) x UG x SU(2, R) x SU(n’, m, R) Or case 


tmm] nbus 
U(1) x SU (n, m, R) 
SU (2 - n, m, R) " O(2 +n’, m', R) peed 
U(1) x SU(2,R) x SU(n,m,R) O(2,R) x O(n’, m’, R) 
SU(l+n,m,R) | O(2 + n',m’,R) 


These expressions are a little formal, since in our case n = m = n' = m’ = oo, but they can be 


for case a 


for case e. (3.2.9) 


made rigorous. Actually, some of these manifolds have been used in string theory also in [f]. 


To determine what matter fields actually survive the truncation defined by (B.2.0) we divide 
the group generators in two sets. The first one is made of the generators V^, A — 1,..,28. The 
corresponding scalar fields are the compensators, for which O has been defined in eq. (6-2-7), 
and the scalars Zi, I = 7,..,28. By an appropriate choice of basis, since we consider only 
symmetric Zy orbifolds, we may write 


I zab a 2 
Zi = (Zi Zg) @=18,..,28, i,j,a,b € 4 of SU(4), (3.2.10) 


ij 0 ^ij 


and 


(OZ) = (exp|2mi(m; + Mj + m, + ms) / N] Z% 


ijs exp[2ri(m; + mj)/N]Zi). (3.2.11) 
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The fields Le surviving the O truncation have therefore the same index structure of the 


auxiliary fields in eq. (B.2.). 


The second set of scalar fields is made of the fields Z7. Here the index pe labels a generator 
of the DISG, of nonzero lattice momentum p and polarization tensor £ associated with the vertex 
operator V?*. With an appropriate choice of €, we can write the action of O on these vertices 
as 

(OV) = exp[2xik(e,6)/N]V^ 7. (3.2.12) 


Here k(e, 6) is a function of £, 64 (and p) taking values in (0,.., N — 1). The invariant fields, 
surviving the O truncation are 
» 1 N-1 zi 
i 
Z- js 2. exp[2zil(m; + m; + k(e,9))/N]Z;;". (3.2.13) 
Notice that, after truncation, it is in general no longer possible to choose a basis of generators 
made of eigenvalues of the internal momenta p. 


By using equations (D.2.T1]) and (B.2:12), we may find how, in N = 1 and N = 2 orbifolds, the 
DISG algebra g breaks down into representations of some sub-algebra h. The action of (B.2.11]) 
and (B.2.T2]) on massless states for the Es x Es heterotic string was given in ref. [1J]. There it 
was found that the massless families and gauge groups of cases a through e were 


e Nine 27 of Es, corresponding to the fields Z Cet) 


j 5 4,9 = 1,2,3 for case a. 


i27) 


e Nine 27 of Es, corresponding to the fields Z f 


j 5 i,j =1,2 and zeen for case b. 


Three 27 of Es, corresponding to the fields gu i — 1,2,3 for case c. 


e Four 27 of Es, corresponding to the fields zo i,j = 1,2 plus a 27: zem and a 27: 


go for case d. 


Two 27 of Es, corresponding to the fields zm i — 1,2 plus a 27: zi and a 27: 
Z5 for case e. 


The notation used above is the same as in our previous analysis: the Eg gauge indices, between 
parenthesis, have been decomposed in SU(3) and Eg gauge indices. 


One may recover the N = 1 superpotential of all N = 1 models by recalling that in N = 1 
the gravitino mass my? is related to the superpotential W by PH p9 


maj = exp(€/2)W, (3.2.14) 


where K is the Kahler potential of the N = 1 scalar manifold. In order to write the superpo- 
tential W containing all the fields that are relevant to low energy physics, i.e. those that may 
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become massless on some background, we introduce the following notation 


N-1 


y = exp(—K/6)Z%, y? = exp(—K/6)— y È 044 


i—1,2,3, pnp — 2. (3.2.15) 


Thus the fields y are, up to a rescaling, those invariant under the transformations in (D.2.11], 
(B.2.12). Notice that here, as in eq. (B.2.T3), p denotes an orbit of the action of Zw on I622. 


In terms of the fields (B.2.T5) the gravitino mass surviving the N = 1 truncation reads 


(cfr. [ET (43, A) 


N-1 
maja = exp(K/2)e4*[S> V^ yPy tye "e(p, Mq) — Yo ipaystyPy,? (3.2.16) 


D, l=0 pA 


where €^ is the totally antisymmetric tensor, i,j,k = 1,2,3. The y^ are constrained fields, 
obeying the appropriate N = 1 reduction of eq. (2-7-9) [T2]. In order to find the superpotential 
in terms of physical fields one must first solve that constraint. Confronting eq. (B.2.TQ) with 
eq. (B.2.14) one easily gets the superpotential of a Zy N = 1 truncation. On the massless modes 
it coincides with that of ref. [IT2]. 


The study of the N — 1 models is completed by specifying the form of the gauge cou- 
pling function, i.e. the function multiplying the square spin-one field strength term in the 
Lagrangian [DI] BJ. This function f turns out to be model independent and equal to f = ns, 
where 7°? is the invariant metric restricted to the gauge fields surviving the N = 1 truncation, 
and S = VG exp ó + ia. Here RS is the universal duality-invariant dilaton field 83, [L0d, A, 


and a is the axion. 


We turn now to the study of truncations to N — 2 orbifolds. The two geometrically distinct 
cases of N = 2 orbifolds can be studied by the same methods used for the N = 1 orbifolds. In 
N = 2 supergravity the manifold of scalar fields reads SU (1, 1)/U (1) x K x Q. The manifold K 
is Kahlerian and Q is quaternionic [IG [79, FJ. The first N = 2 case corresponds to the choice 
m; = m = N/2, ma = m4 = 0, while the second one corresponds to m; Z m2, m; 4- m3 = N, 
ma — ma = 0. 


By repeating the same analysis done for the N = 1 truncations one finds the following 


manifolds 
O(2 4- n,m, R) O(4 4- n/, m, R) 
Ce eee | O(4cnm,m,R) - E 
O(2, R) x O(n, m, R)' Y O(4, R) x O(n', m', R)’ m; — m», 
Bc e 2 SUQ nm, R) 
K = O0G,RjxO(n, m, Ry 2 = Ti) x SUR) x Ow,m,Ry r 
Cee (3.2.17) 
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At this point we stop our by no means systematic review of the untwisted sector of N = 1 
and N = 2 theories resulting from orbifold compactifications of D = 4, N = 4 strings. We recall 
that we confined our attention to Zy symmetric orbifolds only. Many other types of orbifolds 
can be constructed. For example, one may study Abelian orbifolds generated by noncyclic 
groups like Zə x Z (LO, [89], or non-Abelian orbifolds BG]. By repeating the procedure of this 
section one can work out what the N — 1 and N — 2 truncations look like in these cases. 


By construction, each truncated model is invariant under the automorphism group of the 
corresponding N = 1,2 DISG sub-algebra. The automorphism group contains the subgroup of 
O(6, 22, Z) which stabilizes the orbifold twist group, that is the generalized duality group acting 
on the untwisted sector moduli space of the orbifold compactifications. These automorphism 
transformations are the residual discrete symmetries of the broken gauge group in the untwisted- 
sector effective action. 


3.3 Special Geometry and Calabi-Yau Compactifications 


Orbifolds correspond to special points in the space of all possible heterotic compactifications. 
A more general class of string vacua is given by the Calabi-Yau (CY) compactifications, giving 
rise to 4-D theories with N = 1 supersymmetry. 


CY spaces arise when one reduces the ten-dimensional heterotic string to its point-field limit, 
namely, when one studies the 10-D effective action which describes physics at a scale R > a/!/?. 
This action, which is uniquely fixed by 10-D N = 1 supersymmetry, and by the knowledge of 
the gauge group, is then compactified to yield a 4- D theory. The resulting 4-D theory is a 
good approximation of the true 4-D LEEA, obtained by computing string amplitudes in 4- D, 


provided the compactification radii are much larger than o/!/2, 


From the point of view of the underlying worldsheet conformal theory, these compactifica- 
tions are (2,2) superconformal theories [29]. Orbifolds which are (2,2) superconformal corre- 
spond to particular (singular) points in the moduli space of a CY manifold [12]. Conversely, by 
giving nonzero expectation values to some twisted moduli, (2,2) orbifold singularities are blown 
up to yield smooth CY spaces. In general, the structure of the LEEA of CY compactifications 
is not exactly known, not in even the field-theoretical (large-radius) limit. Nevertheless, the La- 
grangian corresponding to the flat directions (moduli) of the CY compactification obeys severe 
constraints. These constraints are not enough to fix the (“small”) duality group, but they are 
sufficient to determine how the duality group acts on the moduli. 


We shall follow ref. in our review of properties of CY spaces. Let us recall that a 
Calabi-Yau manifold is a compact Kahler manifold of complex dimension three and holonomy 
SU(3). A generic 3-D Kahler manifold has holonomy U(3), instead. The vanishing of the U(1) 
holonomy is equivalent to saying that a CY space admits a Ricci-flat metric B8]. The moduli 
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of a CY space M are given by those variations of the metric gmn which preserve Ricci-flatness 
Rmn(g + 69) = Rmn(g) = 0. (3.3.1) 


By writing these variations in complex coordinates u, fi etc., thanks to special properties of 
Kahler manifolds, one finds that 0g,; and guv, ógg; separately obey eq. (B.3.1). Thus, the de- 
formations of a given CY space are of two types: mixed (one holomorphic, one anti-holomorphic 
index), and pure (all holomorphic or all anti-holomorphic indices). To mixed variations one as- 
sociates a real (1,1)-form 

ióguzdx" ^ dx”, (3.3.2) 


whereas to pure variations one associates a complex (2,1)-form by using the holomorphic (3,0) 
form Q present in all CY manifolds EJ: 


QZ gapda" A da^ ^ da^. (3.3.3) 


These variations are holomorphic, thanks to eq. (B-3-]]). Thus, the deformations of a CY man- 
ifold are elements of the Dolbeault cohomology groups H+) and H@?) (see ref. [58] for a 
simple introduction to the subject). 


The mixed variations are deformations of the Kahler class, in other words, they leave the 
complex structure invariant and change the metric. In particular, they change the compactifi- 
cation radii. 


The pure variations, instead, modify the complex structure of the CY manifold (that is the 
split into holomorphic and anti-holomorphic coordinates). 


Among the fields of the 10-D effective action of the heterotic string, there is a two form 
B = bmndx™ Adz”. This form and the Kahler form J = gm,dxz™ A dx” can be written as a single 
complex form B -- iJ. A variation of B gives rise to a massless mode in 4-D iff 6B € H^" J. 
Thus, the most general metric for 6g and 6B writes as follows 


1 Ma 
ds = = l; gag" g” [Squxdgav + (6gur59xn + Sbuvdbpr)). (3.3.4) 


This equation has another important consequence: it says that the metrics of (1,1) and (2, 1) 
moduli are factorized. So, at least locally, the moduli space of a CY space is Ma, x Mai). 
This property was proven in [259] using effective-theory arguments. In [B7] it was shown that 
the factorization of moduli space is exact to all orders in a’, being a property of any (2, 2) 
superconformal worldsheet field theory. 


The factorization of moduli space is at the root of the particular kind of target space duality 
called “mirror symmetry” [[59, Æ. In the present context, this symmetry transforms a CY 
manifold into another one, in which the role of (1,1) and (2,1) forms are interchanged. It also 
has another important consequence. Since M21) does not depend on M (1,1, it can be evaluated 
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in the regime where all compactification radii a/~!/?R — oo. In this limit, the field-theoretical 
result is exact in a’, and not merely a lowest order result. This statement is very strong: it says 
that the metric of the (2,1) moduli does not receive sigma-model corrections. 


The metric of (1,1) moduli, however, does receive sigma-model corrections. In some excep- 
tional case though, by using the mirror symmetry, and by finding a pair of mirror-conjugated 
manifolds, one obtains exact results for Mq, as well EJ], f[59, [4]. 


We shall not discuss further these developments though, but instead restrict our attention 
to the (2,1)-moduli space and figure out its special properties. 


The relation between (2,1) forms and deformations of the complex structure is given by 


1.5 ogar 1 = 
Xari = eoo Xa = 5 Xa &Xg dx" A dxò ^ dx". (3.3.5) 
The z^, a = 1,...,b2; are the parameters for the complex structure, whose number is equal to 
the dimension 05, of HJ. Equation (B.3:3) can be inverted to give óg,z in terms of Xa. By 
simple algebra one finds the definition of the metric of the (2,1)-moduli, G,;, 


X 1 f 
ags. b — KE „AD a 
Gióz^óz^ = gp J r E Hg Og. 0G a0 = wae 62° 2 Xa ^ X3- (3.3.6) 


The (2,1) forms x, can be expressed in terms of the holomorphic three form as [HO 


219) 
oze 


where the ġa may depend on z^, but not on the coordinates of the CY space. 


= 642+ Xa, (3.3.7) 


Equation (B.3.]) implies that the metric of (2,1) forms is Kahler, i.e. 


a log (i f Q^). (3.3.8) 


b — 
ab pza Ax 


Indeed, this metric enjoys other properties. To study them, one picks up a (real) canonical 
homology basis (A*, B;), i, j = 0,..., 09; of the integral homology group H3(M,Z). The dual 
cohomology basis (a;, 37) obeys 


I, oj = | nb = 6, ], f - [^e 8. (3.3.9) 


Notice that this equation defines a symplectic metric on H3(M, Z), given by the wedge product 
of two three-forms. In terms of this cohomology basis the holomorphic three-form €? reads 


Q = r'a; — Gj. (3.3.10) 


The dimension of the (2,1)-moduli space is b21, therefore only b», of the 205; + 2 coefficients in 
eq. (B-3.19) are independent. One can choose z* = Xz", i = 1, .., b21, ° = A, and express G; in 
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function of the x’. The parameter A is an irrelevant scale factor thus, obviously, G;(Av) = AG; (x). 
Equation (B.37]) implies 
oN 
OA -—— = 0. 3.3.11 
ie eu ( ) 
This equation says that G; is the derivative of a homogeneous function of degree two: G; = 


0G /dx', and G(Ar) = XMG(x). The Kahler potential of the (2,1)-moduli space is therefore 
expressible in terms of a holomorphic function: 


. 00 0 


This particular form of the Kahler potential is the one dictated by N = 2 supersymmetry in 
4- D, for the scalars of the vector multiplet {[7J, [77]. 


The link between N — 2 supersymmetry and the geometry of (2,1) moduli is not an ac- 
cident. As shown in ref. [P53], the moduli of a (2,2) heterotic compactification, with N = 1 
target space supersymmetry, are the same as for a type-II superstring compactification, with 
N = 2 supersymmetry. The map between heterotic compactifications and type-II superstring 
compactifications puts stronger constraints on the (2,1)-moduli Lagrangian than N = 1 su- 
persymmetry alone. These constraints, which follow from N = 2 supersymmetry, have been 
studied in refs. F9, [02]. Moreover, one can show that even the (1,1)-moduli Lagrangian 
can be obtained from a type II compactification. Therefore, even for (1,1) moduli, the form of 
the Kahler potential is of special type: 


K — —logi rZ — 25-2) ; qe). (3.3.13) 


Here the prepotential F is corrected by O(a’) terms, and the link between duality and CY 
geometry is less transparent than for (2,1) moduli. For this reason, we prefer to return to this 
latter case, and examine it more closely. 


We spent some time on the details of the construction of metrics for the (2,1)-moduli space. 
These details allow us to find a general exact result about target space duality in CY compact- 
ifications. First of all, let us notice that an infinitesimal change of the coordinates z^ does not 
change the cohomology basis in eq. (B.3.9), since the homology group is a topological invariant of 
the CY space, and its coefficients are integers. On the other hand, under a large diffeomorphism 
z^ — z'"(z), the homology basis could undergo a symplectic transformation 


(5)- (2 lear (à p ) €Splba +1,2): (3.3.14) 


The coefficients A, B, C, D are integer valued, since the homology is integral, and they define a 
symplectic matrix, due to eq. (B.3.9). Equation (B.3.14]) leads to a transformation rule for the 
periods of the three-form Q given, in our notations, by the vector (0;G, xf) 


(#)-(8 8)(#) on 
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This is a duality: two different backgrounds, related by transformation (6.3.19), yield the same 
physics, since they correspond to a reparametrization of the (2,1)-moduli space. The form of 
the transformation on the 2^ coordinates is highly non-trivial, nevertheless, eq. (8.3.19) states 
that it acts as a linear symplectic transformation on 0;G, x’. 


The previous result is totally general, valid for any CY compactification, and it is exact in 
a’, since it concerns (2,1) moduli. Given a CY manifold M, a similar result would hold for the 
(1,1) moduli, if a mirror manifold M could be found. 


Clearly, eq. (B-3.T9) is not sufficient to fix the duality group I of a CY space: it only says 
that I is a subgroup of Sp(bs + 1, Z). Equation (B.3.19) also defines the action of I on the 
periods x’, 0,G. 


Our analysis of the CY moduli space has linked the action of the duality group to algebraic 
geometric properties of the CY space. The explicit form of the duality group [ can be found 
in some cases, again by use of algebraic geometry. In ref. [fi], T was found in the simple case 
of CY manifolds described by a one complex-parameter family of quintic hypersurfaces in CP,. 
Even in that simple case, it turns out that [ is not SL(2, Z), as previously conjectured in the 
literature. 


A further development, that we shall only mention here, is given by the relation between T 
and the monodromy of Picard-Fuchs equations for the periods of CY spaces [E]. 2T3, B4 p3 [70]. 
These are the differential equations giving the periods x’, 0;G as functions of the complex- 
structure moduli z^. These equations are singular at some point(s). By transporting z^ about 
that singular point, the solutions of the differential equations transform into each other. The 
group describing this transformation is called the monodromy group Ty. Almost all known 
examples of CY manifolds are representable as algebraic hypersurfaces in (some) CP, by the 
equation 

Wily,z)=0, y € CBP,, zE Mey. (3.3.16) 


Here W; are quasi-homogeneous polynomials in y, z. Associated with eq. (B.3.16) there exists 
an invariance group Iw, whose elements are quasi-homogenous transformations of y, z leaving 
the equation invariant. In this case, the authors of ref. proposed a general formula for the 
duality group, namely l'/T'w — Dy. In other words, they conjectured that the duality group is 
a semi-direct product of the invariance group of equation (B.3.14), and the monodromy group 
of the periods F = Fw &s Dy. This conjecture holds true in the case of a single modulus HT] 


PT3 A. 

The proposed formula for the duality group was shown to hold true for K compactifications, 
relevant for N = 2 heterotic backgrounds, in ref. [150]. Moreover, as was studied in [[5(], the 
invariance group [Tw is the symmetry group of the corresponding N = 2 Landau-Ginzburg 
(LG) model. This LG model and its corresponding CY manifold are “different phases" of an 


underlying N = 2 superconformal field theory 229, 274, [61], 214, EST. 
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Finally, we stress again that informations about JVf(1,, cannot be obtained simply by alge- 
braic geometry. Only in the case when a mirror to the CY manifold M exists, one can extract 
exact results about (1,1) moduli. 


3.4 Duality Invariant N = 1 Actions: Superpotential, Threshold Ef- 
fects and Integration of Massive Modes 


Any LEEA describing a 4-D compactification must be invariant under the appropriate dual- 
ity group. In particular, even the “small” duality group, transforming massless modes into 
themselves, dictates useful restrictions of the form of the LEEA. 


In section 3.1, we have examined the form of duality transformations on twisted and un- 
twisted fields in some orbifold compactifications. For the simple case of the Z3 orbifold we found 
that all massless vertices transform in the following way, up to a moduli-independent phase 


E —n$/2 
CjTj T d; i 
s MENGE s- 3.4.1 
Dus (= - $ (3.4.1) 
Here, s labels the massless scalar fields and the charges n? are given in eqs. (B.1:2d, B.1.30). The 
fields ¢, are those linear superposition of the vertices of section 3.1 that diagonalise the unitary 


matrices SL, 52, of eq. (B-1.30). The fields A,, defined by 


3 
bs — i] IG — 5)" A,, (3.4.2) 


i=1 
transform under SL(2, Z)? as modular forms of weight (n$, n$, n3) 


3 
A, [ai + dz)" Ag. (3.4.3) 
i=1 
An N = 1 Lagrangian is determined, as we recalled in section 3.2, by the Kähler potential 
K, giving rise to the kinetic term of the scalar-multiplet fields, the superpotential W, and the 
field-dependent gauge coupling constant f^4P. The superpotential is a holomorphic function of 
the scalar fields, and the indices A,B range on the generators of the gauge group. The Kahler 
potential for a LEEA of a (2,2) compactification of the heterotic string can be expanded, around 
a given value of the moduli, in powers of the fields A,. This potential can be evaluated at tree- 
level by computing string scattering amplitudes on the sphere [B7]. The expansion to quadratic 
terms in the charged fields A, reads, for the case of our Z3 orbifold [E]. K0, [L77] [7G 


Asl’. (3.4.4) 


3 
K = — V log(2Sr;) + [[097)'* 
i=l 


This result coincides with the Kahler potential one finds by dimensional reduction of 10-D 
supergravity coupled to Eg x Eg gauge matter [0H]. 
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Notice that the Kahler potential in eq. (8-4-4) transforms as follows under SL(2, Z)’ duality 


3 
i=1 
The kinetic term for the gauge fields is diagonal within each simple factor G, of the gauge group 
G=T[], Ga. At tree-level one finds [[3]] 


io = kað” S. (3.4.6) 


The integer ka is the level of the affine Lie algebra associated with Ga, and S is the axion+dilaton 
field. In the case of the Z3 orbifold G = SU; x Eg x Es, and all levels are equal to one. An 
N = 1 Lagrangian depends on the superpotential W and Kähler potential K only through the 
combination 


G = K + log |W}. (3.4.7) 


Thus, the LEEA of our orbifold compactification is duality invariant if 
3 
W (As, Ti) > AW (As, Ti) IE CiT; + di) (3.4.8) 


with À an arbitrary moduli independent phase. This property has been verified at tree-level 
in Zy orbifold compactifications in refs. 208, p4, B2]. One may also use the transformation 
properties of the fields As, and the form of the Kahler potential, to predict the form of the 
superpotential [TQ]. More importantly, since duality is an exact all-loop symmetry, radiative 
corrections should be duality invariant [09 [Tq]. 


If one further assumes that duality, besides being an all-order symmetry, is also preserved 
non-perturbatively, one may deduce useful constraints on supersymmetry breaking mecha- 


nisms 4, 64, [11] Bd. Eg. 


Let us find how duality constrains the form of the superpotential. We shall at first give 
general arguments, based on duality invariance alone. To simplify the discussion as much as 
possible, let us keep only one modulus 7 in the LEEA, and consider the corresponding S L(2, Z) 
duality. In this case, there are two possibilities of implementing SL(2, Z) [09]. The first one 
is that the Kahler potential K and the superpotential W be separately SL(2, Z)-invariant. A 
possible solution to this constraint is to modify K (and W) so as to recover the tree-level form 
only in the large S7 limit. If the tree-level Kahler potential is chosen, in analogy with (B.4-4) 
to be 

K = —nlog(2S7), (3.4.9) 


then a possible modular invariant completion is |[[4G, [09] 


(3.4.10) 


T 
5 exp (-&lm + n|) 


m,ncZ 


K — —nlog | 
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The second possibility is that both K and W transform under duality, and only the combi- 
nation K +log|W|? is invariant. When K is given by eq. (B.4.9), duality invariance demands 
that W(r) — (cr--d) "W (r). This means that the superpotential must transform as a modular 
form of weight —n. If we want W to be analytic at any finite value of the modulus 7, inside the 
fundamental domain of the upper half-plane |r| > 1, —1/2 € Rr < 1/2, we find 


W(r) = const p(T)?” = e"97/611 + 25g 7?7797 4 9n(m + 1)e 4797 4... ]. (3.4.11) 


This superpotential has the form expected from worldsheet instantons, and integration of mas- 
sive modes. In ref. [44] it was suggested that modular forms as in eq. (BT) may originate 
from the integration of massive terms in N = 1 LEEAs given by eq. (B.Z:T8). Indeed, those 
LEEAs contain an infinite number of (untwisted) massive fields, say My. Some of these fields 
may appear linearly in the superpotential: W = MyLrLr. By Lr we denote the massless 
(light) twisted scalars. Upon integration of the massive fields, the original trilinear superpoten- 
tial of the LEEA is modified. This modification must still be invariant under the “small” duality 
group SL(2, Z). The resulting superpotential, which depends only on the massless fields, must 
therefore be a modular form of appropriate weight, as in eq. (B-4.I]). 


Our discussion has been so far quite general. No input on the form of the LEEA, besides 
duality and supersymmetry, has been used. In particular, no physical mechanism has been 
proposed for the appearance of automorphic modular forms. Now, we would like to study in 
some more detail a mechanism whereby non-trivial modular functions modify tree-level physics. 


The most dramatic modification to tree-level results affects the gauge couplings. The tree- 
level result (B-4-G), indeed, states that these couplings depend on the dilaton field S only. In 
particular one has the tree-level identification 1/g2 = k, 3S for the gauge coupling constant 
ga. At one loop this equation is modified (as it happens in field theory too). In fact, one 
must specify the scale u at which the coupling constant is defined, and take into account the 
renormalization-group running of ga as well as threshold effects due to the integration of massive 


modes [133] 


b 
— =k, RS i: 
gi) * Tor 


Here b, is the one-loop coefficient of the beta function, equal to —3C (Ga) +h; $5; T( Rj). C(Ga) 
is the quadratic Casimir of the adjoint representation of the gauge group, T'(R;) is the Casimir 


M; rin 
log ^7 + Aa. (3.4.12) 


of the R; representation, h; = 1 for spin-1/2 fermions, and h; = 1/4 for scalars. The sum 

runs over all massless fields. The coefficient A, represents the threshold effects at the string 

unification scale Mstring: Its form has been found explicitly in ref. for the case of (2,2) 
orbifolds: 

1 

AalT) = 

(0) = 19 


b, log2Sr|m(r)!, b, = —ba — 2X0  hT(Rj)(1 + nj). (3.4.13) 
j 


The n; denote the modular weights of the matter fields. Equation (B.4.19) is invariant un- 
der SL(2, Z) duality. This happens because S7 transforms under duality so as to cancel the 
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transformation of |n(7)|* functions. 


It is interesting to notice that the eta-function contribution in A, is the real part of an 
holomorphic function, and comes from the loop integration over massive modes [Bd]. The Sr 
contribution instead, arising from massless loops, cannot be written as the real part of an 
analytic function. This seems to contradict supersymmetry, which requires the gauge-coupling 
function f^? to be holomorphic (chiral). The conundrum is solved by noticing that a non- 
holomorphic coupling is compatible with supersymmetry, if one allows non-local terms in the 
effective Lagrangian [fJ]. Namely, one finds that it is possible to supersymmetrize the gauge 


kinetic term 


J e^. Z)Fi F", z= scalar field, (3.4.14) 
h 
even when 22 Ppr 5x 
OzOz ' = 
The superfield expression for the gauge kinetic term is 
1 1 E 
I J POd'xPh(z,2)W"We the, P= - 0 DDDD. (3.4.16) 


Here z is a chiral superfield, W? is the supersymmetric gauge field-strength, and P is a chiral 
projector. This expression reduces to the standard one when h(z, Z) = h(z). A non-local term 
may arise from the integration of massless modes, but not of massive ones. We have just seen 
that the only nonlocal term in (B-4-T5) is log S7, which indeed arises from massless loops [B8]. 


The threshold correction A,(r, 7) given by eq. (B-4.T9) gives rise to a significant modification 
of the gaugino-condensate mechanism of supersymmetry breaking [B5]. The main feature of this 
mechanism is that in the presence of a hidden sector, and if some gauge interactions become 
strong, a non-vanishing condensate of strongly interacting fields may form. This means that if E; 
is unbroken, for instance, gauginos may condense [03]. This condensate modifies the effective 
superpotential below the condensation scale A,, and may lead to supersymmetry breaking at 
zero cosmological constant. The gaugino-condensate dependence on the coupling constant is 
dictated by renormalization-group invariance 


(AA) = AŽ exp (240761) (3.4.17) 
GH 


Here the only relevant gauge coupling is the one of the hidden strongly interacting gauge group 
(e.g. Ej), called gy. By substitution of eqs. 64.19, B-4:T3) into formula (BT), one finds a 
VEV for (AA) which depends on the modulus 7. Since the threshold correction function A, is 
modular invariant, so is (AA). Assuming again that no fields in a chiral representation of the 
hidden group Gy is present, one finds by = —b'y. In this case the gaugino condensate (B-4-T7) 
produces a very simple modification of the superpotential [14 p4] 


e247? S/b H 
mer) - 
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W(S,7) = (3.4.18) 


This superpotential has modular weight —3. Thus, together with the Kahler potential —3 log(2S7), 
it gives rise to a SL(2, Z) invariant LEEA. Equation (8.4.19) can be generalized so as to take into 
account a possible non-perturbative modification of the S-dependent part of the superpotential 


(3.4.19) 


For instance, in ref. [BE] it was assumed Q(S) = c + exp(24779/b,). Notice that modular 
invariance does not give any constraint on O(S) P] The superpotential (B-4-T9), together with 
the standard Kahler potentials for r and 5, gives rise to the scalar potential 


1 


fe 16:837 |n(7)| 2 


[23:505 — Op? + 3|0p? (SP. - JE (3.4.20) 
Here Os = OsQ, and G5 is the weight-2 (non-holomorphic) Eisenstein function (see for in- 
stance [25§]). The functional dependence of (8-429) on 7 implies that the potential diverges 
both at ST — oo and Si — 0. By recalling that Sir is the compactification radius of the inter- 
nal manifold (orbifold) one draws an important conclusion: gaugino condensation and duality 
force string theory to compactify on spaces of size O(o/!/?). The potential in eq. (B.1-2]) has 
been generalized to the case when G g-chiral matter is present in ref. Pq. 


In ref. [[77] it was also noticed that potential (B.£.20) gives rise to real soft supersymmetry- 
breaking terms, owing to the fact that minima lie at #7=integer. This fact guarantees the 
smallness of CP-violating terms in the low-energy effective action. 


Duality invariant gaugino condensation has also been studied in 239). In particular, 
in ref. [IT], gaugino condensation was analysed by introducing an effective Lagrangian including 
a composite chiral superfield U = W^^W?, which describes the degrees of freedom arising from 
the condensate. The resulting Lagrangian is the analog of the pion Lagrangian in QCD, with 
U playing the role of the composite pion field. The scalar potential found in ref. [1I] and 
the resulting supersymmetry breaking substantially agree with [II4, pJ and Bq, B39]. The 
analysis of non-perturbative supersymmetry breaking in string theory has further been studied, 


for instance, in refs. BO, ET [81 [/3]. 


Duality-invariant functions, as well as functions transforming with a definite weight under 
duality (automorphic dual functions) have entered our discussion of threshold effects and gaugino 


condensation in several places. For instance, we saw that threshold effects in the one-loop gauge 


coupling constant are represented by eq. as log ||n-?||?, with the norm ||..|/? given b 
ping p y eq g In , g y 


e£ |... Threshold effect, therefore, can be thought as given by a non-holomorphic norm of the 
modular form 7. The construction of this norm, and of generalized modular forms, has been 

?3[n ref. Q(S) was determined by conjecturing a new duality invariance, acting on the field S. The exis- 
tence of this new symmetry has not yet been proven within the present formulation of string theory. Calculations 
supporting this conjecture were performed in ref. z 
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extended to the case of (2,2) compactifications in ref. [07]. There it was observed that, even 
though the duality group of (2,2) compactifications is unknown in general, yet its action on the 
moduli is known. Indeed, the moduli of (2,2) compactifications parametrize a special Kahler 
manifold, due to the correspondence between (2,2) N = 1 heterotic compactifications, and type 
II, N = 2 compactifications. By calling M the dimension of the moduli space, and y” its 
homogeneous coordinates, the Kahler potential writes as in the CY case 


, m=0,..., M. (3.4.21) 


In order to respect the symplectic structure of (B.4.21), duality transformations must act on 

y”, mF as Sp( M + 1, R) transformations. By analogy with the case of (2,1) moduli in CY 

spaces, we may suppose that the duality group F C Sp(M -- 1, Z). Therefore, one may write 
down a natural ansatz for a T-invariant function G as 
|[miy! + mE 

= logi———————. F = 0;F. 3.4.22 

a uem ve) 

Here the sum ranges over all integers in an orbit of the group I. Notice that by writing 

exp G = exp(K)|A(y)|?, one would get, formally 


A(y) = T] (m! + » X). (3.4.23) 


mint 


Here too, the sum ranges on an orbit of T. Equation (B-4.23) needs a regularization to be made 
rigorous. If this regularization exists (as in the case of Z3 orbifolds [I03]) then equation (8.4.23) 
defines an automorphic function of the duality group I. In these formulae, G has the same 
structure of the threshold-effect function (B-LT3), whereas A is the analog of the Dedekind eta 
function 7(T). 
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4 Duality in Curved Backgrounds with Abelian Symme- 
tries 


In this section, we discuss the discrete symmetry group acting on the space of D-dimensional 
curved backgrounds that are independent of d coordinates, and some of its applications. For 
such backgrounds systematic knowledge is available. 


We begin, in section 4.1, with a target space geometry with a compact Abelian symmetry. 
A duality transformation is then performed [B3, B4, B5] by gauging this symmetry and adding a 
Lagrange multiplier term that constrains the gauge field to be pure gauge. We show that such a 
duality transformation acts on the (curved) background matrix as a factorized duality (2.4.29). 


In section 4.2, we show [E46] that this factorized duality is a target space duality, namely, it 
relates (different) backgrounds that correspond to the same CFT. Moreover, we find a duality 
(sub-)group acting on the space of D-dimensional curved backgrounds with d commuting, com- 
pact Abelian symmetries [LT]. In section 4.3 we discuss the action of the continuous group, 
called G in section 2, generating a local neighborhood of the moduli space. In the case consid- 
ered here, of backgrounds with U(1)7 symmetries, G — O(d, d, R). Based on analogies with the 
flat case, we conjecture, in section 4.4, how these results extend to the heterotic string. 


In sections 4.5-4.7 we present some applications. An explicit string background [Ed, PY, 22], 
P49] turns out to have an interpretation of a 2-d black hole 85]. It is instructive to study 
stringy features of propagation in this background. In section 4.5 we discuss the duality of the 
two-dimensional black hole [137] BJ, B3]. In section 4.6, we study two examples: duality between 
compact black strings and charged black holes in the bosonic string, and duality between neutral 
and charged black holes in the heterotic string [47 [73]. In section 4.7, we discuss cosmological 
backgrounds with compact Abelian symmetries 02, 235, [4]. 


In section 4.8, we interpret duality in curved backgrounds as a spontaneously broken gauge 
symmetry of string theory [39]; this is in analogy with the discussion of the flat case (see section 
2.6). Finally, in section 4.9, we discuss duality and topology change in string theory [39]. 


4.1  Factorized Duality in Non-Linear c-Models 


In this section we follow ref. B49]. Let us consider the o-model action 


S= x fe (Guw(£) + B, (x))Ox"Ox", (4.1.1) 
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where G is the metric on some manifold and the antisymmetric background B is the potential 
for the torsion three-form H = 3B . The complex worldsheet coordinates and derivatives are 


8, — id,), (4.1.2) 


and therefore, d?z = dodr, and Oxóx = 1((0,x)? + (8,x)?). 
Suppose that the action (ET. is invariant under the isometry 
ôx” = ek". (4.1.3) 


This happens when the vector k” satisfies the Killing equation £yG,, = ky, + k,;, = 0 and, in 
addition, CkH = 0, where Ly is the space-time Lie derivative. The latter implies that locally 


for some one form w. Here d is the space-time exterior derivative. For c-models that have, in 
addition, a dilaton term 


1 
Sdilaton = -= f @z6(2)R®, (4.1.5) 
T 
the dilaton field ọ must satisfy k"o,,, = 0. 

With these conditions it is possible to choose coordinates (z^) = {x°, x°} such that the 
isometry acts by translation of z? = 6, and all the background fields, G, B and $, are inde- 
pendent of 0. (Here one has to use the fact that B is defined only up to (space-time) gauge 
transformations, B — B -- dA, for some one-form A; the one-form w defined in ([.T.4) transforms 


under this gauge symmetry as w > w + £yA.) In the coordinates {0, x°}, the action (TJ, 
ELJ) takes the form 


Su 0] = z- nz [Goo(1*)0006 + (Goa(x°) + Bo,(x*))068x* + (Gaol) + Bao(x*))02^00 + 
(Galti) + Balz! ))dx* dx — ; f @26(0)R 


- 


To get the dual theory, we gauge the Abelian symmetry by minimal coupling, 00 — 06+ A, 
00 — 00 + A, and add a Lagrange multiplier term F, where F = 0A — OA is an Abelian field 
strength. Choosing a gauge 0 = 0, one finds the first-order action S[r^, A, 6] | Bey, [13 B4 


Sla", A, 6] = z f| [Goo A À + (Goa + Boa) Adx* + (Gao + Bao)O0°A + 
(Gav + Bas)O2*Da — = al @2pR°) + OF). (4.1.7) 


The integration of the Lagrange multiplier field 0 gives F = 0, implying that on a topologically 
trivial worldsheet the gauge fields are pure gauge, A = 00, A = 00. Thus, one recovers the 
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original model ([ET.T) (modulo some important global issues that will be discussed below). 
Integrating out the gauge fields A, A one finds the dual model; this is a new theory with action 


s B4 Bal 
== [tte *) + BY, (2*))Oy^ Oy" — x zg (2°) R?], (4.1.8) 
where [y") = (6, Fs and the dual background is related to the original one by the action 


of factorized duality in the x° direction (exactly as in the flat case in section 2.4 (2.4.29)). 
Explicitly: 


, X4 1 _ Boa ' 2G GaoGob + Bao Bob 
— EA a3 a ~ 7 93 ab — QD ---- =-y 
Goo °* Goo i Goo 
Goa Gao B BG 
Boa = : ? ^ = Ba Z SL DEE us : Ly (4.1.9) 
Goo Goo 


The dilaton field receives corrections from the Jacobian that comes from integrating out the 
gauge fields. At one loop, this leads to a shift in the dilaton B5: 


With this shift, if the original theory is conformal invariant, at least to one-loop order, the dual 
theory is conformal invariant as well. 


The dual theory is independent of the coordinate 0, and therefore, it also has an Abelian 
isometry. However, in general, the geometry of the c-model is changed by the duality transfor- 
mation. 


Are the dual theories equivalent as CFTs? To answer this question in the affirmative, one 
ought to show that the two theories are equivalent on worldsheets of any genera. For this reason 
one has to consider global issues of the procedure 4G, [49, ff]. Let us assume that the isometry 
corresponds to a compact U(1) group, so that the coordinate 0 is periodic with periodicity 27. 
To recover the original model after integrating out 0, namely, to get the correct periodicity for 
0, the holonomies h = $ A along any non-trivial homology cycle of the worldsheet should be 
restricted to integer numbers. To restrict h one should add ¥>,, 6(h = n) to the path integral. 
For example, for a worldsheet with the topology of a torus one may write 


Soh =n) = Y ero $, Am f$, (4.1.11) 
n Nany 

In other words, the term na $, A + ne f, A is added to the action S|z, A, 6], and the integration 
measure of the path integral contains a sum over na, np. Integrating out Ó gives the original 
model (LI). Now, to integrate out A (by first doing partial integration on OF to get 00A— 00A) 
we must interpret na, ny as the winding modes of 6 around the a- and b-cycles on the torus. This 
fixes the periodicity of Ó to be 2z. With this periodicity the action (1.9) indeed is equivalent 
to the original model without the gauge field. 
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4.2 O(d,d,Z) in Curved Backgrounds Independent of d Coordinates 


We will now show that the factorized duality ([LT.9| HI.) in the 0 direction is a symmetry 
of the CFT. This symmetry can be generalized to all the elements of O(d, d, Z) if the curved 
background possesses d Abelian symmetries [L4]. 


To show this we first construct, in subsection 4.2.1, general (conformal) curved backgrounds 
in D dimensions, that are independent of d coordinates, as Abelian quotients [[54, 2, [I23, [64, 
B. [8d 250, [87 of a “parent” CFT in a (D + d)-dimensional background. Then the proof will 
be done (244, [47] relating different backgrounds in D dimensions, by gauging in different ways 
— axial or vector — the d Abelian symmetries of the parent o-model, and combining the different 
gaugings with some manifest symmetries of the resulting D-dimensional quotients. 


In subsection 4.2.2, we use the construction of subsection 4.2.1 to find the discrete symmetries 
of the space of these D-dimensional backgrounds. In subsection 4.2.3, we explore the group 
structure of these symmetries, and find a group isomorphic to O(d, d, Z), as well as a simple 
expression for its action on the backgrounds [I4], analogous to the flat case (see section 2.4). 
In subsection 4.2.4, we focus on the dilaton and its transformations. 


4.2.1 c-Models Independent of d Coordinates as Quotients 


Following [f], we start with a CFT with d Abelian chiral currents J‘ and anti-chiral currents 
J’. The parent action is 
Spa — 94 + Sa + S[z], 
1 Pees oe ar C " 
Sı = = Jè [301901 + 00,80. + 23,5(1)90500] +T} (x)ðr ð + T? (7) 00302" | 


1 Pori sni 2. (4.2.1) 
Sa = z- fd [20;903, — 003,00] 


1 r z 
S|] = z |e: [Pa (2)02* 0x" - m) 


where i,j = 1,...,d and a,b = d+ 1,..., D, and Xj, F1, T2, Ta, are components of arbitrary 


x-dependent matrices, such that, together with the dilaton ®, the worldsheet theory described 
by the action Sp+a is conformal. 


The antisymmetric term Sa is (locally) a total derivative, and therefore, may give only 
topological contributions, depending on the periodicity of the coordinates 0. We define 


o —0—0, F=H46, (4.2.2) 
and specify their periodicity: 
9 zz +2, 0 =E +2. (4.2.3) 
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In these coordinates, Sa becomes 
Bet nz : [08 26 — a6 09" (4.2.4) 
"^ 2m 2 , in 
which takes half-integer values, and therefore, contributes to the path-integral. 


The action Spa ([E2:1]) is invariant under the U(1)¢ x U(1)% affine symmetry generated by 

chiral currents J^ and anti-chiral currents J’ given by 

. : ; 1 
J' — 00] + 3:005 + zT «007 
1 zr 

=5 |-( — X)400! + (I + X500? + T1,02^| , 
"m "EE M (4.2.5) 
J = O0! + 34,001 + 5T ia" 


1 " E - 
-5 [U — ),500? + (T+ Eyð + 13,02") . 
Let us now gauge the d anomaly-free axial combinations of the symmetries (2:3) by minimal 


coupling 06! — 06 + A’, 00! — 06! + A’. (Other options are generated by discrete symmetries 
discussed later.) The gauged action is 


1 -— — lx 
Sgouged = psa z— nz [AJ + AP + ZA IU + Ei] (4.2.6) 
Integrating out the gauge fields A’, A? gives: 
NES nz [Ers(w)OX'AX? — Lo(z) RO) 
D= IJ 1 
1 — "" moe 
= s. f: [By(2) 000" + F2 (2) 06x" + Få (e)z D0 (4.2.7) 
= 1 
+ Fy(z)dz*dz" — 490) R9| 
Notice that Sp is independent of 0, as expected. In eq. (EZT 
{X =1...D} = {0, x° |¢=1...d,a=d4+1...D}. 


In the first line in (2-7), we have combined the background fields into a D x D background 
matrix € 


Ey F ) . (4.2.8) 


= (US 
Ers = Giry + Biz = E Fa 


Here G and B denote the symmetric part and antisymmetric part of €, respectively. The four 
block components in (2.9) are 


Eig = (I — X)u(1 + 3), (4.2.9) 
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and 


1 
FL=-TL(I+d)3, Fa-la-llh-EYIA. (4210) 


Fia = e T Xu T$ jio g ai 


ij ^ ja? 

The D-dimensional background E(x) is independent of the d coordinates 0’. It is the most 

general o-model with d commuting, compact Abelian symmetries, since for any such background 

the relations (12:9, can be inverted to solve for (X, I) in terms of (E, F). Moreover, if 

the original model S5, 4 (£E:2.T) is conformal, then Sp is conformal as well 246] P] with a dilaton 
field 

$ = + logdet(I + X). (4.2.11) 


This relation is also invertible. Therefore, a c-model of a D-dimensional background, which 
is independent of d coordinates, can be described as a quotient of a worldsheet theory in a 
(D + d)-dimensional background with d chiral currents and d anti-chiral currents. 


Finally, if the theory in D-dimensional background is conformally invariant, then the parent 
theory in (D + d)-dimensional background is conformal as well [246], and hence, any CFT with 
a background that is independent of d coordinates can be described as a quotient of a CFT with 
a (D + d)-dimensional background. 


4.2.2 Discrete Symmetries 


The construction in the previous subsection allow us to understand (some of) the global structure 
in the moduli space of string vacua in curved backgrounds that are independent of d coordinates. 
Here we will study discrete symmetries that relate different backgrounds (E(x), F(x), ó(x)) 
(E-Z) which correspond to the same CFT. 


We first discuss transformations of (E(x), F(x), 6(x)) that follow from manifest symmetries 
of the action Sp4a (2-1). We then combine them with transformations that are manifest 
symmetries of Sp ([:2-7]) to find a discrete symmetry group isomorphic to O(d, d, Z). 


The Sp+a theory is invariant under the coordinate transformations 
01 —^ O10, 05 — O05, (4.2.12) 
together with the transformations of the background 
E > OXO, rt > Tt}, I* DI, Lr, (4.2.13) 


where 


1 
O71, Oz € O(d, Z) j z + O2)i; EZ. (4.2.14) 


24 Although Sp is conformal only to one loop, higher-order corrections to the background that give an ezact 
CFT with a D-dimensional background exist pad [47] Eod; these corrections come from the integration measure. 
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Here O(d, Z) is the group of matrices O with integer entries satisfying OO' = I. 


These symmetries can be found as follows: The action Sp+a is invariant, up to total deriva- 


tives, under O(d, R) x O(d, R) acting on (6), 02) as in (2.12), together with ([E2.T3) for the 


backgrounds. The periodic coordinates 6,6 (€.2.9) transform as: 
VFO; Os. D eO B 
(5)^3(o: o. 010.) (a) m 


To preserve the periodicities of 0, 0 (E29), the condition (EZTA) must be satisfied. In particular, 
this implies O1, O2 € O(d, Z). 


A total derivative comes from the transformation of Sa (EZ), and is 


1 MR — ves "A 
Sa[0101, 0202] — Su fi, 82] = 5— fa [M (OX 08! — 09007) + N; (O9 09! — FDW), (4.2.16) 
where 1 1 
M= Or — O3)(O; + O3), N= z0 — 0%) (O1 — Oo). (4.2.17) 


The condition (2.14 implies that M;;, Ni; € Z, and hence the total derivative is an integer, 
and does not contribute to the path integral. This concludes the proof that (2.12) EZT3) are 
symmetries of the action 5p. 


The transformations of the background (4.2.19) induce transformations of the background 


(E(x), F(x), 6(z)) (E23 EZT [E2.1]) in Sp (E27): 


E — E = (I-O3XOS)(I - O;X30! (4.2.18) 


F! —=— FY = -I!(O, + 033) 
M y t t\-1p2 
F F (O5 + XO) !T (4.2.19) 
F => F = De ir" (0$0: TX) 
o — d! = 9 + logdet(I + O2d0}). (4.2.20) 
These transformations can be rewritten as 
j -1 
E' = |(O, + O2)E + (O1 — O2)||(O1 — O3 E + (Oi + O2)| (4.2.21) 
-1 
FY = opi (Os — O;3)E -F (Oi + O2)| 
1 
F? — E E! — F? 
z (01 + 02) - E'(O1 — O2)| (555 


F =F — F'(0, — Oj)E + (01 + 02)| (0, - 02) F? 
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1 


1 det G 
| 


, det G 
9$ —$6t53lg8 Tag |. 


det G’ (4.2.23) 


J=o+ log| 


where G is the background metric as defined in (2.9) and G is the symmetric part of E (£29). 
We discuss the dilaton transformation (£2.29) in detail in subsection 4.2.4. 


The transformations (£2.12, induce a non-trivial action on the currents ([L2.5)), and 
hence, Sp (Sp with a transformed background (£', F",9')) is derived from Sp+q (EZT) by 
a different quotient. For example, some symmetries simply change the sign of a J^ without 
changing J’; this corresponds to a vector gauging (as opposed to an axial gauging) of the i’th 
U(1). We thus refer to such symmetries as azial-vector duality [99] (and we show that these 


are exact symmetries in section 4.8). 


We now consider the additional transformations that are manifest symmetries of the action 
Sp itself. The first are integer ^O"-parameters that shift E: 


Ej = E + Oj, ou = —O5 € Z 
F' = F’, F> F?, FoF. (4.2.24) 


We refer to the group generated by these transformations as O(Z). These are obviously sym- 
metries, as they shift the action Sp (E.277]) by an integer, and therefore, do not change the path 


integral. 


The second type of transformations are given by homogeneous transformations of E, F!, F? 
under A € GL(d, Z): 


E > EA, FP > AF’, Fi F'A, FoF. (4.2.25) 


These are obviously symmetries of the theory described by Sp, as they generate a change of 
basis in the space of 6’s that preserves their periodicities. 


Neither the O(Z) nor the GL(d,Z) transformations affect the dilaton, since they do not 
change the integration measure of the path integral; consequently, they are symmetries of the 
exact CFTs, and receive no higher-order corrections. 


The group generated by all the symmetries discussed is isomorphic to O(d, d, Z). A natural 
embedding of O(d, d, Z) in O(D, D, Z) acts on the background € by fractional linear transfor- 
mations, analogous to the flat case and as explained in the following subsection. 


4.2.3 The Action of O(d,d, Z) 


We begin by establishing our notation following section 2.4 and refs. LF]. As explained 
in section 2.4 the group O(d,d,R) can be represented as (2d x 2d)-dimensional matrices g 
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preserving the bilinear form J: 
ase isto 
where a, b, c, d, I are (d x d)-dimensional matrices, and 
gJg=J = ac+čťa=0, Udadbeo, ddxcbel. 

This has an obvious embedding in O(D, D, R.) as 

- X 

2-(5 4) 
,d are (D x D)-dimensional matrices of the form 


i= (a 3 i-(! 4 S A 3 
Wer ges: = ee qs Tlo 0> ERST OT 


(here I is the (D — d) x (D — d)-dimensional identity matrix). 


z 
E 
© 
H 
[45] 
Q> 
Qo» 
> 


We define the action of g on E by fractional linear transformations: 
à(£) =E' = (a£ + b)(e£ + d)! 


-( E! (a — E'c)F? ) l 
— (PHE +d) F — FH(cE +d) tcF? 
where 


E' = (aE +b) (cE +d)" 


(4.2.26) 


(4.2.27) 


(4.2.28) 


(4.2.29) 


(4.2.30) 


(4.2.31) 


is a fractional linear transformation of E under O(d, d, R). If E is constant we recover the action 


of O(D, D, R) on the D-dimensional toroidal background matrix, as discussed in section 2.4. 


Let us recall here that the group O(d, d, R) is generated by: 
GL(d, R): 


t 
(4 dip a st. A€GL(d,R). 


a by fL 9 Le 
E ae i) st. 6-9. 
Factorized duality: 


do DX. fie dg m. 
e A. ) s.t. ei = diag(1,0,...,0). 


ey I-e 


O(R): 


The maximal compact subgroup of O(d, d, R) is O(d, R) x O(d, R) embedded as 


a bN 1/a+o e) 
$ PE A 04 + 09 s.t. 01,02 € O(d, R). 
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(4.2.32) 


(4.2.33) 


(4.2.34) 


(4.2.35) 


This subgroup includes factorized duality (£2.34). 


We now turn from definitions to the actual symmetries of the CFT. These form an O(d, d, Z) 
discrete subgroup of O(d,d,R) that acts on the background as above. The elements of the 
subgroup O(d, d, Z) are given by matrices g of the form (4.2.24, [:2.2/]) with integer entries. 


Just as in the continuous case, the discrete group is generated by GL(d, Z), O(Z), and 
factorized duality; these are given by (2:32, £2.33, (22-34) with integer entries. The subgroup 
O(d, Z) x O(d, Z) is given by the matrices (£2.35), again with integer entries. Clearly, the 
O(d, Z) x O(d, Z) symmetries (12:21, 2:22), the O(Z) symmetries (£2.24), and the GL (d, Z) 
symmetries (4.2.29), that we found in the previous subsection, act on the background by the 
O(d,d,Z) C O(D, D, Z) fractional linear transformations (2.30) with the matrices a,b, c, d 
given by ([[2:33), with o1» = O12, (E2:33), with O € Z, and (2:33), with A € GL(d, Z), 


respectively. 


These results are compatible with the discrete symmetries of the space of flat D-dimensional 
toroidal backgrounds [[4d, 260, [40], described in section 2.4. In that case, the O(d,d,Z) 
symmetries, described above, are simply a subgroup of the full O(D, D, Z) symmetry group 
which acts as in ([.2:30], for any 9 € O(D, D, Z). For curved D-dimensional backgrounds, we 
expect to find some large symmetry group analogous to O( D, D, Z); here we have described its 
O(d, d, Z) subgroup that is associated with a d-dimensional toroidal isometry of the background. 


In the flat case, the fractional linear transformation is an exact map between equivalent 
backgrounds; in the curved case, in general, one expects higher-order corrections to the trans- 
formed background [B4 BJ, BJ, 264 R]. For O(Z) and GL(d, Z), the transformations are 
exact; however, factorized duality receives corrections from the path-integral measure. Never- 
theless, because the transformation is exact in the (D 4- d)-dimensional model, we know that 
non-perturbative correction must exist such that factorized duality is exact] 


We close this subsection with a general remark. The group O(d,d,R) has disconnected 
components; in particular, factorized duality has det — —1, and hence is not connected to the 
identity. Therefore, one expects that in general the moduli space is made of several disconnected 
components mapped into each other by O(d, d, R) transformations. In the flat case the moduli 
space is connected and this phenomenon does not occurs. However, in other cases one may get 
various disconnected components of backgrounds with different topologies |] This issue will be 
addressed later. 

25N = 4 supersymmetry can protect duality transformations, and there are examples where the one-loop 
transformations are exact even in curved backgrounds. Exact duality was also described for superstrings and 
1,1) heterotic backgrounds corresponding to cosets in [123. and in some examples of bosonic string backgrounds 
[i33 Br pog. 
*6Factorized duality is similar to mirror symmetry Ef, which also identifies two (possibly) disconnected com- 


ponents of moduli space corresponding to backgrounds with different topologies. For N = 2 toroidal (orbifold) 
backgrounds, mirror symmetry and factorized duality are identical [15d]. 
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4.2.4 The Dilaton 


To complete the previous discussion of the transformation of the background under O(d, d, Z), 
we consider the transformation of the dilaton B4, [38 [40, B. E71] [1], R51). This is summarized 
in eq. (2.23, which is derived by proving that the quantity 


b=ot Z log det G (4.2.36) 


is invariant under O(d, d, Z) transformations [I47]. This implies 


det G 
det 7) 


, 1 
d= b+ 5 log ( (4.2.37) 


The second equality in E J) follows from the proof of (£2.34) given below. 


We begin with the identity 


Gy Cuv JO 0 ly (GG 
(ae Ga) " (Ga e C=C. ES Os (4.2.38) 


which implies 


det (G) = det(Gi;) det(Gay — Gar(G) mG) . (4.2.39) 

We next prove that the following two quantities are separately invariant under O(d, d, Z) trans- 
formations: i 

the invariant fiber dilaton: ¢=¢+ 5 log det(G;;), (4.2.40) 

the quotient metric: Gab — Gul(G Gu. (4.2.41) 


Geometrically, a D-dimensional space whose metric is independent of d coordinates 6’ can be 
thought of as a bundle M with fiber coordinates 0. The metric on the fiber is G;,, 
refer to à as the “invariant fiber dilaton.” The induced metric on the quotient space M/(6'] is 
the quotient metric (2.1). 


To prove the invariance of (2.20), we consider the action of the generators of O(d, d, Z) 
separately. The GL(d,Z) and O(Z) transformations trivially leave ó and det(G;;) invariant, 


and hence we 


and hence ¢ as well. To show invariance under factorized duality, we write ¢ explicitly in terms 
of X: 


à = + log det(I + X) + End iju -X)-xx--ü-xrxy'u-zr) 
i 2 2 (4.2.42) 
=+ = log det(I — Xf). 


To get the second equality, we need to split log det(/ + £) as ilog det(I +£) 4- i log det(I + X). 
Under X > O3XO! (E213), (I — X£) — O(I — X'X)O!, and hence ¢ is invariant. This 
completes the proof of the invariance of the fiber dilaton " 
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The proof of the invariance of (2-41) is entirely parallel; again, the GL(d,Z) and O(Z) 
transformations trivially leave (4.2.41]) unchanged. To prove invariance under factorized duality, 


we express (£2.41) explicitly in terms of X, Tt, T2, P (see 2.9, [E2.10]): 
Gay — Ga(G^ )uGi 
1 
=[50 +I) - races +E)? +T” (I + XH T" 
1 
+ zu +E HTU +EH- EHE HAHEN E (4243) 


ssa AUH xy. 


1 1 
=[5 Phyo any ere Sen re xr, 
The final expression is manifestly invariant under ([.2.13), which completes the proof of the 
invariance of the quotient metric (É2.4T]. 


The invariance of ¢ in (E:2:3) follows from the invariance of (E:2-40, f.2-4]}) together with the 
identity (#.2.39). This is compatible with results in low-energy effective field theories [44] 225, 
as discussed in section 2.8, and string field theory B54, 204), and physically implies that the 
string coupling constant a =< e? »—« /detGe® > is invariant under O(d,d,Z). The 
invariance of (£240, 2-11) actually proves that 4/det(G;;) e? and the quotient metric (£2-4]]) 
are separately invariant; of course, this holds only for O(d, d, Z), and not for the full O(D, D, Z) 
in which the former group is embedded. 


4.3 The Action of O(d,d, R) 


In the previous subsection we have discussed the action of the discrete group O(d,d,Z). The 
continuous group O(d, d, R) also maps a conformal background [4] 278, 225, [23, RIJ), that 
is independent of d coordinates, onto (the leading order of) a conformal background. Namely, 
given a conformal background £, ¢ and an element g in O(d, d, R) (2-29), then the background 
g(E, p) = (£', 9^) given by eqs. (£2.30) and (1:2.37]) is the leading order of an exact conformal 
background. 


This is true because not only the discrete groups O(Z) and GL(d, Z), but also O(R) and 
GL(d, R), transform exact backgrounds to exact backgrounds. Moreover, we have shown that 
there is a CFT corresponding to an exact background whose leading order is given by acting 
on the original one with factorized duality, as explained in the previous section. Now, because 
the full O(d, d, R) group is generated by O(R), GL(d, R) and factorized duality, we conclude 
that the action of O(d, d, R) on a conformal background with d commuting, compact Abelian 
symmetries generates the leading order of an exact background. 


The moduli space of curved string backgrounds with d Abelian symmetries (generated by 
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O(d,d,R) rotations) was suggested at first by studies of both low-energy effective actions 
[41 [43 L4 and worldsheet actions on the sphere Bd, 227. These 
studies suggested that there is a moduli subspace of backgrounds, independent of d coordi- 
nates, isomorphic to O(d,d,R)/G. Here G is at least the diagonal subgroup O(d,R)diag of 
O(d,R) x O(d,R) (the maximal compact subgroup of O(d,d,R)). (Needless to say, for flat 
backgrounds G = O(d, R) x O(d, R) 3g, 238]). This is consistent with results from string field 
theory [254]. This moduli subspace is only correct when the d coordinates have the topology 
of a torus. Though in general the local structure of the moduli space is unknown, when the 
background is independent of d periodic coordinates, we can still identify a discrete symmetry 
group that acts on the moduli space, as described in the previous section. 


The method of O(d, d, R) transformations is useful to generate a large class of curved string 
backgrounds. Generating solutions in this way was discussed extensively in the literature. For 
example, in refs. [D53, [64 C9, C3, [474 B54, [84] O(d,d, R) rotations were used in 
order to generate many kinds of (charged) black objects (black holes, black strings etc.); in 
refs. P25, [22 [44 B this method was used to generate cosmological solutions. 
In sections 4.5, 4.6 we will describe examples of black-object solutions, and in section 4.7 we 
will describe examples of cosmological string backgrounds with Abelian symmetries. 


4.4 The Heterotic String 


In this section, we discuss the explicit form of the discrete symmetries of the heterotic string 
following ref. [L4]. This form can be shown to hold to leading order in a’ for N = (1,1) cosets 
and their deformations following refs. [43 [39]. Its validity for the general case was conjectured 
in ref. [Z], by requiring compatibility with the flat limit [I4d, B6], described in section 2.5, 
and with the bosonic case. We start with a curved heterotic background, which we assume is a 
consistent, conformally invariant, heterotic string theory, with action: 


1 > = 
Sheterotic — |e: [Era(w)OX'9X? T Ara(x)O0XlüY^ 

a i (4.4.1) 
+ E4pðY “OY? = ola) RP! + (fermionic terms) ; 


and with the constraints that the Y ^ are covariantly chiral bosons: OY ^ + A7OX! = 0. As 
before {X1} = {6',2%Ji 2 1...d and a— d-- 1... D). In addition, we have ding internal chiral 
bosons Y^: A = 1...dj4. In flat space we have ding = 16, but more generally, we may find 
other solutions [71] 224). The space-time background is given by (£,9), as in the bosonic case 
(E:2:3, [-Z.TT], and, in addition, the gauge field A. We assume that this curved background is 
independent of the d coordinates 0*. 'The constant internal background is 


Eas = Gag + Bap, (4.4.2) 
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where Gyp is the metric on the internal lattice (one half the Cartan matrix of the internal 
symmetry group when the lattice is the root lattice of a group) and Bp is its antisymmetrization 
PA, i.e., Eag is upper triangular. In the space-time supersymmetric flat case, the symmetry 
group is Es x Eg] In curved space, this group is in general different [T], 224]. 


Following section 2.5 [Z0], the expected symmetry group is isomorphic to O(d, d+ dint, Z) 
embedded in O(D, D+ din, Z) as in section 2.5, and acting by fractional linear transformations 
on the (D + dint) x (D + dint) dimensional matrix 


(es ~ + AG) An Ajn 25 
0 Eag) 


[1] 


(4.4.3) 


Here (G~') 4p is the inverse of Gg in (E4. The matrix E is the embedding of the heterotic 
background into a bosonic (D4-d;,;)-dimensional background, and the group O( D, D+dinz) is the 
subgroup of O(D+dint, D +dint) that preserves the form (4:3). Note that the space-time metric 
Gry (the symmetric part of Ery in ([L.4.3)) is the quotient metric of the (D + dj,,)-dimensional 
space modulo (Y^) (here, Gg is the fiber metric). This leads to a simple expression for the 
transformation of the dilaton: 


: (= g J; (4.4.4) 


/ 
= doe 2 
9—e*3leU ug 
note that this is independent of the gauge fields. 


4.5 Application I: the D—2 Black Hole Duality 


In this section, we discuss the first nontrivial example of curved-space duality, namely, a D — 2 
background that is independent of one coordinate (d — 1). Such a background can be derived 
as a gauged WZNW model SU(2)/U(1) or SL(2, R)/U(1). The exact conformal field theory 
corresponding to an SL(2, R)/U(1) gauged WZNW model describes a black hole in two 
dimensional space-time [285]. We will describe the duality of the D = 2 black hole [[37 Bj in 
some detail to examine explicitly the procedure presented in section 4.2 for this simple exam- 
ple. Moreover, we will discuss some of its interesting consequences, namely: interchanging the 
horizon with the singularity, and taking seriously the space-time region beyond the singularity. 
This example also illustrates the possibility to generate D-dimensional curved backgrounds, 
independent of d coordinates, from G/H coset CFTs and their duals. 


The Gy WZNW model and its gauging 


At first, let us describe briefly a general WZNW model on a group manifold G at level k (we 
call it the G, WZNW model), and its gauging. The action of the WZNW model is 


S[g] = I| F Ery, (4.5.1) 


27The Spin(32)/Z» string can be described as the Eg x Es string with a particular gauge field background 


[531 E33 E33 
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Ig] = [devi ies; T'[g] - f. "" d?a c" Tr(e;e;e;), (4.5.2) 


where X is a worldsheet with coordinates o; and metric h;;, and 


ij 
€; = g 1059, (4.5.3) 


where the field g is a map from the worldsheet to the group manifold G; it can be taken to be 
a matrix in the fundamental representation of G. The trace in ([1.5.2) is an invariant form on 
the Lie algebra of G, and the Wess-Zumino term, I'|g], produces an antisymmetric background 
on the worldsheet X, after integration over the third coordinate of B. Explicitly, in the matrix 
representation T' for the Lie algebra, 


Tali =I y Tr(Ta T5) = Nab, a,b,c = 1, ..., dim G, (4.5.4) 
and parametrizing g(X) € G in a set of coordinates X4(c;), A = 1, ..., dim G, one finds 
1 r “is 
SIX] - 1 / do |Vhi/GAs(X)0,X^8;XP + & Big(X)8,X^0;X] , (4.5.5) 
where Gap(X), BAg(.X) are given by the left-invariant vielbeins, eA(.X), 
ea mg 'Oag = eXT,, 0165 — One = ehe fs. 
Gap = knees, 
k'Ir (eales, ec]) = OaBso + g Bca + Oc BaB. (4.5.6) 


The WZNW model can serve as a starting point to generate other CFTs. From an algebraic 
point of view this was done in what is termed the “coset model” PT] [54]. Given a Gy WZNW 
model with central charge cg, a subgroup Hy (of appropriate level k’ and central charge cp) 
could be used to generate a new Virasoro algebra of central charge cajg = ca — CH- 


A Lagrangian formulation for this method was found by gauging an anomaly-free subgroup 
HCG D2]. The Lagrangian does not contain a kinetic term for the gauge fields. In the 
absence of these terms, the gauge theory is also conformal. Modular invariance of the Gy model 
ensures modular invariance of the coset. The coset Lagrangian reproduces the central charge 
cajn, and the appropriate spectrum. The gauged WZNW model has as basic fields the matter 
ones, appearing in the G;, model, and the gauge fields. One may rewrite the gauged model in 
terms of non-linear o-model variables. This is done by integrating out the gauge fields [Dd]. To 
one loop the backgrounds need to be supplemented by a dilaton field 83. 


4.5.1 The Euclidean SL(2, R)/U(1) Black Hole and its Dual 


To write the action for the gauged SL(2,R) WZNW model we will parametrize the group 
manifold by “Euler angles." Following the notation in we introduce real coordinates x, 01, 05, 
and write g € SL(2, R) as 


10103 e272 


g=e ere. (4.5.7) 
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with c, the Pauli matrices. The coordinates 01, 02 are such that 0 = 05 — 01 and ĝ = 01 +62 have 
periodicity 27, and 0 € x « oo. This parametrization is convenient for describing the CFT of 
the Euclidean SL(2, R)/U(1) coset; for the Lorentzian case one should simply replace 03 — ci 
and 045 — ti». 


Inserting (:57]) into 5J), one finds that in these target space coordinates, and in complex 
worldsheet coordinates, the SL(2,R), WZNW action is 


Swznw|2, 01, 02] = = / d^z(—OxÓx + 00,00, + 005005 + 2 cosh 2x 065004). (4.5.8) 


This action has the same structure as Sı + Sz] in (EZ.T) with X = cosh2z, T = —1 and 
I! = T? = 0 (except for an overall k factor], and the antisymmetric term S, that is understood 
to be present). 


The action ([[.5.3) is invariant under the U(1); x U(1)g affine symmetry generated by the 
currents 


J = —k(06, + cosh 2x 003), J = —k(005 + cosh 2x 06,). (4.5.9) 


These currents are the same as in (4.2.9) up to the overall k factor discussed above. Therefore, 
the gauged WZNW action takes the form (2.9) 


Sgauged = Swznw|2, 91, 4] 
te d?z[—A(00_ + cosh 2x 061) — A(80, + cosh 2x 005) + TAAG + cosh 2z)]. 
(4.5.10) 
Integrating out the gauge fields and taking k — —k gives: 
Sie, 0] = > | Pah ards + tanh? 20000) — ;96)80, (4.5.11) 


where @ is defined in ([E:2:3), the tanh? x is found by using eq. ([E2:9), and the dilaton is derived 
by eq. (2-1): 


olz) = ġo + log(cosh? z). (4.5.12) 


Up to 1/k corrections, the metric in ([.5.TT) and the dilaton field in (£5.19) satisfy the 
one-loop beta-function equation P4, 222] of ref. BY 


Roa = DaDo, (4.5.13) 


where Ra is the Ricci tensor of the target space. 


28 The generalization of the procedure of section 4.2 to the case when there is an overall k factor in front of 
the action (1.2.1) can be done straightforwardly; we have presented only the k = 1 case in section 4.2 because 
this is already sufficient to generate all the D-dimensional backgrounds with d Abelian symmetries. 
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The central charge of the SL(2,R)/U(1) model is 
c=2+ "- =2 +3 + O(c’), (4.5.14) 
where 


e= 2/k. (4.5.15) 


It is convenient to absorb the overall factor k in the coordinate x. Defining r = z/e, one finds 
the action 


2 
S[r,8] = > l do V/ hh (aras J a - 00,0) - = / PoVhd(r,A)R”, —— (4.5.16) 


where 


olr) = po + log cosh’ er. (4.5.17) 


For completeness and clarification we wrote the action in (5-19) with the worldsheet coordi- 
nates c; (B.5.2) and worldsheet metric h;; appearing explicitly, as in section 2.1. 


The action in (5-16) describes a o-model on a background with scalar curvature 


mises ee (4.5.18) 
r) = , E 
cosh? er 
and a metric described by the line element 
tanh? 
ds? = dr? + “ae? (4.5.19) 
€ 


This background defines a semi-infinite cigar (see figure 1.F) with radius 


tanh 
Ro(r) = — a (4.5.20) 


This target space can be interpreted P85] as a Euclidean black hole (see for example [P8d, P29) 
with a temperature 1/0, which is given by the inverse of the radius at infinity, namely 


ND (4.5.21) 
€ 


We now turn to the target space duality transformation of the Euclidean black hole [[[37], 
E3. Ba]. Let us consider a background of the type 


1 0 
Gab = (o o (4.5.22) 
As it was shown in section 4.2, the metric in (£5.29) and its appropriate dilaton (that solve eq. 
(1 ])) transform under target space duality by 
1 


R(r) 2 R'(r)= $ó — d! = ġ + log Rr). (4.5.23) 


R(r) 
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This symmetry also survives when r is a time-like coordinate [264]. In the limit of a constant 
background, the duality transformation in ([£:5.23) coincides with the one in (D.2.11], describing 
the simple circle duality R — 1/R pz]. 


In the case of a Euclidean black hole R(r) is given in eq. (1:5.20]), and therefore, the dual 
action takes the form 
T 1 
S'ir.6| = = f d'a ie (irr + 2 coth? er 0,0056) — — f Paving (r,0)R”, (4.5.24) 
T T 
where 
9' = logsinh? er + ġo — log €. (4.5.25) 


The dual target space has the form of an infinite trumpet (see figure 1.F), with an r-dependent 
radius 
Ro(r) = e coth er. (4.5.26) 


When r approaches 0 the radius diverges, while at the limit r — oo the radius approaches e 
asymptotically. The “temperature” of the “dual black hole” is therefore 


L 
L2 


It is remarkable that while the Euclidean black hole background has a trivial fundamental group, 


BE (4.5.27) 
€ 


the dual model has 71(trumpet) = Z. 


To clarify the property of the symmetry, let us discuss the e — 0 limit. The line element 
(E.5.T9) in this limit describes a flat open two dimensional space in polar coordinates 


ds? = dr? + r?d8?. (4.5.28) 


The dominant states in the Hilbert space for small e are therefore “momentum” states. Those 
may be interpreted as particles sent towards the black hole. The target space of the dual model, 
although complicated in terms of the r, 0 coordinates, for which 


(ds^)? dr^-r?d0?, | $ = po + logr?, (4.5.29) 


«30 — 


is similar, as a CFT, to a two dimensional torus which partly shrinks to a point. The dominant 
states in the Hilbert space for small € are now “winding modes.” Such states do not have an 
analog in standard general relativity or in Kaluza-Klein theory; they are a direct consequence 
of a string wrapping around circles while propagating in a compact target space. The duality 
transformation is a quantum symmetry of string vacua which interchanges momentum modes 
with winding modes}. 


29 Tn ref. the duality of D = 2 flat space in polar coordinates was further studied in the mini-superspace 
approximation. This is an attempt to understand duality in case the target space M has no mı(M). 
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To lowest order in worldsheet perturbation theory, the graviton-dilaton system can be de- 
scribed by a space-time effective action 


L = / d? X V Ge? (R. + GpH + Do) 
ðR? OR\* 8 
2 ol. tuni HEN 
fa X Re | E em + 0¢0¢ 5) (4.5.30) 


The additive constant 8/(k — 2) originates from the familiar D — 26 of the bosonic string. The 
action in (530 is invariant under duality: R —^ R^!, ¢ > ¢+log R?. Thus, the graviton and 
dilaton field equations derived from this action are duality invariant as well. 


4.5.2 The Lorentzian SL(2, R)/U(1) Black Hole and its (Self-)Dual 


We now turn to the study of the analytic continuation of the black hole to a Lorentz signature. 
Let us first discuss the analytic continuation and the Kruskal extension [P80, of the original 
black hole following 285, [37]. Naively, one simply sets 0 = it f, whereupon the line element 


(£5.19) is changed to 


tanh’ er 
ds? = dr? — —.— dt’. (4.5.31) 
€ 
This metric seems to have a singularity at r = 0, but this must be purely a coordinate singularity, 
since the scalar curvature ([L.5.T8) is regular at r = 0. The analytic continuation past the 
coordinate singularity can be found by an extension, similar to the one used for the Schwarzschild 


solution P80, 226]. Defining the u,v coordinates 


v=sinhere’, u=-—sinhere™, (4.5.32) 
one gets 
1 dudv 
ds? = —— 4.5.33 
° €1-— uv ( ) 


The dilaton field is given by (f.5.17) 
$ = do + log(1— uv). (4.5.34) 


This solution is similar to that of a black hole in Kruskal-Szekeres coordinates as discussed 
in (P89, 22]. 


A space-time diagram for the u,v coordinates is shown in figure 4.A. This diagram has the 
same causal structure as the corresponding four-dimensional black hole. In an astrophysical 
black hole, which forms from a spherically symmetric collapsing star, some of the regions are 


30 Instead of obtaining the Lorentz signature black hole by a formal analytic continuation from a Eu- 
clidean space, one can obtain it directly as a conformal field theory by gauging a different U(1) subgroup 


of SL(2, R) ps3. 


105 


missing, but one still has parts of regions LII and V. The causal structure of the extended 
space-time is easily seen from the diagram in figure 4.A since, by construction, the u = 0 and 
v = 0 lines (the horizons) are null geodesic lines. Region I in figure 4.A corresponds to the 
original “Lorentzian cigar" (sinh?er > 0 ie. uv < 0), and represents the space-time region 
outside the past and future horizons. Region II represents the space-time between the future 
horizon and the future singularity. In general relativity a signal sent from region V (where time 
direction goes sideways) cannot cross the horizon towards an observer in region I. The black 
hole singularity at uv — 1, rather than being the future as appearing to an observer in regions 
LII, occurs at the end of the spatial world to an observer in region V. (Region III has exactly 
the “time reversed" properties of region II, and is referred to as a white hole. Region IV has 
properties identical to region I, and region VI is a continuation over the past singularity. An 


observer in region I cannot communicate with any observer in region IV.) 


We now come to a striking property of the stringy black hole: we will argue that target 
space duality interchanges the horizon with the singularity [[37, B3]. Therefore, signals can pass 
smoothly through the singularity uv — 1. Such signals should be associated with the winding 
modes of the string as was discussed in the Euclidean case. To understand this point let us 
present the duality transformation of the original Lorentzian background. 


The dual Lorentzian black hole is given by the analytic continuation of the dual Euclidean 
black hole. The metric background is thus described by the line element 


(ds)? = dr? — €? coth’ er dt?. (4.5.35) 


We will repeat a procedure similar to the coordinate transformation done for the original black 
hole. With u,v coordinates defined by 


v = cosher e*, u = cosh er e^**, (4.5.36) 
one gets 
1 dudv 
ds) = —— 4.5.37 
(ds ) aie ( ) 


The line element (ds')? of the dual black hole is thus identical to the line element (£5.33) 
of the original black hole. In the u,v coordinates one cannot distinguish between the original 
background and its duality partner. This is not bad since the two theories must be equivalent 
as conformal field theories. What is therefore new in regarding the dual black hole? The answer 
is remarkable: duality interchanges the asymptotically flat space-time, corresponding to the 
Lorentzian cigar, with the space-time inside the black hole singularity; that is, regions I and 
V in figure 4.A are interchanged. (Region II is transformed to itself; regions IV and VI are 
interchanged and region III is transformed to itself). As a consequence, the physics studied by 
an observer in region I is equivalent to the physics in region V. In particular, the dual transform 
of a signal leaving region I will be a signal leaving region V. As it was discussed before, this is 
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related to the quantum symmetry which interchanges momentum modes with winding modes, 
a result of target space duality. 


So far we have described the Lorentzian SL(2,R)/U(1) black hole and its target space 
duality partner in the graviton and dilaton background. To conclude the study of this example, 
let us now consider the propagation of a small “tachyon” disturbance in the Lorentzian black 
hole F] and verify explicitly its invariance under duality. In the black hole space the tachyon 
effective action to lowest order in a’ is 


L{(T) = J dudv|(1 — uv)8,T8,T — 8T?]. (4.5.38) 


The tachyon field equation is therefore 


O,[(1— wuv)8,T] + &,[(1 — uv)O,T] + 16?T = 0. (4.5.39) 
Define 
z=1-— w, (4.5.40) 
then, with the ansatz T = T(z)T(t), the equation for T(z) is a hypergeometric differential 
equation 
«1-22 TG)4 (1 22) 9-T(z) + 8€ T(2) =0 (4.5.41) 
32106 25 T(z e Tz) 0. i. 


The differential equation is invariant under the duality transformation z — 1 — z. There are 
two linearly independent solutions to eq. (£5.41) given by 


Ti(z)- F(o,1-—05;1;z), a= —8e + O(c"), (4.5.42) 


Ty(2) = (1 — 2). (4.5.43) 


Here F(a, 3;; z) is the hypergeometric function. The solution 75 is dual to the solution Tj. 
The function 7>(z) has a singularity at z = 0 (uv = 1), although regular at z = 1 (uv = 0), and 
as a result, a physical singularity is created at uv = 1. The dual function T(z) has a singularity 
at z = 1 (uv = 0), although regular at z = 0 (uv = 1). 


To summarize, the target space duality transformation of the SL(2, R)/U(1) space-time 
leads to strange stringy properties of the black hole. Although we have discussed a particular 
black hole in string theory, these properties shall be generalized to other black hole solutions (as 
well as cosmological solutions, monopoles, dipoles and other topological backgrounds). There 
is an extensive discussion on the generalization of the D — 2 black hole duality to other back- 


grounds in the literature (for example, see [I3 P73 63 P4 E74 P3 P3 E70, CA, B40, CA, 
[33, [91] [23. [83 [E74 [23. [98].) In the next section we will describe some more applications 


of duality. 


31The propagation of a tachyon disturbance in the Euclidean black hole was studied in p3. 
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4.6 Applications II: Charged Black Objects in D=2,3 


In this section we explore more consequences of the discrete duality symmetries [T7]. We first 
discuss an exact D = 3 closed string background that is independent of d = 2 coordinates [79]. 
We then turn to D = 2 heterotic backgrounds [71], 224]. In both cases, we find that uncharged 
black compact objects (strings or holes) are equivalent to charged D = 2 black holes [I73, [7]. 


4.6.1 The Closed String Example 


The simplest nontrivial example after the D — 2 black hole duality, presented in section 4.5, is 
a compact black string obtained by attaching a circle to every point of the D = 2 black hole 
space-time (SL(2, R),/U(1) x U(1)). To leading order, the action is 


1 = = B 1 
S BlackString = = Je Lo + tanh?706'06') + a06700? — 7 O(a) R9| ; (4.6.1) 
where 
ó(x) = Qo + log(cosh?z) . (4.6.2) 


The first term in Spiackstring l5 à c-model in the Euclidean black hole metric, and the second 
term corresponds to a free scalar field compactified on a circle of radius /a. This D = 3 
background is independent of d = 2 coordinates 6’, and is described by the background matrix 


(2:3) 


E 0 
Sem ae (4.6.3) 

where Pues Ù 
E=( a d T F-k. (4.6.4) 


The group of generalized duality transformations O(2, 2, Z) maps this background into other 
backgrounds that (in general) have different space-time interpretations. Since F; = Fy = 0 in 
(:6:3, cf. E29), O(2, 2, R) acts on the background by transforming only E and ¢ as given in 
(E.2:3]) and (£2.37). A particularly interesting point on the orbit of O(2, 2, Z) is reached by 
acting with the element 


;-( 8) (2 no Dg $)- (o En (o o) (4.6.5) 


0 I/NO p/\r 0/NO I 


where 


me, eg. sux 4.66) 
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One finds that E and $ are transformed to 


1 ktanh?r = ak tanh? 
/ — — 
Breq REED: ( —ak tanh’x a 
(4.6.7) 
B 1 ~ — A)sinh?z — Asinh?z ) 
— eosh?z — A —Asinh?z Acosh?z / k 
$'(x) = o — log(1 — A) + log(cosh?z — A), (4.6.8) 
where " 
a 
à = ——_.. 4.6.9 
1+ ka ( ) 
This gives the worldsheet action 
PEN (1— A)sinh?z , 4-4 
Senarged = z— Ja 2 |k (o: dx + C09 00 
(4.6.10) 
Asinh?z = = Acosh? x 


(00150? — 80280!) + 30250? — O , 


cosh? — A k(cosh^r — 2) 


and, after Wick-rotating 0! — it, it corresponds to a charged black hole of the type found in 


[79] with mass 
2 2 y 
M = (1 — à) Mo =4/ ze", Mo = Vac" l (4.6.11) 


Q= Al- — Cu (4.6.12) 


where $9 = $o —log(1— A) is the constant part of the dual dilaton (6.8). The action (6-10) is 
related to the c-model action for the coset (S L(2, R),xU (1))/U(1) E79] by rescaling 6? — k6? P4 


and charge 


This shows that the charged black hole is equivalent to the compact black string as a conformal 
field theory. We now consider some particular limits of this solution. 


The limit a — 0 in (£6.]) corresponds to the direct product of the 2D black hole and a 
circle with radius r — 0, and the limit o — oo is related to the previous one by the R + 1/R 
circle duality. These limits correspond to the limits \ — 0,1 in (6.9). In Schargea (6-10), the 
background at A — 0 is the direct product of the 2D black hole background and the same r — 0 
circle; however, the A — 1 limit gives the action (modulo an integer total derivative term) 


Bu E: nz kdxdx + i coth? 206700? + (1 — A)800! 00! — Los) RO) (4.6.13) 
27 k 4 


¢'(x) = ġo — log(1— A) + log(sinh?z) . 
3?0ur k matches ps4). which is 2k of [i79. 
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The background in this action is the direct product of the dual 2D black hole background and 
a r = 0 limit of a circle. In both cases, the degenerate limits are equivalent as CFTs to a 
noncompact black string. 


4.6.2 The Heterotic String Example 


Following [L7], we focus on the example of [224], which is a D = 2 heterotic string, with internal 
degrees of freedom taking values in a standard 12-dimensional lattice (the vector weights of 
SO(24))P}. We find that a family of charged black holes (and naked singularities) is dual to a 
neutral one, which is the exact CFT given by the heterotic D = 2 black hole RA. 


We start with a heterotic D = 2 action: 


S Heterotic = > |e: [k(ðxðx + tanh?z0090) + ƏY ^0Y ^ — 19 G)RO (4.6.14) 


+(fermionic terms) | . 


where A = 1,...,12, k = 5/2 (for criticality), and ¢ = ġo + log(cosh?z). This action describes 
a neutral heterotic D = 2 black hole. The conformal field theory ([.6.T4) corresponds to a 


background (f£.4-9) 


k 0 0 
E—|0 ktanh?z (4.6.15) 
0 0 I 


where the internal background / is the 12x12 identity matrix corresponding to the vector weights 
of SO(24). Only a 2 x 2 block E of the matrix E is affected by the discrete transformations we 


discuss in this example: p 
B= Gi j 1) (4.6.16) 


By transforming E and $ with a group element gn € O(1,2, Z) C O(1, 13, Z) (where n is an 
arbitrary integer): 


OO (0 IN(I nO 0) n o) 
0 - (1 ale as an) = (i n) ) 
where 


1 0 0 1 1 0 
r= i» e-(* e An = (5 1 


2 23-1 o 2 2.44 
Qn(E) = El = (s di um 3) 2n(n TM 3) ) 


53 More precisely, only space-time bosons have internal quantum numbers in the vector representations of 
SO(24); space-time fermions have internal quantum numbers in the spinor representations of SO(24). 


1 0 
= i) (4.6.17) 


(4.6.18) 


one finds 
(4.6.19) 
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k 


P(x) = po + log(n? + k) + log(cosh?z — "um ; 


(4.6.20) 


After rescaling 
k+n? 


Vk 


and defining the coordinate r to be a linear function of the dilaton @ (£6.20), given by 


0 


i (4.6.21) 


k 


1 
r — — log(cosh?z — 
Q 
where Q is a constant determined below, the background (£6.19) gives rise to the action] 


P Es = fes (ur ratdt + f(r)-^8rór — A(r)atdY! + oy ^8y^ 


í (4.6.23) 
=S + (fermionic terms) | . 
Here 

f(r) 2 i= 2m =g e, (4.6.24) 

Alr) = nQ + 2ge *", é'(r) = Qr + bo + log(n? + k), 

where Q = 2/ Vk’ is determined by the normalization of Gn. in (£6.29), and 

n? — k' nv k 
ime y ==. 4.6.2 

"i n2+ kl’ q n? +k! (4.6.25) 


Following P89] we have replaced k with k’ = k — 2 = 1/2 in (£6.29). By Wick-rotating t — it, 
along with q — —iq (necessary to maintain hermiticity of the action), the theory (£6.29) with 
|n| > 1 describes a D = 2 charged black hole with mass and charge [E24 


M =Q(n? =ke, | Q-—nV8e^. (4.6.26) 
For n = —1,0,1, the theory (£6.29) describes a naked singularity. 


We emphasize that these backgrounds, for all n, are different space-time interpretations of 
the same CFT: the CFT given by the neutral heterotic D = 2 black hole. 


34Recall that Gu = Zi, — +A?, see eq. 1.4.3]. 
tt 4 
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4.7 Applications III: Cosmological Backgrounds with Abelian Sym- 
metries 


In this section we discuss a class of cosmological solutions in string theory (in the presence of 
Maxwell fields) that are obtained by O(d, d, R) transformations of simple backgrounds with d 
Abelian symmetries, following [[42]. Similar cosmological solutions are discussed extensively in 
the literature (for examples, see B31], 204, 235, Bl A). In some of the examples we 
will find a (closed) expanding universe. In all the cases for which the universe has a smooth 
and complete initial value hypersurface, a naked singularity can form only at the time when 
the universe collapses. The discrete symmetry group O(d, d, Z) identifies different cosmological 
solutions with a background corresponding to a (relatively) simple conformal field theory (CFT), 
and therefore, may be useful in understanding the properties of naked singularities in string 
theory. The consequences of duality in cosmological string backgrounds were also discussed, for 


instance, in BY, [60, £71] 73 


To find realistic cosmological solutions in string theory, we shall represent a classical solution 
by M x K, where M is a 2d CFT with a four dimensional target space-time, and with a central 
charge c = 4, and K is some internal space represented also by a CFT. Moreover, although the 
formation of singularities is one of the interesting questions in such solutions, we do not want 
the singularities to be “built in” the initial conditions. Namely, we want M to have a smooth 
and complete initial value hypersurface. 


We shall first construct new solutions by O(d, d, R) rotations with respect to Abelian sym- 
metries of the space-time background M. Let us consider the 4-D line element 


ds? = —dt? + ds? + g(t)?d0? + f (s^d62. (4.7.1) 


We want this background to correspond to a CF TP There are four nontrivial possibilities for 
g(t) and four possibilities for f(s). To leading order in a’ the possibilities aref} 


g(t) = tan(t), cot(t), tanh(t) or coth(t), 
and 
f(s) = tan(s), cot(s),tanh(s) or coth(s). 
The dilaton is then given by 
o(s, t) = o + log(F(s)*G(t)*), (4.7.2) 
where @¢ is a constant and 


g(t) = cos(t), sin(t), cosh(t) or sinh(t), 


55 More precisely, we should start with ds? = k(—dt? + g(t)?d02) + k'(ds? + f(s)?d63), and choose k and k’ 
such that c = 4. To leading order in a’ this condition is k = k’, and for simplicity we take k = k’ = 1. 

36 All these possibilities correspond to the exact CFT given by a direct product of two cosets E, where G is 
either SU (2, R) or SL(2, R) and H is either U (1) or R (see section 4.5). 
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f(s) = cos(s),sin(s),cosh(s) or sinh(s), 
respectively. 


The background in (7.1), (7-9) is a D = 4 curved background that is independent of d = 2 
coordinates. It has one time-like coordinate t, and three space-like coordinates s, 6,62. The 
background is time dependent, and therefore, we say that it describes a cosmological solution 
to Einstein's equations. The 2 x 2 matrix E;;(s,t) (2.9) in the worldsheet action (2.7) (with 
i, j = 1,2 and a,b = s t) is : 

E(s,t) [o xi) (4.7.3) 

We can now generate new cosmological solutions by acting on (E, 9) in (7.3) and (7:2) 
with O(2,2, R) transformations as described in section 4.2. Let us discuss a particular one 
parameter sub-family of O(2, 2, R) rotations. By transforming E and $ with the group element 
go € O(2, 2, R) (where b is an arbitrary real number): 


a-(? D 9) "T 


tal A o G " (4.7.5) 


one finds that the new background matrix, Ej, is 


where 


QE) = EL = (E +00) = ISURIP Ga mo | (4.7.6) 


Namely, the new background matrix is given by adding a constant antisymmetric background 
( j o) to E, and then using duality to invert the background matrix. From eq. (E.2:23]) and 


—b 0 
the discussion in subsection 4.2.4 one finds that the new dilaton is 


d'(s,t) = bo + log [/(s)*g(£? (FPI + )] . (4.7.7) 
For the particular choice 
f(s) =tan(s) , g(t) = cot(t) , 
f(s) —cos(s) , g(t) = sin(t) , (4.7.8) 
the conformal background corresponds to a closed expanding universe D35]P] 


Let us consider now the case in which the internal space K also has Abelian symmetries. 
Then by O(d, d, R) rotations one can turn on gauge fields, namely, non-trivial elements of the 
37 To get the solution in [234] (corresponding to the o-model of the c = 4 coset SEOR)xSUGR)) one should 
rescale 04 — 661, reintroduce k and k’, and take k = k’ very large such that the maximal size of the universe is 
of order k, and the central charge of M is c = 4 (to leading order in 1/k). 
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background matrix interpolating between the space-time (M) indices and the internal space 
(K) indices. 


The action (2.7) can be generalized adding internal degrees of freedom, i.e. extra compact- 
ified coordinates Y ^, A = 1, ..., dint. (The coordinates Y ^ can be regarded as either the internal 
coordinates of a bosonic string or the extra coordinates of a heterotic string, as in section 4.4 
EZ). We start from the action (4-1), and we choose the initial structure of the background 


as before, i.e., the block Ej; is again given by eq. ([LZ.3), Ft = F? = 0, and F = t d 
and we start with a vanishing background gauge field: A = 0 in (£-4]). 

It is now possible to make a more general rotation using the group O(2,2+ din, R) C O(2 + 
dint, 2+dint, R) acting by the fractional linear transformations (4.2.31) on the (24 dint) x (2+dint) 
matrix (see eq. ([.4.3)) 

"UU D 
m ( : ik (4.7.9) 
such that 
E (^s -IAG(G PA; Aia ) 
m 0 EaB/ 


Here Gag is defined as in eq. (£49). The structure of ©’ is such that Ej; = Gi, + Bi, gives 
the correct metric after a dimensional reduction from 4 + dint dimensions to four space-time 


(4.7.10) 


dimensions. The structure of the second line in the matrix =’ allows the internal coordinates to 
be the extra coordinates of a heterotic string as explained in sections 2.5 and 4.4. 


The new background in ([ A) corresponds to the heterotic worldsheet action given in 
(E2) with non-vanishing background gauge field A, or to a bosonic action given by (£T 
(neglecting worldsheet fermions in the bosonic case). Both the old background and the new 
metric, antisymmetric tensor, dilaton and gauge fields are solutions of the equations of motion 
derived from the effective action 


Sepp = li d X V —Ge? | ge -(V9)- LE — qne ; (4.7.11) 


(The old background has H,,, = Fuv = 0.) 


For simplicity, we now consider the case in which dine = 1, i.e. we start from a five di- 
mensional background where the fifth coordinate is compact and by O(2,3, R) C O(3,3, R) 
rotations we introduce a Maxwell field A;. (The discussion can be easily generalized to the 
internal dimension din that is needed for criticality.) 


We fix Eag = 1 and we rotate = by the gab, € O(2,3, R) C O(3,3, R) matrix 


PUCCINI TUN 
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where 


0 b c 1 0 c 
O©=]|—-b 0 al. A=|0 1 al, (4.7.13) 
—c —a 0 0 0 1 


I is the 3 x 3 identity matrix and a,b,c are arbitrary real numbers. 


After the rotation, the non-zero components of the metric Gj, antisymmetric tensor B4 y, 
gauge field A; and dilaton $/, are: 


Ga =-l G's =1 
az O (a? + £9) + f( (ac +) 
a. = a [b (PIE? — FG?) — ac (200? + (S + 27 (S()?) 


Gia, = As [JG (8 00) + 910? (ac — 5) | 
1 ; 1 
Ao, = gx [ab - ef (| Ao, = gx [-be - ag(t)?| 
Bie, = —> d = do + log [F(s*8(0A] 
ar [e= SO UP (4.7.14) 
where 
^ — VP c ag(t)? + f(s)? + (t? f (5)? (4.7.15) 


Obviously, for a = c = 0, one gets back the space-time solutions in (7.4) and (£7.71). 


It is also possible to make a Weyl rescaling in order to bring the effective action ([.7.TT] to 
the Einstein form 


S7 = [ex d [gs - 5(Vo)? - 19 e? H? — oTr? ; (4.7.16) 


where the Einstein metric GL, = bG u is used to contract the indices. 
Notice that when f and g are given by eq. (7.8) one has 
¢ = d$o-log |o? sin? (t) cos? (s) + a? cos?(t) cos?(s) (4.7.17) 
+ c? sin?(t) sin?(s) + cos?(t) sin(s) 
When the parameters a,b and c are non-zero, the dilaton is finite for any value of the space- 
time coordinates s, t (and therefore, the Weyl rescaling to the Einstein form does not change the 


properties of the universe described above). When some of the parameters a, b, c are zero, the 
dilaton diverges in particular points in space-time. Explicitly, if a = 0 the dilaton diverges at 
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t = 0, s = 0; if c= 0 it diverges at t = 1/2, s = 71/2; and if b = 0 it diverges at t = 1/2, s = 0 
(t, s € |0, 7/2]). The divergences of the dilaton appear when a curvature singularity is formed. 


Let us discuss briefly the target space properties of some of the models presented above. 
From eq. ([.7.14), we see that the volume of the universe, described by that class of solutions, 
approaches zero when t — 0 (this is because g(t = 0) = 0 or oo for all four possible choices 
of g). Therefore, the universe starts from a “big bang." Later, the universe can either be an 
expanding and contracting closed universe, in some cases collapsing at the end, or an open 
universe. The different types of universes depend on the different choices of the functions f,g 
and the parameters a, b, c. (We do not consider the models with singularities that are built in 
the initial conditions and remain for any time t, as it happens for instance when a = b = 0, 
c #0, and for functions f and g given by eq. (7.8), or in the example of BOJ.) 


Consider again the case when the functions f and g are given by eq. (7.8) (with the 
parameters b and c not both zero). For this example, the backgrounds in (7-14) describe 
an anisotropic expanding and contracting universe, in the presence of an antisymmetric tensor 
background, a Maxwell field, and a dilaton. The topology of a spatial slice is S?, the three 
sphere, and the universe recollapses at the time t = 5. 


Next we discuss the formation of singularities in the universe described above. There are 
different cases depending on the parameters a,b, and c. For a = 0 the universe is singular 
at the “big bang,” namely, when t = 0 a singularity exists at s = 0. For b = 0 (c = 0), a 
naked singularity is about to form at s = 0 (s = 7/2) at the time t = 7/2, when the universe 
recollapses. For non-vanishing parameters a,b and c there are no singularities. Therefore, a 
naked singularity may form only at the times when the universe collapses. 


Because there is no singularity for non-vanishing parameters a, b and c, there are indications 
that one can remove target space singularities in string theory by continuous O(d, d, R.) rotations 


L5 P3. 


Finally, we remark briefly on some consequences of the duality group symmetries. In the 
examples we have discussed, the matrix gy in eq. ([.7.4]) (gab, in eq. (ETID) is an element of 
the duality group O(2,2, Z) (O(3,3, Z)) ifb € Z (a,b,c € Z). In particular, all the solutions 
(7.d) with b € Z are equivalent as CFTs to the b = 0 case, for which the background is a 
direct product of (a suitable analytic continuation) of two D — 2 black hole solutions discussed 
in section 4.5. Moreover, all the solutions ([E7.14) with a,b,c € Z are also equivalent CFTs. 
Therefore, these closed expanding universes, in the presence of electromagnetic currents, are 
also equivalent as CFTs to the direct product of (a suitable analytic continuation) of two D = 2 
black hole solutions, and an extra coordinate compactified on a circle. 
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4.8  Axial-Vector Duality as a Gauge Symmetry 


The interpretation of discrete symmetries in target space as gauge symmetries was already 
discussed in the flat case in section 2.6. Can we also interpret the target space dualities in 
curved backgrounds as spontaneously broken gauge symmetries (of an underlying gauge algebra) 
in string theory? In this section we answer in the affirmative, concerning particular elements of 
the O(d, d, Z) duality group, following [39]. Namely, we show that any element of O(d, d, Z), 
relating an axially gauged Abelian quotient of a WZNW model to its vector gauging [196], is 
an element of a spontaneously broken gauge group, in the sense discussed in section 2.6. In 
particular, this proves that the duality, relating the o-model background of an axially gauged 
Abelian coset to a vectorially gauged coset, is an exact symmetry in string theory. This is 
true for compact groups, as well as for non-compact groups, and therefore, it has important 
implications for the black-hole duality presented in section 4.5, and for the study of singularities 
in string theory discussed in section 4.7. The extension to the full O(d,d,Z) might be done 
along the lines of section 2.6 [2]. 


This section is organized as follows: In subsection 4.8.1 we start with the simplest non-trivial 
case, the SU(2) (or SL(2, R)) model and its one-parameter sub-class of marginal deformations. 
In subsection 4.8.2 we extend the discussion to a general group. In both cases, we discuss 
the action of duality on the line of marginal deformations, and its relation to a broken gauge 
transformation. It will turn out that the two boundaries of the deformation line (which are 
related by this duality) correspond to the axial coset and the vector coset (times a non-compact 
scalar field). 


4.8.1 JJ Deformation of SU(2) or SL(2, R) WZNW Models and Duality as a Gauge 
Symmetry 


In this subsection we consider duality as a spontaneously broken gauge symmetry for the simplest 
nontrivial case, namely, duality acting on the deformation line of SU(2) or SL(2, R) WZNW 
models?*, 


The worldsheet action of the SU (2), WZNW model is given (in Euler angle parametrization 


as in (E.57]) by 


S[x, 61, 65] $1 + Sa + Sx], 
8 = = / d (00,00, + 802502 + 2 (:00580,), 
T 
k B = 
S = = J d?z(30280, — 00,002), 


35We define the conformal field theory corresponding to SL(2, R) to be the one regularized by its Euclidean 
continuation. This regularization has been shown to provide a consistent path integral prescription for the 


SL(2, R) model [127]. 


117 


k z 1 
Sle] = > fez OrOz — — fez oo RO, (4.8.1) 


where (x) = cos 2x, and ó is a constant dilaton. The action of the SZ(2,R), WZNW model 
in ([.5:8) is obtained from ([.8.1) by taking x — ix and k — —k. 


As discussed in subsection 4.2.1, the antisymmetric term Sa in (4.8.]}) is (locally) a total 
derivative, and therefore, may give only topological contributions, depending on the periodicity 
of the coordinates 0. To specify the periodicity, we follow subsection 4.2.1 and define 


0—0,—06, = +b, (4.8.2) 


such that 
0z0-2m, 0-26-2z. (4.8.3) 


In these coordinates the action becomes 


~ 1 ~ E 0 dà 1 
Sla, 6,6] = — I (00, 09,00) ( e að |- — J 2b oR. (4.8.4) 
Ox 


Here we have organized the background into a 3 x 3 block diagonal matrix, where the 2 x 2 


bt iss quhx 
B==( t2 neal ee) 


matrix block E is 


The action S in eq. (8.4) is manifestly invariant under the U(1); x U(1)z affine symmetry 
generated by the chiral current J and anti-chiral current J given by 


J = $[-( - ¥)ð0 + (1 + Jo], 


J= Fia — X)80 + (1 + X)06] . (4.8.6) 


In addition, there are two extra chiral currents, and two extra anti-chiral currents, completing 
the affine SU(2); x SU(2)r (or SL(2,R)z x SL(2, R)r) symmetry of the WZNW model. 


We can deform the action S to new conformal backgrounds by adding to it any truly marginal 
deformation. We will focus on marginal deformations that are obtained as a linear combination 
of chiral currents times a linear combination of anti-chiral currents. It is important to recall 
that all the deformations that are equivalent under the action of the symmetry group give 
rise to equivalent CFTs (although not necessarily to backgrounds that are related by coordinate 
transformations). In the following we deform the WZNW action with the JJ marginal operator, 


as was done in refs. [167], [39]. 


Deforming with JJ, the affine symmetry is broken to U(1); x U(1)g. The U(1) chiral and 
anti-chiral currents of the deformed theory can be found and will be presented below. Once 
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choosing a JJ deformation of the WZNW point ([E8.]) for specific J and J, the deformed 
theories are described in terms of a one parameter family of O(2, 2, R) rotations. 


Let us describe these rotations. The backgrounds corresponding to the JJ deformation of 
the WZNW point, with J and J given in (8.4), are constructed by an O(2, 2, R) transformation 


(E231) of the WZNW background ([E8:3) by the element [[67 [33] 


_ (I cos*a(k —tana)e A(a) 0 C(a) S(a) I —ke 
go = | 0 I ( 0 (Ala) | Sad Go) | 0 I j: (En 


where 
1 0 0 1 Cos Q 0 
a He o=( 5 a Ata) = ( 0 out eae 
C(a) = cosa I, S(a) — sina e. (4.8.8) 
Namely, 
eee ui el (4.8.9) 
Ie = R(a) — 1+ RES =Í R? ? .O. 
where 
R(a)? = (1+ ktano)?. (4.8.10) 


The parameter R can be interpreted, geometrically, as the radius of the Cartan torus. 


The dilaton field ¢ also transforms under O(2,2,R) rotations, as discussed in sections 4.2, 
4.3. At the WZNW point the dilaton is the constant ¢ = ¢ appearing in (8-1). At the point 


R the dilaton is (223) 


o(R) = po + 5 log E) (4.8.11) 


where G(R) is the symmetric part of Eg. 


Although we have generated the R-dependent backgrounds by O(2,2, R) rotations, which 
are correct only to leading order in a’, it can be shown [39] that there is a scheme in which 
these backgrounds are exact to all orders in o/, for any R. 


Two special backgrounds occur at the boundaries of the R-modulus space. At R = 0 
(a = tan"! (—1)) the background matrix is 


1-3 1 ix 9g 
-| Ops) =|) GEN B E 
Er=0 | +i o ) | 0 0 mod © — shift. (4.8.12) 
This background corresponds to the direct product of the axially gauged coset SU(2)/U(1)q 
(or SL(2, R)/U(1),) and a free scalar field in the singular compactification-radius limit r — 0 
(which is equivalent to a non-compact free scalar field via the r — 1/r circle duality). The 
constant antisymmetric tensor in (8.12) can be safely dropped since the free scalar is non- 
compact. 
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At R= oo (a= 7/2) the background matrix is 


0 0 
ER=0 = | Q H (4.8.13) 
i= 
This background corresponds to the direct product of the vectorially gauged coset SU (2)/U (1), 
or SL(2,R)/U(1), and a free scalar field at a compactification radius r — 0 P7. 


The R = 1 (a = 0) point corresponds to the original WZNW model. Around this point, and 
for an infinitesimal deformation parameter da, the perturbed action is given by 


ôR? 2 17 
Sr-1+6R = Sra1 + — fa zJJ, (4.8.14) 
Atk 


where J and J are given in (£8.). This deformation can be extended along the full R-line. 
The U(1); affine symmetry is generated by 0 — 0 — e, 0 — 6+ €/R? with the (R-dependent) 
chiral current 


—(1 — X)86 + (1 4- 5)08 


=k = S 
ae IFEF) C 


(4.8.15) 
and the U(1)g affine symmetry is generated by 0 — 0 + e, 08024 c/ R? with the anti-chiral 
current 


: (1— X)00 + (1+ X60 


= 4.8.1 
AR) = 8 ye 5) 020) 
Therefore, the worldsheet action at the point R + ôR is given by 
DAT fus - 
Sun = Sr + | P2J(R)IR) , (4.8.17) 


and writing the integration measure for the perturbed o-model as \/G(1) = \/G(R)e?™) provides 
the variation of the dilaton (.S:TT]. 


We now arrive to the important point of this section. The Weyl transformation J — —J 
is given by a group rotation at the WZNW point, and therefore, it is a symmetry of the 
WZNW model. Consequently, the conformal perturbation of the WZNW model by daJJ is 
equivalent, infinitesimally, to the conformal perturbation by —óoJJ. Therefore, the points 
da and —óo along the a-modulus correspond to the same CFT. In string theory we say that 
they are related by a spontaneously broken Z> gauge transformation in the gauge group of the 
enhanced symmetry point. 


The spontaneously broken discrete symmetry is a target space duality. This symmetry can be 
extended to finite a, giving rise to a Z» element in the full O(2, 2, Z) duality group, represented 


39The fact that at both boundaries R = 0,oo the decoupled scalar is at zero radius is because in one limit the 
scalar is 0 and in the other limit it is the dual field 0. 
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by the matrix gp 
u 0 I I —e €9 € I € 0 I 
decr qug o9. d e 6 JuAO I JAIO 


(4.8.18) 


I 
4 UN 
|= 
re 
a | 
re 
c rci 


where 
1 0 0 0 


Here I is the 2-dimensional identity matrix, and e is given in (£8.49). Up to a similarity trans- 
formation, gp is a factorized duality (24-29). The element gp acts on Eg by (2:31) and 
gives 

gp(En) = Eyn. (4.8.20) 


Therefore, duality takes the modulus R to its inverse 1/ R. 


A particular consequence is that the R = 0 and R = oo boundary points correspond to the 
same CFT (to all orders in string perturbation theory). Therefore, the axial-vector duality of 
SU(2)/U(1) and SL(2, R)/U(1) is exact, and corresponds in string theory to a spontaneously 
broken gauge symmetry of some underlying string gauge algebra} 


4.8.2 JJ Deformations and Duality as a Gauge Symmetry for General Groups 


Here we describe JJ deformations of general WZNW models. These conformal perturbations are 
related to O(d, d, R) transformations [[68, [[97 [39]. We start with a particular parametrization 
of a WZNW model on a group G. The group G can be semisimple. We explicitly indicate one of 
the levels k, while the others are hidden in the action. The relevant level is the one corresponding 
to the simple component of the group whose Cartan we are deforming. We parametrize g € G 
as follows: we chose an element in the Cartan sub-algebra, say Tt, and write it as 


g = ei T h(x), (4.8.21) 


where h € G is independent of 0,05. Now, by using the Polyakov-Wiegman formula for 
the WZNW action one finds (see for example [[9d, [9]) 


Slx*, 01, 02] = S1 + Sa + Sx], (4.8.22) 


40The o-models along the R < 1 half line can be obtained as the backgrounds of the axially gauged 
SU(2) x U(1)/U(1)aiag cosets, while the R > 1 backgrounds can be obtained by the vectorially gauged 
SU(2) x U(1)/U(1)aiag cosets Eg. The R — 1/R duality relates these axial cosets to their vector partners, 
and therefore, it is an axial-vector duality along the full R-modulus, and in particular at its boundaries. 
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k - " - - - 
$ = 5- / d?z (00,001 + 06580, + 2:(7)00300; +P) (x) Ox, + T2(z)005027) , — (4.8.23) 
S - Ë feao 80, — 00,802) (4.8.24) 
a on 2 1 1 2/5 +O. 


z 1 
S[z] = £ fez l'a (z)02*02^ — LE do RO. (4.8.25) 


where a = 1, ..., D—2, D = dim G, and ¢ is a constant dilaton. The backgrounds X(z), I! (z), T(z) 
and l'(z) are independent of the coordinates 01, 05, and therefore, ([E.8:22)- (3-23) is of the form 
(E27) with i,j = 1 (up to an overall k factor). With the coordinates 0 and 6 defined in (E34, 
[.8:3), the action becomes 


90 
TE dus Pana BR ay nó Lf ge bp nO 
Siz, 6, 6] = = fa (00, 06, Ox) | oT ao |- = fa zdoRO, (4.8.26) 
On 
Here we have organized the background fields into a D x D background matrix with four blocks 
E, Ft, F? and F. The 2 x 2 background block E, the (D — 2) x 2 block FZ, the 2 x (D — 2) 
block F}, and the (D — 2) x (D — 2) block Fa are given by 


i dex VI 

2 k b 

E T EE Rr P (8) | (4.8.27) 
da ior, Ta) Pat 


The action (£8.26) is manifestly invariant under the U(1)z x U(1)g affine symmetry gener- 
ated by the chiral current J and the anti-chiral current J given by 


-(1 — 286 + (1+ X)86 + Pde") , 
J= g (a — X)80 + (1 + X)00 + T28a^ (4.8.28) 


In addition, there are extra D — 1 chiral currents and D — 1 anti-chiral currents, completing the 
affine Gr, x Gr symmetry of the WZNW model] 


We now deform the action (£8.29) with the conformal perturbation JJ, where J and J are 
given in (823). The JJ deformation is equivalent to the action of g € O(2,2, R) transfor- 
mations on the background matrices E, Ft, F?, F. The action of g in (2:20) on E is given 

^! Actually, one can bring the background in (1:8:22)- (£8.25) into the form of eq. with i,j = 


1,...,7 = rankG (up to an overall k factor). This can be done by explicitly parametrizing the Cartan torus 
dependence of the WZNW model as 


g= eae oiT p (e? Ds OLT’ 


, 


where (T"|i = 1, ...,r) is a basis in the Cartan sub-algebra, Tr(T*^T7) = 77, and h € G is independent of 01, 03. 
In this form the r chiral currents and r anti-chiral currents corresponding to the left-handed and right-handed 
Cartan tori are manifest. 
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by ([.2.3]]. Here we need also the action of g on the background blocks Ft, F?, F given in eq. 
E230 [LT]: 
g(F")- F'(cE--d)*, — g(F?) = (a— E'c)F?, 
g(F) = F — F! (cE 4 d) !cF*, (4.8.29) 


where a, c, d are defined in (2:20), and E' is given in (:2:3]]. 


The modulus line of JJ conformal perturbations is generated by acting on the background 


(£8.27) with the one-parameter family of O(2, 2, R), ga, given in (£377). Using eqs. 2:31] 
one finds 


94 (5) = Eno), (4.8.30) 

ts) = Fie) = RIT AR) (4.8.31) 
ol) = Fra) = T | a ) (4.8.32) 
 ga(F) = Fro =T + es a= ^ mer 


where Hz and R(a) are given in (£8.9, £8.10). 


The constant dilaton ¢9 in the WZNW background (1.8.25) transforms under ga by eq. 
(I.S:T]]). For more details see sections 4.2, 4.3. 


From eqs. 8-9, [8:31] £8.39, we see that, up to an overall k factor, the backgrounds 
are parametrized by a positive real number R? = (1+ktana)?. As for the SU(2) case, the 


parameter R can be interpreted, geometrically, as the radius of the corresponding circle in the 
deformed Cartan torus. 


As for the SU(2) or SL(2, R) cases, the whole Cartan subalgebra survives along the defor- 
mation. One can find that the explicit form of the (R-dependent) chiral and anti-chiral currents 
we perturb with is " 

—(1 — 3)80 + (1 + X)800 + TlOz* 
14+4+ R2(1-%) 
: 1 — X)80 + (1 + X)80 + T202* 
ju = p CD20 + (1 + 2) + TB 
1+2 +R- E) 
and it can be verified that eq. (£8.17) is still validP] 


42 The deformation described here is true for any background with a chiral current and an anti-chiral current; 
it is only for the purpose of discussing gauge symmetries that we assume that a special point on the modulus 
line (in our notation R = 1) is a WZNW model. 


J(R)=k (4.8.34) 


(4.8.35) 
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We are now ready to discuss target space duality in the R-line of conformal deformations. 
Remarkably, the action of the O(2,2,Z) element gp (given in eq. (&8.19)) on the backgrounds 
E, F!, F?, F in eq. (£8.27), gives a simple transformation of the modulus parameter R. By 
straightforward calculations, using the transformations given in (E231, (£8.29), one finds that 


Eg FR Eyr Fig 
— : 4.8.36 
»(( FR Fr )) Es Fyn ( ) 
Therefore, duality relates the c-model background at the modulus point R with the background 
at the modulus parameter 1/R. 


It is now easy to generalize the consequences described for the SU(2) and SL(2, R) cases in 
subsection 4.8.1. At the fixed point R = 1 the CFT has an enhanced affine symmetry Gg x Gr: 
it is the original WZNW model. Infinitesimally around the enhanced symmetry point, duality 
corresponds to the transformation œ — —a. This transformation can be achieved by a Weyl 
rotation in Gz (or Gg) that reflects J — —J (or J — —J). Duality is related to a Weyl 
reflection and is, therefore, a spontaneously broken gauge symmetry in the gauge algebra of the 
associated string theory. 


The duality transformation interchanges R with 1/R and, in particular, identifies the two 
boundaries at R = 0 and R = oo. Let us show that these boundaries correspond, respectively, 
to the direct product of the cosets G/U(1), and G/U(1), with a free, non-compact scalar field. 


At R=0 (a = tan! (-£)) the background matrix is 


iy i-m 
Epo = | pes 1) = E o) mod © — shift, 


-1 0 0 
Fig = (1+ E) T C1,0) Fa -oexer 5), 
1 
Fræ = DLl- pit +E) TT’. (4.8.37) 


This background corresponds, as shown in section 4.2 46, [1], to the direct product of the 
axially gauged coset G/U(1), and a free scalar field in the compactification-radius limit r — 0. 


At R= oo (a = 7/2) the background matrix is 


0 0 1 z 
ER=00 = ( 0 H ) > Fræ» = P+ PIS =), 
1-5 


FL_., = (1-510, 1), Foa-ü-xypi | : (4.8.38) 


This background corresponds to the direct product of the vectorially gauged coset G/U(1), and 
a free scalar field at r — 0 (see section 4.2). 


Therefore, we have obtained that axial-vector duality is exact in general, since the end-points 
are equivalent theories, analogously to the SU(2) and SL(2, R) cases. 
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4.9 Topology Change and Duality in String Theory 


In this section we discuss topology change in string theory and its relation with target space 
duality. This issue will be addressed in particularly simple examples. Here we present models 
in which connected paths in moduli space exist along which the topology of the background 
metric changes. It would be interesting to construct a CFT corresponding to a time dependent 
background, where topology change occurs as a dynamical process. 


The simplest example of topology change in string theory is observed in the moduli space of 
c = 1 backgrounds in figure 3.A. At the point where the circle compactification line meets the 
orbicircle line — the orbicircle self-dual point R, = 1 — the topology may change from a circle to 
a segment. Moreover, at the SU(2) enhanced symmetry point — the circle self-dual point Re = 1 
— the c-model description of the CFT can be given either in terms of a circle or, alternatively, 
in terms of the three-dimensional sphere background of the SU(2); WZNW model. In these 
examples one may connect semiclassical (i.e. large) backgrounds of different topology. However, 
the actual topology change occurs due to “stringy schizophrenia” of backgrounds at the Planck 
scale: in some instances the string cannot perceive in which world it lives. 


Let us now discuss examples where topology change occurs through a different mechanism. 
Namely, a single background is associated to each point of the connected path in the moduli 
space: no doubling of the kind described above is invoked, rather, the topology changes when 
classical curvature singularities arise. We will describe the geometry along the R-line of section 
4.8 and a topology change in the extended moduli space of SU(2) or SL(2, R) [39]. Moreover, 
we will show that there is a topology change in the moduli space of the cosmological string 
solutions discussed in section 4.8. 


We present at first the description of the target space geometry along the R-line of marginal 
deformations of the SU(2) WZNW model. The o-model metric of the deformed SU(2) ([.8.9] 
(in the coordinates 0, 6, x) is given by 


ELM 0 0 
2 
GUR) e & 0 oon 0]. (4.9.1) 
0 0 1 


The scalar curvature R is 
22—5R? + 2(R* — 1)sin?z 


R-2 — a 4.9.2 
k (1+ (E? — 1)sin?z)? iu 
The manifold is regular except at the end-points, where 
Bede. eade ct (4.9.3) 
| ^ —  keos?z ' -O09/ 7 esi = 


At R = 1 we get the constant curvature of S?, R = 6/k. The metric G(R) has no conical 
singularities along the R-line. 
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Let us note that the geometrical data (metric, curvature, etc.) are invariant under the 
R — 1/R duality, together with the coordinate transformation z — 7/2 — x. In particular, the 
volume of the manifold as a function of R, 

R logR 
“RE-I 
is duality invariant: V (R) = V(1/R). The volume vanishes only at the boundaries of moduli 


V(R) 


(4.9.4) 


space, namely, at R = 0, œo. 


Along the 0 < R < oo deformations line of the SU(2) WZNW o-model, the topology of the 
background space is of the three sphere. However, at the boundaries (R = 0, oo), the topology 
is changed to that of a product of a two-disc (corresponding to the SU(2)/U(1) conformal 
background) with a circle whose radius shrinks to 0. 


For SL(2, R), the trigonometric functions in (#.9.J) are replaced by the corresponding hy- 
perbolic functions. Here the manifold has a curvature singularity for 0 < R < 1; similar remarks 
apply to its Euclidean version, the 3-d hyperboloid. The background at the boundary is the 
direct product of a degenerated circle and a semi-infinite “cigar” (at R — oo) with the topology 
of the disk, or the infinite “trumpet” (at R — 0) with the topology of a cylinder; these corre- 
spond to the dual pair of the 2-d Euclidean black-hole backgrounds (see section 4.5 and figure 
1.F). 


A topology change at the boundary of moduli space is not surprising. However, the R-line of 
deformations is not the full story in the moduli space of G WZNW o-models. Indeed, any con- 
formal o-model with d Abelian symmetries can be transformed to new conformal backgrounds 
by O(d, d, R) rotations (see section 4.3)P] In this larger moduli space of o-models, there are 
other interesting deformation lines, along which the topology might change. 


For example, in the moduli space of the SU(2) WZNW o-model, there is a one-parameter 
family of O(2, 2, R) rotations 


eA T) oe 


(e, C(a), S(a) are given in (:8:8)), that generate the backgrounds 


Jal E) = £ | Es i it Ji (4.9.6) 
where 
X = 0827, A = cos? a(1 + X) + (cosa + ksin a)? (1 — X) , 
B = Z sin(2a) — [estan + E sin(20) (1-x)+A. (4.9.7) 


Recall that in the bosonic string, the O(d, d, R) rotations give only the leading order in a’ of the conformal 
backgrounds, but there exist higher order corrections that make them exact | Za [27 EBJ. 
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The dilaton transforms by eq. (:8.TT). 


The (a-dependent) metric is given by the line element 


2k ~ 
ds*(a) = Ala) [sin? zd0? + cos? zd0?] + kdz?, 
A(a) = 2cos'acos^z + 2(cosa + ksin a)? sin? z. (4.9.8) 


At the point a = 0 the background includes a metric of the SU(2), group manifold S? (as well 
as an antisymmetric background). Along the line 0 < a < 7/2 the background includes the 
metric (9.3) with the topology of S? (as well as an antisymmetric background and a dilaton 
field). At the point a = 7/2 the background metric is 


1 ~ 
ds’ (a = 1/2) = r + Z cot? zd0? + kdz?. (4.9.9) 


At this point the manifold has a topology of Də x St where D» is a two-disc and Si, isa 
circle with radius r? = 1/k. One may continue to deform this theory by, for example, changing 
the compactification radius r of the free scalar field 0. 


It is remarkable that (for integer k) the neighborhood of the point a = 7/2 is mapped to the 
neighborhood of the point a = 0 by an element of O(2, 2, Z) 246, [7], B03], namely, by a target 
space generalized duality. Therefore, a region in the moduli space, where a topology change 
occurs, is mapped to a region where there is no topology change at all. A similar phenomenon 
happens for more complicated examples in the moduli space of Calabi-Yau compactifications 


[3 BS. 


At this point, le& us make two comments: 


(a) The o-models along the a-line (9.3) have conical singularities. Therefore, to make sense 
of the CFTs along the a—line one should understand CFTs corresponding to backgrounds with 
(non-orbifold) conical singularities. 


(b) After the topology is changed at a = 7/2, one cannot get rid of the curvature singularity 
encountered at that point simply by deforming the compactification radius of the free scalar 
field 0. 


To cure both problems, one should look at the moduli space of WZNW o-models in higher 


dimensions. 


Indeed, an even more interesting example of topology change occurs in the moduli space of 
the SU(2) x SL(2, R) WZNW model. Here one can follow deformation lines along which there is 
no scalar curvature singularity, except at the point where the topology is changed. Explicitly, one 
first deforms SU (2) x SL(2, R) to the background of the coset E x c x u(1)| xU(1Y, 
where the background of the coset in the brackets is given in (£7.14) together with (7.8), and 
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with a = b = c = 0. Now, one can rotate the background by O(3, 3, R) transformations into the 
backgrounds (7.14) with a, b, c simultaneously non-zero. The resulting backgrounds correspond 
to the product of cosmological solutions in the presence of a gauge field (4.7.14) times the circle 
U(1)'. As shown in section 4.7 [T2], these backgrounds have no scalar curvature singularities. 


Finally, and as before, the point a — b — c — 0 is related by O(3,3, Z) target space dualities 
to points a,b,c € Z (see the end of section 4.7) where no topology change occurs. 
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5 Worldsheet /Target-Space Duality 


A classical action describing the propagation of an extended object of dimension d in a space- 
time of dimension D is described classically by a d-dimensional world-manifold field theory, 
with D target space coordinates. For strings, the d = 2 worldsheet theory can actually be 
quantized. In this section we present some mathematical identities. They are intriguing as they 
may suggest that the target space and the worldsheet are actually part of a larger structure. 


In the following it is shown [[40] that there exist relations between pairs (X, T), where X 
denotes the worldsheet and T denotes the target space. It is shown that in some cases the 
"classical F] part of the partition function describing pairs (X, T) is related to the classical 
part of the pair (T, X), where the worldsheet and target space are interchanged. Most of the 
discussion in this section deals with the bosonic string. The classical part of the pairs (X, T) and 
(T, X) is manifestly identical if the following conditions are satisfied. Either the target space is 
“almost complex” or the period matrix 7 describing the Riemann surface is “real.” The terms 
“almost complex” and “real” in this context will be defined below. This symmetry relates the 
dimension of the target space of a string theory to the order of interaction, namely, the genus of 
the worldsheet Riemann surface. Duality relations between spaces of different dimensions were 
discussed and utilized in the study of statistical mechanics systems H. 


Here we present the mathematical identities in an attempt to learn about the symmetries 
of string theories. We first consider toroidal bosonic compactifications. As an immediate con- 
sequence of the identities, we will prove that Sp(2d, Z) C O(2d,2d, Z) is a symmetry of the 
genus-g partition functions for almost complex toroidal backgrounds in 2d dimensions. More- 
over, we will prove that O(d, d, Z) C Sp(4d, Z) is a symmetry of the genus-g partition functions 
with real period matrices and any d-dimensional flat target space. A proof that O(d, d, Z) is a 
symmetry to all orders and for any Riemann surface is needed in order to show that O(d, d, Z) 
is a symmetry valid to all orders in string perturbation theory. This proof can be obtained by 
combining the methods described in section 2 with the results of this section. 


5.1 Worldsheet /Target-Space Duality for Toroidal Bosonic Compact- 
ifications 


Let E = G + B be a 2d x 2d background matrix (see section 2) [40] of the form 


z-| cM: ) (5.1.1) 


—01 O02 


^n this section “classical” refers to the partition function corresponding to the zero-mode Hamiltonian in 


eq. BAID. 
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where gı and o» are real, symmetric d x d matrices, and o» is positive definite. The metric G 
and antisymmetric background B are, therefore, 


=. 02 0 _ 0 O71 
e-(5 M s-( 5. 3 (5.1.2) 
Denote by J, the n-dimensional identity matrix, and by J, the standard 2n-dimensional anti- 
symmetric matrix, 


-Tih TN 
In = | EN ) Jd (5.1.3) 


and define the complex d x d matrix o : 
o = 94 + i02. (5.1.4) 


The specific form (6.T-]]) of E means that the target space is “almost complex” in the sense 
that E = —iø, i.e. : 
G = (RE) 8 I5, B=(-SE)® J. (5.1.5) 


In the loop expansion of string theory one sums over all mappings from a genus-g Riemann 
surface »5, to the target space T4. In a canonical basis of cycles, a;, bj, where i = 1,...,g (see 
section 2.3 and figure 2.A), the Riemann surface is described by the period matrix 7 = 71 + i73. 
The g x g matrices 7, and 7» are real and symmetric, and 7» is positive definite. The classical 
piece of the multi-loop path integral will be denoted by Z,iass(7, T). In what follows it is observed 


[4g that 


ZI dass Lor Tj — Vien t. 0), (5.1.6) 


namely, the classical piece of the mapping from a Riemann surface X,(T) to a target space 
T?*(g) is equivalent to the mapping from a Riemann surface X4(c) to a target space T?9(7) Fy 


The result (B.1.4) can be useful in proving the invariance of genus-g partition functions under 
generalized target space duality. Notice that there is an isomorphism between Sp(2g, Z) (the 
group of modular transformations of the Riemann surface) generated by [32] 


T : T—T+b, b symmetric, integral, 
S : r— —l/r, 
A: r— m'rm, m € GL(g, Z), (5.1.7) 


and the symmetry transformations on the target space moduli generated by 


T : o—oc-cb, b symmetric, integral, 
S : og — —l/o, 
A : c — m'am, m € GL(d, Z). (5.1.8) 


45 This result was observed first in the d = 1, g = 1 case 1 62. In this case it can be generalized to a 
triality while reintroducing the target space complex structure. 
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As discussed in section 2, invariance under 7" reflects the fact that the B terms serve as two 
dimensional theta parameters. Invariance under S" is the inversion duality symmetry of the 
closed string with 2d compactified dimensions. The action A’ on the background oc is equivalent 
to a change of the basis of the lattice defining the target space torus. There is, therefore, 
an intriguing connection between target space duality and worldsheet modular invariance. The 
duality symmetry E — 1/E @439) (c — —1/c) is a simple consequence of the symmetry 
T «c. In fact, this is a way to prove that inversion duality is an exact symmetry to all orders 
in loop expansion. Moreover, it also follows that the subgroup Sp(2d, Z) C O(2d, 2d, Z) is a 
symmetry to all orders in loop expansion, for almost complex toroidal backgrounds. A proof 
that O(d, d, Z) is a symmetry to all orders, and for any toroidal backgrounds, is straightforward. 


To prove eq. (D.T:d) we work in the notation of section 2. The closed bosonic string action 
for the compactified dimensions (setting the dilaton to zero, for the time being) is 


1 
S=7 / Ba (V hh"  G,,0, X"0s X" + *? B,,0, X"Og X"), (5.1.9) 


where a, 3 = 0,1; u,v = 1,...,2d; 09,01 are the world-sheet parameters; h°? is the worldsheet 
metric; h = det hag; e is the standard 2-dimensional antisymmetric tensor. Here, the compact 
space is a 2d-dimensional torus 7?7 = R74/mA?4, the lattice A?? is spanned by the basis (e^ | i = 
1,...,2d}. Thus X" is identified with X^ + mnte}, where nt are integers. Let us define the 
constant metric G;; and the constant antisymmetric tensor B;; by 


Guy = 2Gi;(e*) (e/*),, 
Bw = 2B gle") fey, (5.1.10) 


where {e* | i = 1,...,2d) is the basis dual to {e;}. In the orthonormal gauge, hag = e? 96,5, 
the action may be written as 
1 pee 
pec J &xEsox'àx?, (5.1.11) 
T 
where E = G + B; X' = X"(e'*),. This action depends on the period matrix 7 through the 
complex structure, used to define z and z. 


The classical piece of the genus-g partition function gives a contribution H, B. [39, 
Zeclass(G, B, T) = (det G)2 5 exp{—m[n'*(Tz ) Gn?" 
m^ (rs + TiTa ri)ayGijm" 


—2m" (rur; Jaaa + 2in^ Bim}, (5.1.12) 


where a,b = 1,...,g; n and m are 2dg-dimensional vectors with integer components. (This 
is a generalization of the result presented for circle compactifications in section 2.3). The 
normalization is such that Zeass = Tr(exp(—7T2H + iri P)) in the one-loop case (g = 1) (H is 
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the Hamiltonian and P is the worldsheet momentum). In the path integral formulation at one 
loop, one gets (det G)'/? by integrating the zero modes Xo: it is the volume of the target space. 


For G and B of the form (6.1.9) one gets 


Zaas(c,T) = (dete?) |^  exp(-m[niri ozn + nary Omna 
M1, M2,N1,N2 


=i =j 
+my1(T2 + TiTa T2)02M1 + Mo(T2 + T1734. 1)02ma 
—2m41,1; ‘oon — 2m37,T; Tone 


-F2in104113 = 2ingo4m]), (5.1.13) 


where n4, n3, M1, m» are dg-dimensional vectors of integer components. A Poisson resummation 
on 7n leads to 


Zetass(0,7) = (det 72)" 2. exp(—7 [kioz "ski + ko Toke 


m ,m2 kk» 
E =| 
+m4(02q + 0103 01)T9m4 + ma(a5 + 0105 01) T2Me2 
42m 10105 ‘Toke -— 2m0105 rok 


—2ikyrum, = 2ikyrim;]). (5.1.14) 
After the resummation the partition function can be written in a more compact form: 


Zaass(0, T) = (det T2)? 5 explin Pr. Pb = PTa P?])Y, (5.1.15) 


m,k 


where, as in (2.4.19), 
Pg—(k*'—m'E)e, Pr = (k° + m°E)e. (5.1.16) 


Identifying (kı, k2, M1, M2) in the sum (D.L.T4) with (n1, n2, =m, mi) in the sum (6-T-T3) we 


get the proof of (ETH: 
Zclass(0, T) = Z nasal fy a). 


We recall that eq. (D.I.0) is proved for any element 7 of the Siegel upper-half-space (the 
space of symmetric, complex g x g matrices with positive definite imaginary part). Not all of 
them correspond to period matrices of Riemann surfaces. The fact that eq. (6-1-4) is correct 
for any T suggests that there might be a physical meaning to the partition function of a flat 
target space for any 7. 


The target space structure in eq. (b.1.) is restricted to a background matrix of the form c 


(eq. EIJ and eq. (D.T:3)). However, one can work with a general d x d background E = G+B 
and a subset of the 2g-dimensional Siegel upper-half-space of the form 


du gE NES: 
n=( 0 n n= ( Sy 0 ) (5.1.17) 
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where T5 is a g x g positive definite symmetric matrix and Tj is a g x g antisymmetric matrix. 
This subset generates a space isomorphic to O(g, g, R)/(O(g, R) x O(g, R)). In this case, 7 +772 
is equal to J & (Tz + T), where J is the complex structure (J? = 1). The matrix (T5 + T1) is 
real and in this sense 7 is “real.” Defining T = T5 + T1, one finds 


Zalass E, T) = Zelass(T, E), (5.1.18) 


namely, the classical partition function of a flat background described by E, and a period 
matrix T described by T, is the same as that of a background described by T on a Riemann 
surface described by E. The subgroup of the genus-2g modular group that keeps 7 real is 
O(g,g, 4) C Sp(Ag, Z). Therefore, as an immediate consequence of (D.T.TS), we get that the 
target space duality group, O(d, d, Z), is a symmetry to all orders, when the period matrices 


are real. 


If the target space is “almost-complex” and the period matrix is “real” then there is a triality 
relation 
Zauasl Eg, aa) = Zelass( E24, Tag) = Zclass( Eag, Ta), (5.1.19) 
where 7, and E, stand for the relevant a x a period matrix and the b x b background matrix, 
respectively. It is generalized to a multiality if the period matrix and the background matrix 
have a higher “complex-real” structure. For example, let 


Ema = Y8 Lon, 
Tymg = it Im, (5.1.20) 


where y (t ) aredxd(g xq ) positive-definite symmetric matrices. Then there is a (m+n+1)- 
ality symmetry 


Z(t & Ip», y Q Di) = Z(Y Q Ign, t @ Ds) 
= Z(t Q Iom-i,^y Q Ign+1) = Z(Y Q Ion+2,t Q Igm-2) T aie (5.1.21) 


The reduction in the number of handles on the worldsheet gives birth to copies of the target 
space y, and vice versa. In case m = 1, n = 0 or m = 0, n = 1 we get the two possibilities of 
duality symmetry mentioned before (eqs. (6.1.4) and (D.L.T3)). If m =n = 1 then we get the 
triality symmetry of eq. (6.1.19). 


Additional observations on the target space - worldsheet coupling can be obtained by the 
following considerations. The exponent in equation (D.T.T2) can be written as 


(n — ?m)'r; !G(n — rm) + 2in'Bm = N'(H4G +iH2B)N, (5.1.22) 


where we group the n and m into a column vector 


N- ( : (5.1.23) 


and the matrices Hı and Hə are defined to be 


= -1 
u T3 Ta Ti u 0 I 
H= | EU NU ) Hy = | MN ) (5.1.24) 
The complex matrix H = H, + iH; is the natural Hermitian form of the Jacobian torus [D32]. 
A Riemann surface with g handles is described by a g-dimensional complex torus (called the 


“Jacobian torus” ) 
J! =A, A= ZI 9T. (5.1.25) 


Here A is the lattice with vectors nR = n—Tm, where n, m are g-vectors with integer components. 
The Hermitian form 7575 rg (7p = n — Tm) is related to H as 


ART, Tr = NHN. (5.1.26) 


The vectors te (tT, = n 4 rm) are “equivalent” to the “momenta” Pg (Pr) of eq. (ETTO) 
(T is replaced by E and J stands for i). Changing 7 to o in eq. (6.1.24), Hı is nothing but 
the metric on the phase space Z = (X', P) of the compactified string theory [49] (PZT. 
Therefore, a close relation between a genus-g Riemann surface and a 2g-dimensional toroidal 
compactification is suggested. 


It is interesting to notice that the metric of the target space, G, "feels" the symmetric piece 
of the Jacobian torus Hermitian form, H,, while the antisymmetric background, B, “feels” only 
the antisymmetric piece, Hj. The constant dilaton background, 6, is coupled on the worldsheet 
to the two-dimensional scalar curvature R@). The 2-d integration of R®) leads to g — 1, where 
g is the genus. There exists a functional of $, leading to d — 2 (or d — 26 with the ghost 
sector); that is the beta function of the dilaton. The full set of constant parameters we are 
dealing with is (G, B, $, 71,73). The parameter ¢ is “neutral” under the exchange of E with 7. 
However, ó might transform to some ¢' in order to keep the overall factor correct (this is also 
true for the O(d, d, Z) duality group symmetry on target space in higher genus). Indeed, it is the 
transformation of the dilaton under duality in eq. ([L.2.37) which provides the correct factors. 
(For a detailed study of the transformation of the dilaton, we refer the reader to subsection 
4.2.4). 


Having pointed out similarities between the worldsheet and target space moduli, one can go 
a step further and attempt to view both as part of a larger space 21]. This can be approached 
by considering [2T] 24] the symmetries of the classical partition function of a string moving 
in a general background E on a worldsheet manifold described by 7. The classical partition 
function can be written as EZI]: 


VAR em E, T) = 


_ tot GIHAR T) G@(nm')+iBel m 
» exp | a cM Ger i 
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After performing a Poisson resummation it assumes the form 


Zelass( EF) = 
— t qt T2 (G — BGB) -n (BG!) -in gI T 
PE gu cc E T Q G-1 k " 


(5.1.28) 


Both matrices in the exponents of (D.T:27]) and (D.T:28) are symmetric, and their imaginary part 
is positive definite. As such, they are elements of the Siegel upper-half space of dimension 2dg. 
One can define a map 

E49 H, > Hoag, (5.1.29) 


where Ej is a d-dimensional background and H; is the one defined in eq. (D.T:24) for genus g. 
The map takes E and 7 into the matrix appearing in the exponent of (6-T-27). One already 
knows that the group O(d, d, Z) acts on E and the group Sp(2g, Z) acts on 7, and both groups are 
symmetries of the partition function. Under the embedding (6.1.29), both groups are mapped 
into some subgroups of Sp(4dg, Z), which is the modular group of Həag. This is the symmetry 
of the partition function. A generic element in Sp(Adg, Z) will mix E and r. However, only 
for the cases discussed above (such as when E represented an almost complex flat target space) 
one was able to identify an element of Sp(4dg, Z) which would cause the change Zasss(E,T) = 
Zelass(T, E). The importance of the role played by the Sp(4dg, Z) is still unclear. 


We have studied mathematical identities of the classical piece of the bosonic string partition 
functions. The formal interchange of the worldsheet with the target space does not apply in an 
obvious way to the quantum part of the partition function. If it so happens that a string theory 
contains only a finite number of target space particles, no worldsheet oscillators exist, and the 
mathematical identities may acquire some physical reality. In the next section we discuss one 
such case. 


5.2. Worldsheet /Target-Space Duality of N = 2 Strings 


Symplectic structures emerged in considering worldsheet /target-space duality in the case when 
the target space was flat. A similar structure was considered also in a case of non-flat back- 
grounds BAT]. The setting is a theory with local N = 2 worldsheet supersymmetry [[]. Gauge 
fixing in such theories leads to the following ghost systems: one associated with general coordi- 
nate invariance which contributes —26 units to the central charge c, two associated with the two 
local supersymmetries, contributing c — 22, and one associated with a U(1) gauge symmetry, 
contributing c — —2. All in all the matter system needs to contribute c — 6 to arrange for the 
cancellation of the total central charge. A system of four bosonic coordinates and four fermions 
has the required central charge. The reason that this four dimensional system has not been the 
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prime candidate for a string background is that N = 2 supersymmetry requires that the space 
has either a (4,0) or a (2,2) signature. 


In the (2,2) signature the model is still rather interesting. We will just state a few of its 
features. The target space spectrum of this model consists of only a single massless scalar 
particle. This particle is associated with a deformation of the Kahler structure of the target 
space. Furthermore, this model does not contain any oscillators: its partition function consists 
purely of what was called the classical part in the previous section. It is thus an interesting 
system for checking the physical realization of mathematical identities of the type discussed 
above. 


It is suggested DT] to consider as the target space of this model a Ricci-flat Kahler manifold 
constructed by associating to a given Riemann surface a 4-dimensional symplectic space, called 
“the cotangent bundle of the Riemann surface.” A cotangent space to a given manifold of 
dimension d is a 2d-dimensional space. The extra d-dimensional variables can be considered as 
the conjugate momenta to the original coordinates, with all the extra structure a phase space 
entails. The target space itself has also moduli; it has an equal number of complex-deformation 
moduli and Kahler-class moduli. Thus, structurewise, there appears a threefold similarity in the 
case the “target space genus” equals the genus g of the worldsheet. The similarity is between the 
given worldsheet moduli, the complex-structure moduli of the target space, and the Kahler-class 
moduli of the target space. For a genus-one case the partition function is known and is triality 
symmetric under interchanges among all three moduli. It is conjectured P4]] that the triality 
is a general property of the theory. 
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Table 1: Summary of Target Space Duality in Different Settings 


[The modulegencrating group C ] 
d-dim Zə is the 
toroidal oO P5xo(d F5 O(d, d, Z) &s Z2 worldsheet 
backgrounds parity 
D=4 
toroidal O(6, 22, soa O(6, 22, Z) Ds Z2 


heterotic 


D=4 M=KxQ untwisted 
Zn C SU(2) K-Káhler manifold sector 
orbifolds Q= quaternionic manifold 
N=2 


Z2 O(2,2, R) x O(4,4, R) sos x ode O(2,2, Z) x O(4,4, Z) D=4 
SUSY. 
0(2,2,R, 0(2,4,R, : 
Z3, Z4, Zo O(2, 2,R) x O(2,4, R) os C STHCOLIS O(2,2,Z) x O(2,4,Z) | Submoduli 
of T? x Ka 


2 ; O(2,2,R) O(4,20,R) : 
T^ x Ka O(2,2, R) x O(4, 20, R) SCR OGI * ou, B) xoQ0, Eo O(2,2, Z) x O(4,20, Z) conjectured 


Zn C SU(3) untwisted 
orbifolds sector 
; N=1 


SU(3,3,R) 
SU(3, 3, R) U(1)x SU(3,R)x SU(3,R) SU(3,3, Z) 
D=A4 


SU(2,2,R) SU(1,1,R) 
SU(2,2, R) x SU(1,1, R) UOxSUQ HjxsUG.H) x a SU(2,2, 2) x SU(1,1, Z) SUSY. 


3 
Z7, Za, Z1 SU(1,1, R)? (2) SU(1,1,Z) Submoduli 
of CY 


SU(2,2,R) O(2,2,R) 
Za SU (2,2, R) x O(2,2,R) UGJxsUQ.H)xSUG,Rj x DER OGR SU (2,2, 2) x O(2, 2, Z) Spaces 


2 € 
Ze, Zg, Disp SU(1,1, R)? x O(2,2, R) (=) x sos SU(1,1, Z) x O(2, 2, Z) 


Calabi- Yau it does not exist in general special Kähler manifold, mirror symmetry and 
spaces M = Maa) x May; monodromy group, 
unknown in general unknown in general 


Curved axial-vector 
backgrounds olaa R) O(d, d, Z) duality 
with U(1)2 is in Ga 
symmetries O(d,R)diag CH C O(d, R) x O(d, R) 


137 


References 


[1] 


17 


M. Ademollo, L. Brink, A. D’ Adda, R. D’ Auria, E. Napolitano, S. Sciuto, E. Del 
Giudice, P. Di Vecchia, S. Ferrara, F. Gliozzi, R. Musto, R. Pettorino and J.H. 
Schwarz, Nucl. Phys. B111 (1976) 77. 


A. Ali and A. Kumar, Mod. Phys. Lett. A8 (1993) 2045. 
D. Altschuler, K. Bardakci and E. Rabinovici, Comm. Math. Phys. 118 (1988) 241. 


E. Alvarez, L. Alvarez-Gaumé, J.L.F. Barbon and Y. Lozano, preprint CERN- 
TH.6991/93, bep-th/9309039. 


E. Alvarez and M.A.R. Osorio, Phys. Rev. D40 (1989) 1150. 


L. Alvarez-Gaumé, J.B. Bost, G. Moore, P. Nelson and C. Vafa, Comm. Math. 
Phys. 112 (1987) 503. 


L. Alvarez-Gaumé, C. Gomez and C. Reina, Phys. Lett. B190 (1987) 55. 

L. Alvarez-Gaumé, G. Moore and C. Vafa, Comm. Math. Phys. 106 (1986) 1. 
D.J. Amit, S. Elitzur, E. Rabinovici and R. Savit, Nucl. Phys. B210 (1982) 69. 
I. Antoniadis, C.P. Bachas and C. Kounnas, Nucl. Phys. B289 (1987) 87. 


I. Antoniadis and C. Kounnas, Phys. Lett. B261 (1991) 369. 


| T. Appelquist, A. Chodos and P.G.O. Freund Eds. Modern Kaluza Klein Theories 


(Addison-Wesley, Reading, MA, USA, 1987). 

P.S. Aspinwall, B.R. Greene and D. Morrison, Phys. Lett. B303 (1993) 249. 
P.S. Aspinwall, A. Lütken and G.G. Ross, Phys. Lett. B241 (1990) 373. 
J.J. Atick and E. Witten, Nucl. Phys. B310 (1988) 291. 

J. Bagger and E. Witten, Nucl. Phys. B222 (1983) 1. 


D. Bailin, A. Love, W.A. Sabra and S. Thomas, preprint QMW-TH-93-21, bep] 


18 


19 


20 


T. Banks, M. Dine, H. Dijkstra and W. Fischler, Phys. Lett. B212 (1988) 45. 
T. Banks, T. Horn and H. Neuberger, Nucl. Phys. B108 (1976) 119. 


K. Bardakci, M. Crescimanno and E. Rabinovici, Nucl. Phys. B344 (1990) 344. 


138 


21 


22 


23 


24 


25 


26 


27 


28 


29 


[30] 


31 
32 
33 
34 
35 
36 
37 


38 


[39] 


[40] 


K. Bardakci and M.B. Halpern, Phys. Rev. D3 (1971) 2493. 

K. Bardakci, E. Rabinovici, and B. Sáring, Nucl. Phys. B299 (1988) 151. 
I. Bars, preprint USC-91HEP-B3, 1991. 

I. Bars and K. Sfetsos, Mod. Phys. Lett. A7 (1992) 1091. 

F. Bastianelli and P. van Nieuwenhuizen, Phys. Rev. Lett. 63 (1989) 63. 


A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B241 (1984) 
333. 


E. Bergshoeff, M. de Roo, B. de Wit and P. van Nieuwenhuizen, Nucl. Phys. B195 
(1982) 97. 


E. Bergshoeff, I.G. Koh and E. Sezgin, Phys. Lett. B155 (1985) 71. 


M. Bershadsky and I. Klebanov, Phys. Rev. Lett. 65 (1990) 3088; Nucl. Phys. B360 
(1991) 559. 


P. Binetruy and M.K. Gaillard, Phys. Lett. B232 (1989) 83; Nucl. Phys. B358 
(1991) 121; Phys. Lett. B253 (1991) 119. 


W. Boucher, D. Friedan and A. Kent, Phys. Lett. B172 (1986) 316. 

R. Brandenberger and C. Vafa, Nucl. Phys. B316 (1989) 301. 

T. Buscher, Phys. Lett. B159 (1985) 127. 

T. Buscher, Phys. Lett. B194 (1987) 59. 

T. Buscher, Phys. Lett. B201 (1988) 466. 

T. Buscher, Ph.D. Thesis, SUNY at Stony Brook, May 1988, unpublished. 
A.C. Cadavid and S. Ferrara, Phys. Lett. B267 (1991) 193. 


E. Calabi, in Algebraic Geometry and Topology: A Symposium in Honor of S. 
Lefshetz (Princeton University Press, Princeton, NJ, 1955) p. 78; S.T. Yau, Proc. 
Nat. Acad. Sci. 74 (1977) 1798. 


C.G. Callan, D. Friedan, E.J. Martinec and M.J. Perry, Nucl. Phys. B262 (1985) 
593. 


P. Candelas and X.C. de la Ossa, Nucl. Phys. B355 (1991) 455. 


139 


[41] P. Candelas, X.C. de la Ossa, P.S. Green and L. Parkes, Nucl. Phys. B359 (1991) 


21. 


[42] P. Candelas, G. Horowitz, A. Strominger and E. Witten, Nucl. Phys. B258 (1985) 


43 


44 


45 


46 


47 


48 


49 


50 


51 


[92] 


[93] 


54 
95 
56 
57 
58 


59 


[60] 


[61] 


46. 

L. Caneschi, Phys. Lett. B228 (1989) 332. 

J. Cardy, Nucl. Phys. B205 (1982) 17. 

J. Cardy and E. Rabinovici, Nucl. Phys. B205 (1982) 1. 

B. Carlos, J. Casas and C. Muños, Phys. Lett. B263 (1991) 248. 


L. Castellani, A. Ceresole, R. D' Auria, S. Ferrara, P. Fré and E. Maina, Phys. 
Lett. B161 (1985) 91. 


S. Cecotti, Comm. Math. Phys. 131 (1990) 517. 
S. Cecotti, Int. J. Mod. Phys. A6 (1991) 1749; Nucl. Phys. B355 (1991) 755. 
S. Cecotti, S. Ferrara, L. Girardello, Nucl. Phys. B308 (1988) 436. 


S. Cecotti, S. Ferrara, L. Girardello, M. Porrati and A. Pasquinucci, Int. J. Mod. 
Phys. A3 (1988) 1675. 


S. Cecotti and C. Vafa, Nucl. Phys. B367 (1991) 359. 


A. Ceresole, R. D' Auria, S. Ferrara, W. Lerche and D. List, Int. J. Mod. Phys. 
A8 (1993) 79. 


A.H. Chamseddine, Phys. Rev. D24 (1981) 3067, Nucl. Phys. B185 (1981) 403. 
G.F. Chapline and N.S. Manton, Phys. Lett. B120 (1983) 105. 

S. Chaudhuri and J.A. Schwartz, Phys. Lett. B219 (1989) 291. 

E.J. Chun, J. Mas, J. Lauer and H.P. Nilles, Phys. Lett. B226 (1989) 251. 

E.J. Chun, J. Mas, J. Lauer and H.P. Nilles, Phys. Lett. B233 (1989) 141. 


E. Cremmer, S. Ferrara, L. Girardello and A. Van Proeyen, Nucl. Phys. B212 
(1983) 413. 


E. Cremmer and B. Julia, Phys. Lett. B80 (1978) 48; Nucl. Phys. B159 (1979) 141. 


E. Cremmer, B. Julia, J. Scherk, P. van Nieuwenhuizen, S. Ferrara and L. Gi- 


rardello, Nucl. Phys. B147 (1979) 105. 


140 


[62] M. Crescimanno, Mod. Phys. Lett. A7 (1992) 489. 


[63] M. Cvetié and R.L. Davis, Phys. Lett. B296 (1992) 316. 


[64] M. Cvetié, A. Font, L. Ibáñez, D. Lüst and F. Quevedo, Nucl. Phys. B361 (1991) 


65 


66 


67 


68 


69 


70 


71 


72 


73 


[74] 
[75] 


[76] 


TT 
78 
79 


80 


8l 


[82] 


[83] 


194. 
M. Cvetié, J. Louis and B.A. Ovrut, Phys. Lett. B206 (1988) 227. 
M. Cvetié, J. Molera and B.A. Ovrut, Phys. Rev. D40 (1989) 1140. 


M. Cvetié, J. Molera and B.A. Ovrut, Phys. Lett. B248 (1990) 83. 


M. Cvetié, F. Quevedo and S-J. Rey, Phys. Rev. Lett. 67 (1991) 1836. 

J. Dai, R.G. Leigh and J. Polchinski, Mod. Phys. Lett. A4 (1989) 2073. 

R. D' Auria and S. Ferrara, preprint CERN-TH.6777/93, POLFIS-TH.24/93. 
S. deAlwis, J. Polchinski, and R. Schimmrigk, Phys. Lett. B218 (1989) 449. 
X.C. de la Ossa and F. Quevedo, Nucl. Phys. B403 (1993) 377. 


J.P. Derendinger, S. Ferrara, C. Kounnas and F. Zwirner, Phys. Lett. B271 (1991) 
307; Nucl. Phys. B372 (1992) 145. 


M. de Roo, Nucl. Phys. B255 (1985) 515; Phys. Lett. B156 (1985) 331. 
M. de Roo and P. Wagemans, Nucl. Phys. B262 (1985) 644. 


S. Deser, M. T. Grisaru, P. van Nieuwenhuizen and C.C. Wu, Phys. Lett. B58 (1975) 
355. 


B. de Wit, P.G. Lauwers and A. Van Proeyen, Nucl. Phys. B255 (1985) 569. 
B. de Wit and H. Nicolai, Nucl. Phys. B208 (1982) 323. 

B. de Wit and A. van Proeyen, Nucl. Phys. B245 (1984) 89. 

R. Dijkgraaf, E. Verlinde and H. Verlinde, Comm. Math. Phys. 115 (1988) 649. 


R. Dijkgraaf, E. Verlinde and H. Verlinde, in Perspectives in string theory, P. Di 
Vecchia and J.L. Petersen Eds. (World Scientific, Singapore, 1988). 


R. Dijkgraaf, E. Verlinde and H. Verlinde, Nucl. Phys. B348 (1991) 435; B352 
(1991) 59. 


R. Dijkgraaf, E. Verlinde and H. Verlinde, Nucl. Phys. B371 (1992) 269. 


141 


[84] M. Dine, P. Huet and N. Seiberg, Nucl. Phys. B322 (1989) 301. 


[85] M. Dine, R. Rohm, N. Seiberg and E. Witten, Phys. Lett. B156 (1985) 55. 


[86] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Nucl. Phys. B261 (1985) 46; B274 
(1986) 285. 


87 


88 


89 


90 


91 


92 


93 


94 


95 


96 


97 


98 


L.J. Dixon, V.S. Kaplunovsky and J. Louis, Nucl. Phys. B329 (1990) 27. 


L.J. Dixon, V.S. Kaplunovsky and J. Louis, Nucl. Phys. B355 (1991) 649. 


M.J. Duff, Nucl. Phys. B335 (1990) 610. 


M.J. Duff, B.E.W. Nilsson and C.N. Pope, Phys. Lett. B173 (1986) 69. 


M.J. Duff and P. van Nieuwenhuizen, Phys. Lett. B94 (1980) 179. 


S. 


S. 


J. 


J. 


Elitzur, A. Forge and E. Rabinovici, Nucl. Phys. B359 (1991) 581. 


Elitzur, A. Forge and E. Rabinovici, Nucl. Phys. B388 (1992) 131. 


. Elitzur, E. Gross, E. Rabinovici, and N. Seiberg, Nucl. Phys. B283 (1987) 413. 
. Erler, D. Jungnickel and J. Lauer Phys. Rev. D45 (1992) 3651. 


. Erler, D. Jungnickel, J. Lauer and J. Mas, Ann. Phys. 217 (1992) 318. 


Erler, D. Jungnickel and H.P. Nilles, Phys. Lett. B276 (1992) 303. 


Erler, D. Jungnickel, M. Spalinski and S. Stieberger, Nucl. Phys. B397 (1993) 


379. 


J. 


J. 


Erler and A. Klemm, Commun. Math. Phys. 153 (1993) 579. 


Erler and M. Spalinski, preprint MPI-PH-92-61, fhep-th/9208038. 


H.M. Farkas and I. Kra, Riemann Surfaces (Springer-Verlag, Berlin, Heidelberg, 
New York, NY, 1980). 


S. 


S. 


Ferrara, M. Bodner and A.C. Cadavid, Phys. Lett. B247 (1991) 25. 


Ferrara, P. Fré and P. Soriani, Class. Quant. Grav. 9 (1992) 1649. 


S. Ferrara, L. Girardello, C. Kounnas and M. Porrati, Phys. Lett. B194 (1987) 358. 


S. 


Ferrara, L. Girardello and H.P. Nilles, Phys. Lett. B125 (1983) 457. 


S. Ferrara, C. Kounnas, L. Girardello and M. Porrati, Phys. Lett. B192 (1987) 368. 


142 


107] S. Ferrara, C. Kounnas, D. Lüst and F. Zwirner, Nucl. Phys. B365 (1991) 431. 
108] S. Ferrara, C. Kounnas and M. Porrati, Phys. Lett. B181 (1986) 263. 
109] S. Ferrara, D. Lüst, A. Shapere and S. Theisen, Phys. Lett. B225 (1989) 363. 


110] S. Ferrara, D. Lüst and S. Theisen, Phys. Lett. B233 (1989) 147; Phys. Lett. B242 
(1990) 39. 


[111] S. Ferrara, N. Magnoli, T.R. Taylor and G. Veneziano, Phys. Lett. B245 (1990) 
409. 


112] S. Ferrara and M. Porrati, Phys. Lett. B216 (1989) 216. 

113] S. Ferrara, C.A. Savoy and B. Zumino, Phys. Lett. B100 (1981) 393. 

114] A. Font, L. Ibánez, D. Lüst and F. Quevedo, Phys. Lett. B245 (1990) 401. 
115] A. Font, L. Ibánez, D. Lüst and F. Quevedo, Phys. Lett. B249 (1990) 35 
116] E.S. Fradkin and A.A. Tseytlin, Ann. Phys. 162 (1985) 31. 

117] I.B. Frenkel and V.G. Kac, Inv. Math. 62 (1980) 23. 

118] B.E. Fridling and A. Jevicki, Phys. Lett. B134 (1984) 70. 

119] D. Friedan, E. Martinec and S. Shenker, Nucl. Phys. B271 (1986) 93. 

120] M.K. Gaillard and T.R. Taylor, Nucl. Phys. B381 (1992) 577. 

121] M.K. Gaillard and B. Zumino, Nucl. Phys. B193 (1981) 221. 

122] M. Gasperini, J. Maharana and G. Veneziano, Phys. Lett. B272 (1991) 277. 


123] M. Gasperini, J. Maharana and G. Veneziano, Phys. Lett. B296 (1992) 51. 


124] M. Gasperini, R. Ricci and G. Veneziano, preprint CERN-TH.6960/93, [hep] 


[125] M. Gasperini and G. Veneziano, Astropart. Phys. 1 (1993) 317. 
[126] S.J. Gates, C.M. Hull and M. Roéek, Nucl. Phys. B248 (1984) 157. 


[127] K. Gawedzki, in New Symmetry Principles in Quantum Field Theory Proceedings 
of the Cargese School, July 16-27, 1991. 


[128] K. Gawedzki and A. Kupianen, Phys. Lett. B215 (1988) 119; Nucl. Phys. B320 
(1989) 625. 


143 


129] D. Gepner, Nucl. Phys. B285 (1988) 732; B296 (1988) 757. 
130] D. Gepner and Z. Qiu, Nucl. Phys. B285 (1987) 423. 

131] P. Ginsparg, Phys. Lett. B197 (1987) 139. 

132] P. Ginsparg, Phys. Rev. D35 (1987) 648. 


133] P. Ginsparg, Nucl. Phys. B295 (1988) 153. 


134] P. Ginsparg, in Fields, strings and critical phenomena, Les Houches 1988, E. Brezin 
and J. Zinn-Justin Eds. (North Holland, Amsterdam, 1990). 


135] P. Ginsparg and F. Quevedo, Nucl. Phys. B385 (1992) 527. 


136] P. Ginsparg and C. Vafa, Nucl. Phys. B289 (1987) 414. 


137] A. Giveon, Mod. Phys. Lett. A6 (1991) 2843. 


138] A. Giveon, Nucl. Phys. B391 (1993) 229. 


139] A. Giveon and E. Kiritsis, preprint CERN-TH.6816/93, fhep-th/9303014. 


140] A. Giveon, N. Malkin and E. Rabinovici, Phys. Lett. B220 (1989) 551. 
141] A. Giveon, N. Malkin and E. Rabinovici, Phys. Lett. B238 (1990) 57. 


142] A. Giveon and A. Pasquinucci, Phys. Lett. B294 (1992) 162. 


143] A. Giveon and M. Porrati, Phys. Lett. B246 (1990) 54. 


145] A. Giveon, E. Rabinovici and A.A. Tseytlin, Nucl. Phys. B409 (1993) 339. 


146] A. Giveon, E. Rabinovici and G. Veneziano, Nucl. Phys. B322 (1989) 167. 
147] A. Giveon and M. Roéek, Nucl. Phys. B380 (1992) 128. 
148] A. Giveon and M. Roček, preprint ITP-SB-93-44, hep-th/9308154. 
149] A. Giveon and A. Shapere, Nucl. Phys. B386 (1992) 43. 
150] A. Giveon and D.-J. Smit, Nucl. Phys. B349 (1991) 168. 


151] A. Giveon and D.-J. Smit, Mod. Phys. Lett. A6 (1991) 2211. 


P 
P 
A 
A 
A 
A 
A 
A 
A 
144] A. Giveon and M. Porrati, Nucl. Phys. B355 (1991) 422. 
A 
A 
A 
A 
A 
A 
A 
A 


152] A. Giveon and D.-J. Smit, Int. J. Mod. Phys. A7 (1992) 973. 


144 


[153] F. Gliozzi, J. Scherk and D. Olive, Phys. Lett. B65 (1976) 282; Nucl. Phys. B122 


154 


155 


156 


157 


158 


159 


160 


161 


162 


163 


164 


165 


166 


167 


168 


169 


170 


171 


172 


173 


174 


175 


(1977) 253. 

P. Goddard, A. Kent and D. Olive, Phys. Lett. B152 (1985) 88. 

P. Goddard and D. Olive, Int. J. Mod. Phys. A1 (1986) 303. 

M.B. Green, Phys. Lett. B266 (1991) 325. 

M.B. Green, J.H. Schwarz, and L. Brink, Nucl. Phys. B198 (1982) 474. 


M.B. Green, J.H. Schwarz and E. Witten, Superstring theory (Cambridge Univ. 
Press, Cambridge, 1987). 


B.R. Greene and M.R. Plesser, Nucl. Phys. B338 (1990) 15. 
B.R. Greene, A. Shapere, C. Vafa and S.T. Yau, Nucl. Phys. B337 (1990) 1. 
B.R. Greene, C. Vafa and N.P. Warner, Nucl. Phys. B324 (1989) 371. 


D.J. Gross, J.A. Harvey, E. Martinec and R. Rohm, Phys. Rev. Lett. 54 (1985) 
502; Nucl. Phys. B256 (1985) 253. 


D.J. Gross and I. Klebanov, Nucl. Phys. B344 (1990) 475. 

E. Guadagnini, M. Martellini and M. Minchev, Phys. Lett. B191 (1987) 69. 
M.B. Halpern, Phys. Rev. D12 (1975) 1684. 

S.F. Hassan and A. Sen, Nucl. Phys. B375 (1992) 103. 

S.F. Hassan and A. Sen, Nucl. Phys. B405 (1993) 143. 

M. Henningson and C. Nappi, Phys. Rev. D48 (1993) 861. 

P. Horava, Nucl. Phys. B327 (1990) 461; Phys. Lett. B231 (1990) 251. 

P. Horava, Phys. Lett. B278 (1992) 101. 

P. Hořava, Phys. Lett. B289 (1992) 293. 

J.H. Horne and G. Horowitz, Nucl. Phys. B368 (1992) 444. 

J.H. Horne, G.T. Horowitz and A.R. Steif, Phys. Rev. Lett. 68 (1992) 568. 
G.T. Horowitz and D.L. Welch, Phys. Rev. Lett. 71 (1993) 328. 


P. Howe, A. Karlhede, U. Lindstróm and M. Roéek, Phys. Lett. B168 (1986) 89. 


145 


176 


177 


178 


179 


180 


181 


182 


183 


184 


185 


186 


187 


188 


189 


190 


191 


192 


193 


194 


195 


196 


197 


L. Ibanez, W. Lerche, D. Lüst, and S. Theisen, Nucl. Phys. B352 (1991) 435. 

L. Ibáñez and D. Lüst, Phys. Lett. B267 (1991) 51; Nucl. Phys. B382 (1992) 305. 
L. Ibánez and D. Lüst, Phys. Lett. B302 (1993) 38. 

N. Ishibashi, M. Li and A.R. Steif, Phys. Rev. Lett. 67 (1991) 3336. 


V. Kac, Infinite dimensional Lie algebras (2nd edition, Cambridge Univ. Press, 
Cambridge, 1985). 


S. Kalara, J.L. Lopez and D.V. Nanopoulos, Phys. Lett. B269 (1991) 84; Phys. 
Lett. B275 (1992) 304; Phys. Lett. B287 (1992) 82. 


T. Kaluza, Sitz. Preuss. Akad. Wiss. K1 (1921) 966. 

V. Kaplunovsky, Nucl. Phys. B307 (1988) 145. 

S.K. Kar, S.P. Khastgir and A. Kumar, Mod. Phys. Lett. A7 (1992) 1545. 

S.K. Kar, S.P. Khastgir and G. Sengupta, Phys. Rev. D47 (1993) 3643. 

D. Karabali, Q.-H. Park, H.J. Schnitzer and Z. Yang, Phys. Lett. B216 (1989) 307. 
D. Karabali and H.J. Schnitzer, Nucl. Phys. B329 (1990) 649. 


A. Karlhede, U. Lindstrom, M. Roéek and P. van Nieuwenhuizen, Phys. Lett. B186 
(1987) 96; Class. Quant. Grav. 4 (1987) 549. 


H. Kawai, D.C. Lewellen and S.-H.H. Tye, Phys. Rev. Lett. 57 (1986) 1832; Nucl. 
Phys. B288 (1987) 1. 


S.P. Khastgir and A. Kumar, Mod. Phys. Lett. A6 (1991) 3365. 

S.P. Khastgir and J. Maharana, preprint IP-BBSR-92-38, fhep-th/920601 74. 
S.P. Khastgir and J. Maharana, Phys. Lett. B301 (1993) 191. 

S.P. Khastgir and J. Maharana, Nucl. Phys. B406 (1993) 145. 

K. Kikkawa and M. Yamasaki, Phys. Lett. B149 (1984) 357. 

E.B. Kiritsis, Phys. Lett. B217 (1989) 427. 

E.B. Kiritsis, Mod. Phys. Lett. A6 (1991) 2871. 


E.B. Kiritsis, Nucl. Phys. B405 (1993) 109. 


146 


[198] E.B. Kiritsis, C. Kounnas and D. Lüst, preprint CERN-TH-6975-93, [hep] 
| th/9308124 


199 


200 


201 


202 


203 


204 


205 


206 


207 


208 


209 


210 


212 


213 


214 


215 


216 


217 


218 


219 


220 


221 


211] 


O. Klein, Z. Phys. 37 (1926) 895. 

C. Kliméik and A.A. Tseytlin, preprint CERN-TH.7069/93, hep-th/93110T2. 
Y. Kogan, JETP Lett. 45 (1987) 709. 

C. Kounnas and D. Lüst, Phys. Lett. B289 (1992) 56. 

C. Kounnas and B. Rostand, Nucl. Phys. B341 (1990) 641. 

T. Kugo and B. Zwiebach, Prog. Theor. Phys. 87 (1992) 801. 

A. Kumar, Phys. Lett. B293 (1992) 49. 

D. Kutasov and N. Seiberg, Nucl. Phys. B358 (1991) 600. 

J. Lauer, J. Mas and H.P. Nilles, Phys. Lett. B226 (1989) 251. 

J. Lauer, J. Mas and H.P. Nilles, Nucl. Phys. B351 (1991) 353. 

J. Lauer and R. Zucchini, Phys. Lett. B235 (1990) 268. 

A. LeClair, Nucl. Phys. B297 (1988) 603. 

A. LeClair, M. Peskin and C.H. Preischopf, Nucl. Phys. B317 (1989) 411, 464. 
W. Lerche, D. Lüst and N.P. Warner, Phys. Lett. B231 (1989) 417. 
W. Lerche, D.-J. Smit and N.P. Warner, Nucl. Phys. B372 (1992) 87. 
W. Lerche, C. Vafa and N.P. Warner, Nucl. Phys. B324 (1989) 427. 
U. Lindstróm and M. Roéek, Nucl. Phys. B222 (1983) 285. 

D. Lüst and C. Munoz, Phys. Lett. B279 (1992) 272. 

D. Lüst and T.R. Taylor, Phys. Lett. B253 (1991) 335. 

J. Maharana, Phys. Lett. B211 (1988) 431. 

J. Maharana and J.H. Schwarz, Nucl. Phys. B390 (1993) 3. 

J. Maharana and G. Veneziano, Phys. Lett. B169 (1986) 177. 


N. Malkin, Ph.D. Thesis, the Hebrew University, Jerusalem, October 1990, unpub- 
lished. 


147 


222 


223 


224 


225 


[226 


227 
228 
229 
230 
231 
232 


233 


234 


235 


236 


237 


238 


239 


240 


241 


G. Mandal, A.M. Sengupta and S.R. Wadia, Mod. Phys. Lett. A6 (1991) 1685. 
E. Martinec, Phys. Lett. B217 (1989) 431. 
M.D. McGuigan, C.R. Nappi and S.A. Yost, Nucl. Phys. B375 (1992) 421. 


K.A. Meissner and G. Veneziano, Phys. Lett. B267 (1991) 33; Mod. Phys. Lett. A6 
(1991) 3397. 


C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation (W.H. Freeman and Co., 
New York, NY, 1973). 


J.M. Molera and B.A. Ovrut, Phys. Rev. D40 (1989) 1146. 
J.M. Molera and B.A. Ovrut, Phys. Rev. D42 (1990) 2648. 
R.V. Moody, Bull. Amer. Math. Soc. 73 (1967) 217. 

G. Moore, preprint YCTP-P12-93, hep-th/9305139. 

M. Mueller, Nucl. Phys. B337 (1990) 37. 

D. Mumford, Tata Lectures on Theta (Birkhauser, Basel, 1983). 
W. Nahm, Duke Math. J. 54 (1987) 579. 


V.P. Nair, A. Shapere, A. Strominger and F. Wilczek, Nucl. Phys. B287 (1987) 
414. 


C.R. Nappi and E. Witten, Phys. Lett. B293 (1992) 309. 
K.S. Narain, Phys. Lett. B169 (1986) 369. 
K.S. Narain, M.H. Sarmadi and C. Vafa, Nucl. Phys. B288 (1987) 551. 


K.S. Narain, M.H. Sarmadi and E. Witten, Nucl. Phys. B289 (1987) 414. 


H.P. Nilles and M. Olechowski, Phys. Lett. B248 (1990) 268. 
S. Nojiri, Prog. Theor. Phys. Supp. 110 (1992) 9. 


H. Ooguri and C. Vafa, Mod. Phys. Lett. A5 (1990) 1389; Nucl. Phys. B361 (1991) 
469. 


[242] M.A.R. Osorio, Mod. Phys. Lett. A5 (1990) 1779. 


[243] A.M. Polyakov and P.B. Wiegman, Phys. Lett. B131 (1984) 121. 


[244] M. Porrati, Phys. Lett. B231 (1989) 403. 


148 


245] M. Roček, K. Schoutens and A. Sevrin, Phys. Lett. B265 (1991) 303. 
246] M. Roéek and E. Verlinde, Nucl. Phys. B373 (1992) 630. 


247] N. Sakai and I. Senda, Prog. theor. Phys. 75 (1986) 692. 


248] N. Sakai and Y. Tanii, Int. J. Mod. Phys. A6 (1991) 2743. 
249] B. Sathiapalan, Phys. Rev. D35 (1987) 3277. 
250| H.J. Schnitzer, Nucl. Phys. B324 (1989) 412. 


251] A.S. Schwarz and A.A. Tseytlin, Nucl. Phys. B399 (1993) 691. 


252] J.H. Schwarz and A. Sen, Phys. Lett. B312 (1993) 105; preprint NSF-ITP-93-46, 
EEA 

253] N. Seiberg, Nucl. Phys. B303 (1988) 286. 

254] A. Sen, Phys. Lett. B271 (1991) 295. 

255| A. Sen, Phys. Lett. B274 (1992) 34. 

256] A. Sen, Phys. Rev. Lett. 69 (1992) 1006. 

257] A. Sen, Int. J. Mod. Phys. A8 (1993) 2023; Mod. Phys. Lett. A8 (1993) 5079. 

258] J.P. Serre, A Course in Arithmetic (Springer-Verlag, New York, NY, 1973). 

259] A. Shapere, S. Trivedi and F. Wilczek, Mod. Phys. Lett. A6 (1991) 2677. 

260] A. Shapere and F. Wilczek, Nucl. Phys. B320 (1989) 669. 

261] W. Siegel, Phys. Lett. B134 (1984) 318. 

262] W. Siegel, Phys. Lett. B252 (1990) 558. 

263] W. Siegel, Phys. Rev. D47 (1993) 5453; Phys. Rev. D48 (1993) 2826. 

264] E. Smith and J. Polchinski, Phys. Lett. B263 (1991) 59. 

265] M. Spalinski, Nucl. Phys. B377 (1992) 339. 


266|] M. Spalinski, Phys. Lett. B275 (1992) 47. 


267] S. Stieberger, D. Jungnickel, J. Lauer and M. Spalinski, Mod. Phys. Lett. A7 (1992) 
3059. 


[268] A. Strominger, Comm. Math. Phys. 133 (1990) 163. 


149 


[269] P.K. Townsend and P. van Nieuwenhuizen, Phys. Lett. B137 (1984) 443; Nucl. 


270 


271 


272 


273 


274 


275 


276 


277 


278 


279 


280 


281 


282 


283 


284 


285 


286 


287 


288 


289 


290 


291 


Phys. B242 (1984) 377. 

A.A. Tseytlin, Phys. Lett. B242 (1990) 163; Nucl. Phys. B350 (1991) 395. 
A.A. Tseytlin, Mod. Phys. Lett. A6 (1991) 1721. 

A.A. Tseytlin, Phys. Lett. B317 (1993) 559. 

A.A. Tseytlin and C. Vafa, Nucl. Phys. B372 (1992) 443. 

A.A. Tseytlin and P. West, Phys. Rev. Lett. 65 (1990) 541. 

P. van Nieuwenhuizen and J.A.M. Vermaseren, Phys. Lett. B65 (1976) 263. 
C. Vafa and N.P. Warner, Phys Lett. B218 (1989) 51. 

G. Veneziano, Phys. Lett. B167 (1986) 388. 

G. Veneziano, Phys. Lett. B265 (1991) 287. 

P. Wagemans, Phys. Lett. B206 (1988) 241. 


R.M. Wald, General Relativity (The University of Chicago Press, Chicago, IL, 
1984). 


E. Witten, Phys. Lett. B86 (1979) 283. 
E. Witten, Comm. Math. Phys. 92 (1984) 455. 
E. Witten, Phys. Lett. B155 (1985) 151. 


E. Witten, Comm. Math. Phys. 117 (1988) 353; 118 (1988) 411; Nucl. Phys. B340 
(1990) 281. 


E. Witten, Phys. Rev. D44 (1991) 314. 

E. Witten, in P89. 

E. Witten, Nucl. Phys. B403 (1993) 159. 

S.K. Yang, Phys. Lett. B209 (1988) 242. 

S-T. Yau Ed. Essays on Mirror Manifolds (International Press, Hong Kong, 1992). 
A.B. Zamolodchikov, Sov. Phys. JETP Lett. 43 (1986) 730. 


R. Zucchini, Nucl. Phys. B350 (1991) 111. 


150 
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2.B: 


3.A: 


4.A: 


A string cannot tell if it is moving on circle (a) or circle (b). 


Every point in the shaded region corresponds to an allowed string background. Points 
(a),(b),(c) correspond to isolated single backgrounds. 


The line describes the space of compactifications on a circle of radius Re. Arrows connect 
physically equivalent points related by duality. 


An orbicircle obtained from a circle by identifying X with —X. 


From the point of view of a string, a circle (at a special radius) is equivalent to an orbifold 
(at another special radius). 


String propagation on (a), the semi-infinite cigar, is equivalent to propagation on (b), the 
infinite trumpet. 


Genus-g Riemann surface with cycles a, b. 


The p = 7 slice of the fundamental domain of 2-d toroidal backgrounds. The points (a) 
and (b) are the enhanced symmetry points SU(2)? and SU(3), respectively. The shaded 
region takes into account also the B — — B symmetry. 


The c = 1 moduli space. Arrows connect physically equivalent points related by duality. 
The self-dual point, Re = 1, possesses an enhanced SU(2);, x SU(2)p affine symmetry. 
The self-dual point, Ro = 1, possesses an enhanced U(1); x U(1)g affine symmetry; it is 
equivalent to R, = 2/2. 


The maximal extension of the black hole solution in Kruskal coordinates. 
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ABSTRACT 


The effective action for type II string theory compactified on a six torus is 
N = 8 supergravity, which is known to have an Ey duality symmetry. We show 
that this is broken by quantum effects to a discrete subgroup, E7(Z), which contains 
both the T-duality group O(6, 6; Z) and the S-duality group SL(2; Z). We present 
evidence for the conjecture that F7(Z) is an exact ‘U-duality’ symmetry of type 
II string theory. This conjecture requires certain extreme black hole states to be 
identified with massive modes of the fundamental string. The gauge bosons from 
the Ramond-Ramond sector couple not to string excitations but to solitons. We 
discuss similar issues in the context of toroidal string compactifications to other 
dimensions, compactifications of the type II string on K3 xT? and compactifications 


of eleven-dimensional supermembrane theory. 


1. Introduction 


String theory in a given background can be formulated in terms of a sum 
over world-sheet fields, (super-) moduli and topologies of a world-sheet sigma- 
model with the background spacetime as its target space. Different backgrounds 
may define the same quantum string theory, however, in which case they must be 
identified. The transformations between equivalent backgrounds generally define 
a discrete group and such discrete gauge symmetries are referred to as duality 
symmetries of the string theory. An example is T-duality, which relates spacetime 
geometries possessing a compact abelian isometry group (see [1] and references 
therein). The simplest case arises from compactification of the string theory on 
a circle since a circle of radius R defines the same two-dimensional quantum field 
theory, and hence the same string theory, as that on a circle of radius a’/R. T- 
dualities are non-perturbative in the sigma-model coupling constant a’ but valid 
order by order in the string coupling constant g. Some string theories may have 
additional discrete symmetries which are perturbative in a’ but non-perturbative 
in g. An example is the conjectured S-duality of the heterotic string compactified 
on a six-torus |2,3,4]. In this paper we investigate duality symmetries of the type II 
string compactified to four dimensions and present evidence for a new ‘U-duality’ 
symmetry which unifies the S and T dualities and mixes sigma-model and string 


coupling constants. 


Consider a compactified string for which the internal space is an n-torus with 
constant metric g;; and antisymmetric tensor bij. The low-energy effective field 
theory includes a spacetime sigma model whose target space is the moduli space 
O(n,n)/[O(n) x O(n)] of the torus, and the constants gi; and bj; are the expecta- 
tion values of the n? scalar fields. There is a natural action of O(n, n) on the moduli 
space. In general this takes one string theory into a different one but a discrete 
O(n, n; Z) subgroup takes a given string theory into an equivalent one. This is the 
T-duality group of the toroidally-compactified string and the true moduli space of 
the string theory is the moduli space of the torus factored by the discrete T-duality 


group. There is a generalization to Narain compactifications on the ‘(p,q)-torus’ 
T(p,q) for which the left-moving modes of the string are compactified on a p- 
torus and the right-moving ones on a q-torus |5]. In this case the moduli space 
is O(p, q)/ [O(») x O(q)| factored by the T-duality group O(p, q; Z). The T(6, 22) 
case is relevant to the heterotic string compactified to four dimensions which has 
O(6, 22; Z) as its T-duality group. At a generic point in the moduli space the ef- 
fective field theory is N — 4 supergravity coupled to 22 abelian vector multiplets, 
giving a total of 28 abelian vector gauge fields [6] with gauge group U(1)?5. It fol- 
lows from the compactness of the full gauge group for all 28 vector gauge fields that 


any electric or magnetic charges are quantized. The effective field theory has an 


SL(2; R) x O(6, 22) invariance of the equations of motion which, due to the charge 


quantization and the fact that states carrying all types of charge can be found 
in the spectrum, is broken to the discrete subgroup SL(2; Z) x O(6,22; Z). The 
O(6, 22; Z) factor extends to the T-duality group of the full string theory. It has 
been conjectured that the SL(2; Z) factor also extends to a symmetry of the full 
string theory [3]. This is the S-duality group of the heterotic string. It acts on the 
dilaton field ® and the axion field v (obtained by dualizing the four-dimensional 
two-form gauge field b, that couples to the string) via fractional linear transfor- 
mations of the complex scalar v + ie~® and on the abelian field strengths by a 
generalized electric-magnetic duality. One of the SL(2; Z) transformations inter- 
changes the electric and magnetic fields and, when w = 0, takes ® to — which, 
since the expectation value of e? can be identified with the string coupling constant 


g, takes g to 1/g, and so interchanges strong and weak coupling. 


Consider now the compactification of the type IIA or type IIB superstring 
to four dimensions on a six-torus. The low-energy effective field theory is N — 8 
supergravity [7], which has 28 abelian vector gauge fields and 70 scalar fields taking 


values in E7(7)/[SU(8)/Z2]. The equations of motion are invariant under the 


action of E77) [7], which contains SL(2; R) x O(6,6) as a maximal subgroup. 
We shall show that certain quantum mechanical effects break Ez(7j to a discrete 


subgroup which we shall call E7(Z), and this implies a breaking of the maximal 


SL(2; R) x O(6,6) subgroup to SL(2; Z) x O(6, 6; Z). The O(6, 6; Z) factor extends 
to the full string theory as the T-duality group and it is natural to conjecture that 


the SL(2; Z) factor also extends to the full string theory as an S-duality group. 
In fact, we shall present evidence for the much stronger conjecture that the full 
E7(Z) group (to be defined below) extends to the full string theory as a new 
unified duality group, which we call U-duality. U-duality acts on the abelian gauge 
fields through a generalized electromagnetic duality and on the 70 scalar fields, 
the constant parts of which can each be thought of as a coupling constant of the 
theory. The zero-mode of the dilaton is related to the string coupling g, while 
21 of the scalar zero-modes are the moduli of the metric on the 6-torus, and the 
others parameterise the space of constant anti-symmetric tensor gauge fields on the 
six-torus. U-duality implies that all 70 coupling constants are on a similar footing 
despite the fact that the standard perturbative formulation of string theory assigns 


a special role to one of them. 


Whereas T-duality is known to be an exact symmetry of string theory at each 
order in the string coupling constant g, the conjectured S-duality and U-duality are 
non-perturbative and so cannot be established within a perturbative formulation 
of string theory. However, it was pointed out in [4] in the context of the heterotic 
string that there are a number of quantities for which the tree level results are 
known to be, or believed to be, exact, allowing a check on S-duality by a pertur- 
bative, or semi-classical, calculation. We shall show that U-duality for the type II 


string passes the same tests. 


First, for compactifications of the type II string that preserve at least N = 4 
supersymmetry, the low energy effective field theory for the massless modes is a 
supergravity theory whose form is determined uniquely by its local symmetries 
and is therefore not changed by quantum corrections. Duality of the string theory 
therefore implies the duality invariance of the equations of motion of the supergrav- 
ity theory. This prediction is easily checked because the symmetries of the N > 4 
supergravity/matter theories have been known for some time. In particular, the 


equations of motion of N = 8 supergravity are U-duality invariant. Another quan- 


tity that should be, and is, duality invariant is the set of values of electric and 
magnetic charges allowed by the Dirac-Schwinger-Zwanziger quantization condi- 
tion. Third, the masses of states carrying electric or magnetic charges satisfy a 
Bogomolnyi bound which, for the compactifications considered here, is believed to 
be unrenormalized to arbitrary order in the string coupling constant. Duality in- 
variance of the string theory requires this bound to be duality invariant. For soliton 
states the Bogomolnyi bound can be found from a classical bound on field config- 
urations of the effective supergravity theory carrying electric or magnetic charges 
that generalizes the bound obtained in [8] for Maxwell-Einstein theory. We present 
this bound for N = 8 supergravity and show that it is U-duality invariant. Fourth, 
the spectrum of ‘Bogomolnyi states’ saturating the Bogomolnyi bound should also 
be duality invariant. These states include winding and momentum modes of the 
fundamental string and those found from quantization of solitons. We shall assume 
that soliton solutions of the type II string can be identified with those of its effec- 
tive N = 8 supergravity theory, and these, as we shall see, include various types 


of extreme black hole”. 


One of the main concerns of this paper will be the Bogomolnyi states of the 
type II string theory that break half the supersymmetry. As we shall see, the soli- 
ton states in this category arise from quantization of a particular class of extreme 
black hole solution of N = 8 supergravity. It is essentially automatic that all 
soliton states of the type II string fall into representations of the U-duality group 
because this is a symmetry of the equations of motion of which the solitons are 
solutions’. A similar argument can be made for solitons of the heterotic string; for 
example, extreme black hole solutions of the low-energy field theory corresponding 
to the heterotic string fit into SL(2, Z) representations [10]. There are two points 
to bear in mind, however. First, a duality transformation not only produces new 


soliton solutions from old but also changes the vacuum, as the vacuum is parame- 


x See [9] for a discussion of the interpretation of extreme black holes as solitons 
T They also fall into supermultiplets because of the fermion zero modes in the presence of an 
extreme black hole [11] 


terised by the scalar expectation values and these change under duality. We shall 
assume, as in [4], that the new soliton state in the new vacuum can be contin- 
ued back to give a new soliton state in the old vacuum with duality transformed 
electric and magnetic charges; this is certainly possible at the level of solutions 
of the low energy effective action, since the extreme black hole solutions depend 
analytically on the scalar expectation values. Combining U-duality transforma- 
tions with analytic continuations of the scalar field zero-modes in this way gives an 
E7(Z) invariance of the spectrum of soliton states in a given vacuum. (Note that 
whereas U-duality preserves masses, combining this with a scalar zero-mode con- 
tinuation gives a transformation which changes masses and so is not an invariance 
of the Hamiltonian.) Second, the four-dimensional metrics of many extreme black 
hole solitons are only defined up to a conformal rescaling by the exponential of a 
scalar field function that vanishes at spatial infinity. While the ‘Einstein’ metric 
is duality invariant, other metrics in the same conformal equivalence class will not 
be. In general one should therefore think of duality as acting on conformal equiv- 
alence classes of metrics and the issue arises as to which metric within this class 
is the physically relevant one. As we shall see, for the solutions considered here 
each conformal class of metrics contains one that is (i) either completely regular 
or regular outside and on an event horizon and (ii) such that its spatial sections 
interpolate between topologically distinct vacua. The extreme black hole solutions 
corresponding to these metrics might reasonably be interpreted as solitons of the 


theory. 


We now encounter an apparent contradiction with U-duality, and with S- 
duality, of the type II string theory because the fundamental string excitations 
include additional Bogomolnyi states which apparently cannot be assigned to du- 
ality multiplets containing solitons because the soliton multiplets are already com- 
plete. The only escape from this contradiction is to make the hypothesis that 
the fundamental string states have already been counted among the soliton states. 
In order for this to be possible there must be soliton states carrying exactly the 


same quantum numbers as the fundamental Bogomolnyi states. This is indeed 


the case. The idea that particles with masses larger than the Planck mass, and 
hence a Compton wavelength less than their Schwarzschild radius, should be re- 
garded as black holes is an old one [12,13], and it has recently been argued that 
Bogomolnyi states in the excitation spectrum of the heterotic string should be 
identified with extreme electrically-charged dilaton black holes [14,15]. For the 
heterotic string, approximate solutions of the low-energy effective action include 
extreme black holes and self-gravitating BPS monopoles [16,17], and it is believed 
that these correspond to Bogomolnyi solitons of the heterotic string [4]. Any mag- 
netically charged soliton will have an electrically charged soliton partner generated 
by the action of the Zə electromagnetic duality subgroup of S-duality. Now, if 
the full string theory is S-duality invariant, and this Zo subgroup acts on an elec- 
trically charged fundamental string state to give a magnetically charged soliton, 
as argued for the heterotic string in [4], then this fundamental string state must 
be identified with the corresponding electrically charged soliton. We shall return 
to these points later but it is worth noting here that solitons of the low-energy 
effective N = 4 or N = 8 supergravity theory fit into representations of the S x T' 
or U duality as these are symmetries of the supergravity equations of motion, and 
this is true irrespective of whether the duality symmetry is actually a symmetry of 


the full heterotic or type II string theory. 


For compactifications of ten-dimensional string theories one expects solitons 
of the effective four-dimensional theory to have a ten-dimensional origin. For the 
type II string we are able to identify the four dimensional solitons that break 
half the supersymmetry of N = 8 supergravity as six-torus ‘compactifications’ 
of the extreme black p-branes of either IIA or IIB ten-dimensional supergravity 
[18,19,20,21,22]. We note that, in this context, the Bogomolnyi bound satisfied by 
these states can be seen to arise from the algebra of Noether charges of the effective 
world-volume action [23]. Remarkably, the solitonic states that are required to be 
identified with fundamental string states are precisely those which have their ten- 
dimensional origin in the string soliton or extreme black 1-brane solution, which 


couples to the same two-form gauge field as the fundamental string. This suggests 


that we should identify the fundamental ten dimensional string with the solitonic 
string. This is consistent with a suggestion made in [24], for other reasons, that 


the four-dimensional heterotic string be identified with an axion string. 


A similar analysis can be carried out for non-toroidal compactification. A 
particularly interesting example is compactification of the type II superstring on 
K3 x T? [25] for which the effective four-dimensional field theory turns out to be 
identical to the effective field theory of the T°-compactified heterotic string, and 
in particular has the same SL(2, Z) x O(6, 22; Z) duality group. Furthermore, the 
spectrum of extreme black hole states is also the same. This raises the possibility 
that the two string theories might be non-perturbatively equivalent, even though 
they differ perturbatively. Such an equivalence would clearly have significant im- 


plications. 


Finally we consider similar issues in the context of the 11-dimensional superme- 
mbrane [26]. This couples naturally to 11-dimensional supergravity [27] and hence 
to N — 8 supergravity after compactification on T" and to N — 4 supergravity 
coupled to 22 vector multiplets after compactification on K3 x T? [28]. At present 
it is not known how to make sense of a quantum supermembrane, so there is little 
understanding of what the massive excitations might be. However, some progress 
can be made using the methods sketched above for the string. We shall show 
that, if the elementary supermembrane is identified with the solitonic membrane 
solution [29] of 11-dimensional supergravity and account is taken of the solitonic 
fivebrane solution [30], the results of this analysis for the four-dimensional theory 


are exactly the same as those of the type II string. 


2. Charge Quantization and the Bogomolnyi Bound 


Consider the four-dimensional Lagrangian 


L-y-g (GR - leu(6)0,0/0^9 — Emr) PFZ — ear (9) FLLFI, 
(2.1) 
for space-time 4-metric guv, scalars ¢' taking values in a sigma-model target space 
M with metric g;;(6), and k abelian vector fields Al with field strengths F ie 
The scalar functions m; + tarj are entries of a positive definite k x k Hermitian 
matrix. The bosonic sector of all supergravity theories without scalar potentials or 
non-abelian gauge fields can be put in this form. We shall be interested in those 


cases for which the equations of motion are invariant under some symmetry group 


G, which is necessarily a subgroup of Sp(2k; R) [31] and an isometry group of M. 


Of principal interest here are the special cases for which M is the homogeneous 
space G/H where H is the maximal compact subgroup of G. These cases include 


many supergravity theories, and all those with N > 4 supersymmetry. For N = 4 


supergravity coupled to m vector multiplets k = 6 +m, G = SL(2; R) x O(6,m) 
and H = U(1) x O(6) x O(m). For N = 8 supergravity k = 28, G = Ey) and 
H = SU(8). For the ‘exceptional’ N = 2 supergravity [32], k = 28, G = Ez(. 55; 
and H = Eg x U(1). 


Defining 
Gur = mrjkF,, + ars Fs, (2.2) 


where xF a = euo P pol , the Al, field equations and Bianchi identities can be 


written in terms of the the 2k-vector of two-forms 


Fi 
s PU " 


as simply dF = 0. The group G acts on the scalars through isometries of M and 
on F as F — AF where A € G C Sp(2k; R) is a 2k x 2k matrix preserving the 


2k x 2k matrix 


deir 24 
a0 ee 


An alternative way to represent the G/H sigma model is in terms of a G-valued 
field V(x) which transforms under rigid G-transformations by right multiplication 


and under local H transformations by left multiplication 
V(x) — h(zx)V(z)A-! heH,AEG (2.5) 


The local H-invariance can be used to set V € G/H. Note that F = VF is G- 
invariant. In most cases of interest, the scalar coset space can be parameterised 
by the complex scalars zr; = ary + im; which take values in a generalised upper- 
half-plane (mj; is positive definite) and the group G acts on zzz by fractional 
linear transformations. (This can be seen for N = 8 supergravity as follows. In the 
symmetric gauge [7], the coset is parameterised by a scalar yr; which transforms 
under fractional linear transformations under G. However, zzz is related to yr 
by a fractional linear transformation, zr; = i(1+ g)/(l — gy), so that z in turn 
transforms under G by fractional linear transformations. Similar results follow for 


N « 8 supergravities by truncation.) 


We now define the charges 


1 
Ql = far! p= 5 fr a= $6i (2.6) 
x 


x x 


as integrals of two-forms over a two-sphere X at spatial infinity. The charges p! 
and qr are the magnetic charges and the Noether electric charges, respectively. 
The charges Q^ are the electric charges describing the 1/r? fall-off of the radial 
components of the electric fields, EL. and incorporate the shift in the electric 


charge of a dyon due to non-zero expectation values of axion fields [33]. Indeed, if 
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the scalars ¢’ tend to constant values ¢’ at spatial infinity, then 


qr = mrj(9)Q" + azs(d)p” . (2.7) 


The charges (pl, qr) can be combined into a 2k-vector 


I 
z= fr-(? | (2.8) 
2 qI 


from which it is clear that Z — AZ under G. 


The Dirac-Schwinger-Zwanziger (DSZ) quantization condition (with A = 1) for 


two dyons with charge vectors Z and Z' is 
2702! = plq- p qr =v (2.9) 


for some integer v. This quantization condition is manifestly G-invariant as G C 
Sp(2k; R). However, it has implications for the quantum theory only if there exist 
both electric and magnetic charges. If, for example, there are no magnetic charges 
of one type then (2.9) places no constraint on the values of the corresponding 
electric charge. For the cases of interest to us here, we will show that there exist 
electric and magnetic charges of all types. We shall now proceed with our analysis 
of the general case assuming all types of charge exist and this, together with the 
quantization condition (2.9), implies that the Noether electric charges q; lie in some 
lattice T and that the magnetic charges p? lie in the dual lattice D. The group 
G is therefore broken to the discrete sub-group G(Z) which has the property that 
a vector Z € l'& T is taken to another vector in the same self-dual lattice. The 


subgroup of Sp(2k) preserving the lattice is Sp(2k; Z), so that the duality group is 
G(Z) = GN Sp(2k; Z) . (2.10) 


For compact G, G(Z) is a finite group while for non-compact G it is an infinite 


discrete group. If we choose a basis for the fields A/ so that the electric charges, 


11 


and hence the magnetic charges, are integers, then the lattice T @T is preserved 
by integer-valued matrices, so that Sp(2k;Z) consists of integer-valued 2k x 2k 
matrices preserving Q, and G(Z) is also represented by integer-valued 2k x 2k 
matrices. Note that the group G(Z) is independent of the geometry of the lattice, 
as any two lattices I, I" are related by a GL(k,R) transformation, so that the 


corresponding discrete groups G(Z), G'(Z) are related by GL(k,R) conjugation 


and so are isomorphic. For N — 4 supergravity coupled to 22 vector multiplets, 
G(Z) is precisely the S x T duality group SL(2; Z) x O(6, 22; Z) of the toroidally- 
compactified heterotic string, which was observed previously to be the quantum 
symmetry group of this effective field theory [4]. For N = 8 supergravity G(Z) is 
a discrete subgroup of Eyy) which we shall call Ez(7,(Z) and abbreviate to E7(Z). 
It can be alternatively characterized as the subgroup of Sp(56; Z) preserving the 
invariant quartic form of E77). From the explicit form of this invariant given in 
[7], it is straightforward to see that E7(Z) contains an SL(8, Z) subgroup. We also 


have 


Ex(Z) 2 SL(2; Z) x O(6,6;Z) , (2.11) 


so that £7(Z) contains the T-duality group of the toroidally-compactified type II 
string. The minimal extension of the S-duality conjecture for the heterotic string 
would be to suppose that the SL(2; Z) factor extends to an S-duality group of 
the type II string, but it is natural to conjecture that the full discrete symmetry 
group is the much larger U-duality group Ez(Z). Ez(Z) is strictly larger than 
SL(2; Z) x O(6,6; Z), as it also contains an SL(8, Z) subgroup. In the next section 
we shall verify some predictions of U-duality for the spectrum of states saturating 
a gravitational version of the Bogomolnyi bound, i.e. the ‘Bogomolnyi states’. 
However, before turning to the spectrum we should verify that the Bogomolnyi 
bound is itself U-duality invariant, since otherwise a U-duality transformation could 


take a state in the Bogomolnyi spectrum to one that is not in this spectrum. 


Consider first the cases of pure N — 4 supergravity (without matter coupling) 


and N = 8 supergravity, for which M = G/H and k = N(N — 1)/2. We define 
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Ymn = tt, (Gr + ip.) where (p!,q) are the components of the 2k-vector Z = VZ 
and V is the constant asymptotic value of the G-valued field V at spatial infinity. 
Here m,n = 1,...,N and te = -.. are the matrices generating the vector 
representation of SO(N). The Ymn appear in a global supersymmetry algebra as 
central charges [34,8,9,35] and this allows a derivation of a Bogomolnyi bound. The 
anti-symmetric complex N x N matrix Ymn has N/2 complex skew eigen-values Aq, 
a =1,...,N/2 and the bound on the ADM mass of the Maxwell-Einstein theory 
[8] can be generalized to [35] 


MaApy 2 maz|Aq| (2.12) 


Since Z > AZ and V 2 VA-! under G, it follows that Z and the A, are invariant 
under duality transformations, so the bound (2.12) is manifestly G-invariant. In the 
quantum theory this bound translates to a bound on the mass of the corresponding 
quantum state. Similar results apply to the case of N — 4 super-matter coupled 
to supergravity, with the difference that tln = —tl are now certain scalar-field 
dependent matrices that ‘convert’ the SO(6, m) index I to the SO(6) composite 


index mn. Nevertheless, the charges A; remain duality-invariant. 


If the moduli of all the eigenvalues are equal, [Aa] = [Aaa] = ... = |A then 


the bound (2.12) is equivalent to 


2 = 
Mapm = VEV” (2.13) 


an/2 li 


where 
c = 
I = > al? = SY maY = Gryp’ p! + Grjürdj (2.14) 
a 
and Gyy = a is the identity matrix for pure supergravity, but is scalar 


dependent for the the matter-coupled N = 4 theory. However, in the general case 
of different eigenvalues, the bound (2.14) is strictly weaker than (2.12). If Mapu 


is equal to the modulus of r of the eigenvalues Ag, Mapu = lal = |Aa4] = 
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... = [Aal], for some r with 0 € r € N/2, then the soliton with these charges 
spontaneously breaks the N original supersymmetries down to r supersymmetries, 
so that for solitons for which r = N/2 precisely half of the N supersymmetries are 
preserved and the bound (2.12) is equivalent to (2.14). The duality invariance of 
the bound (2.14) for N = 4 was previously pointed out in [3,4]. 


3. Spectrum of Bogomolnyi states 


There are many massive states in the spectrum of toroidally-compactified string 
theories. The masses of those which do not couple to any of the U(1) gauge fields 
cannot be calculated exactly. This is also true in general of those that do couple 
to one of the U(1) gauge fields but the masses of such particles are bounded by 
their charges, as just described. It is believed that the masses of string states 
that saturate the bound are not renormalized for theories with at least N = 4 
supersymmetry. If this is so then these masses can be computed exactly. Such 
‘Bogomolnyi states’ arise in the theory from winding and Kaluza-Klein modes of 
the fundamental string, and from quantization of non-perturbative soliton solutions 
of the string theory. The latter include extreme black holes and, for the heterotic 


string, self-gravitating BPS monopoles. 


For generic compactifications of both heterotic and type II strings there are 
28 abelian gauge fields and so a possible 56 types of electric or magnetic charge. 
We shall identify solitons of the effective supergravity theory carrying each type 
of charge, thereby justifying the quantization condition on these charges. These 
solitons are various types of extreme black holes. Initially, at least, we shall be 
interested in solitons carrying only one type of charge, in which case we should 
consistently truncate the supergravity theory to one with only one non-zero field 
strength, F. The coefficients of the F? terms can then be expressed in terms of a 
scalar field & and a pseudoscalar field p (which are two functions of the $^) such 
that the truncated field theory has an action of the form 


1 1 1 
S = ] &w —g (in + go Ep + 19 Fw FT + L(o, P) (3.1) 
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where L(c, p) is the lagrangian for a scalar sigma-model and a is a constant. One 
can choose a > 0 without loss of generality since a is changed to —a by the field 
redefinition ø — —o. For every value of a the equations of motion of (3.1) admit 
extreme multi-black hole solutions [36], parameterised by the asymptotic values 
of c, p, which are arbitrary integration constants. There is an intrinsic ambiguity 
in the metric of the a # 0 extreme black hole solutions because a new metric 
can be constructed from the canonical metric (appearing in the action (3.1)) by 
a conformal rescaling by a power of e7. The general metric in this conformal 
equivalence class will not have an interpretation as a ‘soliton’ in the sense for which 
the a = 0 extreme Reissner-Nordstrom (RN) black hole is a soliton. One feature 
that is generally expected from a soliton is that it interpolate between different 
vacua: in the RN case these are the Minkowski spacetime near spatial infinity 
and the Robinson-Bertotti vacuum down an infinite Einstein- Rosen ‘throat’. If we 
require of the a Æ 0 extreme black holes that they have a similar property then one 
must rescale the canonical metric dé? by e?¢7, after which one finds, for vanishing 


asymptotic values of ø and p, the solution 


2 
E (1-2) MN a (l+a*)M\-2 9 2492 
--( m) dt? + (1- ———) dr’ + r*dQ3 (3.2) 


2 
p ues pe et p=0 


" 
where M is the ADM mass and dQ? is the metric on the unit 2-sphere. When 
a = 1 and ø is the dilaton field this rescaling of the canonical metric is exactly 
what is required to get the so-called ‘string metric’, so that the a = 1 black holes 
have a natural interpretation as string solitons. This might make it appear that 
the rescaling of the canonical metric by e?*? is inappropriate to string theory when 
a # 1, but it must be remembered that the scalar field o is not necessarily the 
dilaton but is, in general, a combination of the dilaton and modulus fields of the 
torus and gauge fields. Indeed, it was shown in [37] that for the a = V3 black 


holes this combination is such that the effective rescaling is just that of (3.2). For 
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any value of a this metric has an internal infinity as r — (1+ a?)M for constant 
t. For a < 1 the surface r = (1-- a?)M is an event horizon, but this event horizon 
is regular only if 2(1 — a?)/(1 + a?) is an integer, which restricts the values of a 
less than unity to a = 0 ora = 1/43. The a = 0 case is the extreme RN black 
hole for which the soliton interpretation is widely accepted. The significance of the 
a = 1/V3 case has been explained in [38]. For a > 1 the surface r = (1 + a?)M 
is at infinite affine parameter along any geodesic so one might admit all values of 
a > 1. On the other hand, the relevance of geodesic completeness is not clear in 
this context so one might still wish to insist that 2(1 — a2)/(1 + a?) be an integer 
so that the null surface r = (1 + a?)M is regular, in which case only the further 


values of a — 1 and a — V3 can be admitted. Curiously, the values 


a= 0, = 1, v3 (3.3) 
which we find in this way by demanding that the solution (3.2) is a bone fide 
soliton also arise from truncation of N = 8 supergravity. The possibility of the 
values a = 0 and a = 1 is guaranteed by the existence of consistent truncations of 
N = 8 supergravity to N = 2 and N = 4 supergravity respectively. The possibility 
of the values a = v3 and a = NE is guaranteed by the existence of a consistent 
truncation of the maximal five-dimensional supergravity to simple five-dimensional 
supergravity since the subsequent reduction to four dimensions yields just these 


values. 


Consider first the a — 0, electric and magnetic extreme RN black holes. Given 
any one such black hole with integral charge, an infinite number can be generated 
by acting with G(Z), and these will include black holes carrying each of the 56 
types of charge [35], and this is already sufficient to show that the continuous 
duality group E77) is broken to a discrete subgroup. These solutions break 3 /4 
of the supersymmetry in the N = 4 theories and 7/8 of the supersymmetry in 
the N = 8 case. For the remainder of the paper, we shall restrict ourselves to 


solitons which break half the supersymmetry, and the only extreme black hole 
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solutions of this type are those with a = V3. This follows from consideration 
of the implications of supersymmetry for the moduli space of multi-black hole 
solutions. This multi-soliton moduli space is the target space for an effective sigma 
model describing non-relativistic solitons [39]. This sigma model must have 8 
supersymmetries for solitons of a four-dimensional N = 4 supergravity theory that 
break half the supersymmetry, and this implies that the moduli space is hyper- 
Kahler. Similarly, the moduli space for multi-solitons of N = 8 supergravity 
that break half the supersymmetry is the target space for a sigma model with 
16 supersymmetries, and this implies that the moduli space is flat. However, the 
moduli space of multi-black hole solutions is flat if and only if a = V3 [40,41], 
so only these extreme black holes can be solutions of N = 8 supergravity that 
break half the supersymmetry. An alternative characterization of these extreme 
black holes is as ‘compactifications’ of the extreme black p-brane solitons of the ten- 
dimensional supergravity theory, which are known to break half the supersymmetry 
[42]. It follows that the moduli space of these solutions must be flat and what 
evidence there is [43] confirms this prediction. This ten-dimensional interpretation 
of the solitons discussed here will be left to the following section where it will also 
become clear that they carry combinations of all 28 + 28 electric and magnetic 


charges associated with the 28 U(1) gauge fields. 


This moduli space argument shows, incidentally, that whereas the flatness of 
the moduli space for solitons that break half the supersymmetry is protected by 
supersymmetry for N = 8 supergravity, this is not so for N = 4 theories. There is 
then no reason to expect the moduli space metric of extreme black hole solitons of 
the exact heterotic string theory (to all orders in a’ and g) to be flat. Indeed, the 
a = V3 extreme black holes, which have a flat moduli space, are only approximate 
solutions of the heterotic string and are expected to receive higher order corrections. 
Furthermore, if BPS-type monopoles were to occur in the type II string theory, a 
possibility that is suggested by the occurrence of non-abelian gauge groups in some 
versions of the compactified type II string [44], they would have to break more than 


half the supersymmetry as their moduli space is not flat. This is in accord with 
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the fact that the four-dimensional type II strings of ref. [44] have at most N = 4 
supersymmetry, so that solitons of these theories saturating a Bogomolnyi bound 
would have less than N = 4 supersymmetry. This provides further justification for 
our assumption that the solitons of the toroidally compactified type II string that 
break half the N = 8 supersymmetry are those of the effective N = 8 supergravity 
theory. 


The complete set of soliton solutions of a supergravity theory fill out multiplets 
of the duality group G(Z), as mentioned in the introduction. We shall now explain 
this in more detail. Flat four-dimensional space-time with the scalar fields à! taking 
constant values, oh, is a vacuum solution of the supergravity theory parameterised 
by these constants. The duality group acts non-trivially on such vacua as it changes 
the ph. The solitons for which the scalar fields tend asymptotically to the values 
di provide the solitonic Bogomolnyi states about the vacuum state |óo >. A 
G(Z) transformation takes a Bogomolnyi state in this vacuum with charge vector 
Z to another Bogomolnyi state with charge vector Z’ and equal mass but in a 
new vacuum |p >. As in [4], it will be assumed that one can smoothly continue 
from $'g to po without encountering a phase transition, to obtain a state with 
the charge vector Z', but a different mass in general, about the original vacuum 
loo >. This assumption seems reasonable because the extreme black hole solutions 
depend analytically on the constants d. We thus obtain a new Bogomolnyi soliton 
solution about the original vacuum but with a G(Z) transformed charge vector. 
The spectrum of all the Bogomolnyi states obtained in this way is G(Z) invariant 
by construction. In particular, the number of these Bogomolnyi states with charge 
vector Z will be the same as the number with charge vector Z/ whenever Z is 


related to Z’ by a G(Z)-transformation. 


In addition to the Bogomolnyi states that arise from solitons, there are also 
the electrically charged Bogomolnyi states of the fundamental string. These states 
are purely perturbative and for the type II string they consist of the Kaluza-Klein 
(KK) and winding modes of the string. If they are also to fit into multiplets of the 


duality group they must have magnetically charged partners under duality, and 
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these should be non-perturbative, i.e. solitonic. The soliton duality multiplets are, 
however, already complete for the reason just given. In order to have duality of the 
string theory we must therefore identify the fundamental states with electrically 
charged solitonic states. We shall see in the next section how this identification 


must be made. 


It might be thought that all electrically charged soliton states should have an 
equivalent description in terms of fundamental states. This is presumably true of 
the heterotic string since there are fundamental string states carrying each of the 28 
types of electric charge and these are related by the T-duality group O(6, 22; Z). 
In contrast, the fundamental modes of the type II string carry only 12 of the 
possible 28 electric charges, because the 16 Ramond-Ramond (RR) U(1) gauge 
fields couple to the string through their field strengths only. The 12 string-mode 
electric charges are related by the T-duality group O(6, 6; Z) of the type II string. 
It would be consistent with S and T-duality to suppose that there are no charged 
states coupling to the 16 (RR) gauge fields, but this would not be consistent with 


U-duality, as we now show. 


Recall that an n-dimensional representation of G gives an action of G on R” 


which restricts to an action of G(Z) on the lattice Z". For both the heterotic 


and type II strings, the charge vector Z transforms under G as a 56-dimensional 


representation. For the heterotic string, Œ = SL(2; R) x O(6, 22) and Z transforms 


according to its irreducible (2, 28) representation. This has the decomposition 


(2,28) — (2,12) + 16 x (2,1) (3.4) 


in terms of representations of SL(2; R) x O(6, 6). This is to be compared with the 


type II string for which G = E77) and Z transforms according to its irreducible 


56 representation, which has the decomposition 


56 — (2,12) + (1,32) (3.5) 


under SL(2; R) x O(6,6). In both cases there is a common sector corresponding to 


the (2, 12) representation of SL(2; R) x O(6, 6), plus an additional 32-dimensional 
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representation corresponding, for the heterotic string, to the charges for the ad- 
ditional U(1)!6 gauge group and, for the type II strings, to the charges for the 
Ramond-Ramond (RR) sector gauge fields. It is remarkable that the latter fit 
into the irreducible spinor representation of O(6,6). These decompositions of the 
56 representation of G induce corresponding decompositions of representations of 
G(Z) into representations of SL(2; Z) x O(6,6;Z) on the charge lattice Z°°. In 
particular, U-duality requires the 16 +16 electric and magnetic charges of the RR 
sector to exist and to transform irreducibly under the action of the T-duality group 
O(6, 6; Z), and we conclude that all charges in the RR sector must be carried by 


solitons. We shall later confirm this. 


4. p-Brane interpretation of Bogomolnyi solitons 


We have seen that the solitons of toroidally compactified superstrings fit into 
representations of the duality group G(Z). Our concern here will be to identify 
states that break half the supersymmetry and carry just one of the 56 types of 
electric or magnetic charge. We shall call such states for which the charge takes 
the minimum value ‘elementary’; acting on these with the duality group G(Z) will 
generate a lattice of charged states. Here we wish to show how the elementary 
solitons arise from extreme black p-brane solitons of the ten dimensional effective 
supergravity theory. These may be of electric or magnetic type. Electric p-brane 
solitons give electrically charged solitons of the four-dimensional dimensionally 
reduced field theory, while magnetic ones give magnetic monopoles, provided we 
use the form of the four-dimensional supergravity theory that comes directly from 
dimensional reduction without performing any duality transformations on the one- 
form gauge fields (although we convert two-form gauge fields to scalar fields in the 
usual way). If we had chosen a different dual form of action, the solutions would 
be the same, but some of the electric charges would be viewed as magnetic ones, 
and vice versa. This form of the action is manifestly invariant under T-duality: for 


the heterotic string, the action is the O(6, 22)-invariant one given in [45], which is 
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related to the one of [46] by a duality transformation, and for the type II string, it 
is a new O(6, 6)-invariant form of the N = 8 supergravity action which is related 


to the SL(8, R)-invariant Cremmer-Julia action [7] by a duality transformation. 


An extreme p-brane soliton of the ten-dimensional low-energy field theory has 


a metric of the form [21] 
ds? = A(r)[—dt? + da'dz^] + B(r)dr?  r?a6$ p (4.1) 


where x’ (i = 1,...,p) are p flat Euclidean dimensions, dos, is the metric on an 
(8 — p)-sphere, r is a radial coordinate, t is a time coordinate and A(r), B(r) are 
two radial functions that tend to unity as r — oo. These solitons couple either to 
an anti-symmetric tensor gauge field A, of rank r = 7— p, in which case the p-brane 
is magnetically charged and F — dA is proportional to the (8 — p)-sphere volume 
form €g—p, or one of rank r = p — 3, in which case the brane is electric and xF is 
proportional to eg... In some cases, the p-brane solutions will have corrections of 
higher order in o/, but some of the solutions correspond to exact conformal field 


theories. 


We shall be interested in four dimensional solitons obtained by ‘compactifying’ 
p-brane solitons on the six-torus. Compactification on 7? is straightforward since 
one has only to ‘wrap’ the p-brane around the p-torus, which is achieved by making 
the appropriate identifications of the z^ coordinates. If p < 6 a soliton in four 
dimensions can then be found by taking periodic arrays on T 67?) and making a 
periodic identification". For example [47], a five-brane can be wrapped around a 
five-torus in six ways giving rise to six types of five-dimensional soliton and these 
yield six types of black-hole solitons in four dimensions on taking periodic arrays. 
Similarly, to ‘compactify’ a 0-brane (i.e. a 10-dimensional black hole) on a six- 


torus one first introduces a 6-dimensional periodic array of such black holes and 


x Alternatively, since the solution of extreme black p-branes always reduces to the solution 
of the Laplace equation in the transverse space, one has only to solve this equation on 
R? x T©-P) instead of RÜ ? to find solitons of the four-dimensional theory. 
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periodically identifies. Instead of wrapping all p dimensions of a p-brane to obtain 
a point-like 0-brane in 3+1 dimensions, one can wrap p — q dimensions to obtain 
a q-brane soliton in 3+1 dimensions; however, in what follows we shall restrict 


ourselves to O-brane solitons in 4 dimensions. 


The bosonic sectors of the ten-dimensional effective field theories of the het- 
erotic and type IIA and type IIB superstrings each include a metric, gyn, anti- 
symmetric tensor gauge field, bmn, and a dilaton field ®. We shall first discuss 
this common sector of all three theories and then turn to the additional sectors 
characteristic of each theory. We expect the solutions we describe to be exact solu- 
tions of the classical type II theory, and their masses to be unrenormalized in the 
quantum theory, but for the heterotic string they are only approximate solutions 


(to lowest order in a’) of the low energy field theory. 


Dimensional reduction of the common (g, b, 4) sector on T yields 6 Kaluza- 
Klein abelian gauge fields (gj; + -::) coming from gmn and another 6 abelian 
gauge fields (bj; +--+) coming from bmn. It is straightforward to identify the 
magnetically-charged solitons associated with the KK gauge fields. These are the 
KK monopoles [48], consisting of the product of a self-dual Taub-NUT instanton, 
with topology RÍ, with a 5-torus and a time-like R. As this is the the product of 
a five-metric with a five-torus, this can also be viewed as a fivebrane solution of 
the ten-dimensional theory wrapped around a five-torus! There are six types of 
KK monopoles in four dimensions, one for each of the six KK gauge fields, because 
the fivebrane can be wrapped around the six-torus in six different ways. As four- 
dimensional solutions the KK monopoles are extreme black holes with a = v3, as 
expected from the moduli space argument of the previous section. The elementary 
magnetically charged solitons associated with the bj; gauge fields can be identified 
with the six possible ‘compactifications’ of the extreme black fivebrane [20,19] of the 


ten dimensional (g,b, *) theory. We shall refer to these as abelian H-monopoles; 


+ For fixed r,t, the solution has topology $? x T°, and the S? can be regarded as a Hopf 
bundle of $+ over S?. Thus locally it is S? x T9, so that this solution might also be thought 
of as a twisted 6-brane. 
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they were first given in [49] and have been discussed further in [50,47,22]. It is 
straightforward to check directly that the KK monopoles and the H-monopoles are 
indeed related by T-duality, as expected [51,52]. Note that we have not included 
KK modes of the 5-brane, i.e. configurations in which the 5-brane has momentum 
in some of the toroidal directions, as these either lead to extended objects in four 
dimensions, or to localised solitons that carry more than one type of charge and 


so are not elementary. 


The KK and abelian H monopoles have electric duals. These electrically 
charged solitons have their ten-dimensional origin in the extreme black string [18] 
of the (g,b,®) theory, which is dual [53, 54,55] to the extreme black five-brane. 
The 6 electric duals to the abelian H-monopoles are found by wrapping the soli- 
tonic string around the 6-torus, i.e. the 6 winding modes of the solitonic string. 
The electric duals of the KK monopoles come from Kaluza Klein modes of the 
l-brane, ie. configurations in which the solitonic string has momentum in the 
toroidal directions. They can be thought of as pp-waves travelling in the compact- 
ified directions |11]. These 6 4- 6 elementary electrically charged solitons couple to 
the 6+ 6 KK and b,; gauge fields. They are in one to one correspondence with the 
KK (ie. torus momentum modes) and winding states of the fundamental string 
which couple to the same 12 gauge fields. This allows us, in principle, to identify 
the fundamental string states as soliton states and, as explained in earlier sections, 


U-duality of string theory forces us to do so. 


Before turning to solitons of the additional sector of each string theory, we 
shall first explain here why these field theory solitons are exact solutions of type 
II string theory. Type II string theory in a (g, 6, 6) background is described by a 
non-linear sigma-model with (1,1) world-sheet supersymmetry. The KK monopole 
background is described by a (4,4) supersymmetric sigma-model plus a free (1,1) 
supersymmetric field theory; this is conformally invariant [56] and so gives an 
exact classical solution of string theory. The pp-wave background is also an exact 
classical solution [57], so that the T-duals of these two solutions must be exact 


classical solutions too. In contrast, the heterotic string in a (g, 5, ®) background 


23 


is described by a (1,0) supersymmetric sigma-model, and at least some of the 
solutions described above only satisfy the field equations to lowest order in a’. In 
some cases, as we will describe later, these solutions can be modified to obtain exact 
classical heterotic string solutions. However, it is not known in general whether 
such backgrounds can be modified by higher order corrections to give an exact 


string solution. 


We have now accounted for 12+ 12 of the required 28 + 28 types of charge of all 
three ten-dimensional superstring theories. We now consider how the additional 
16 + 16 charges arise in each of these three theories, starting with the type II 
string. It is known that, after toroidal compactification, the type IIA and type IIB 
string theories are equivalent [58] but it is instructive to consider both of them. In 
either case, we showed in the last section that U-duality requires that the missing 
16 + 16 types of charge transform as the irreducible spinor representation of the T- 
duality group. Since T-duality is a perturbative symmetry, if there were electrically 
charged states of this type in the fundamental string spectrum, there would also 
have to be magnetic ones. However, magnetic charges only occur in the soliton 
sector, so a prediction of U-duality is that the corresponding 16 electric charges 
are also to be found in the soliton sector and not, as one might have thought, in 


the elementary string spectrum. We shall confirm this. 


First we consider the type IIA theory. The ten-dimensional bosonic massless 
fields are the (g, 6, 9) fields of the common sector plus a one-form gauge poten- 
tial, Ay, and a three-form gauge potential, Ajwp. These extra fields appear in 
the RR sector but couple to the string through their field strengths only. Upon 
compactification to four dimensions, Am gives one abelian gauge field A, and 
AmnpP gives 15 abelian gauge fields AS. These also couple to the string through 
their field strengths only and so there are no elementary string excitations that 
are electrically-charged with respect to these 16 gauge fields, as expected. The 
solitonic p-brane solutions of the ten-dimensional field theory involving Am or 
Aynp and breaking only half the supersymmetry consist of a 0-brane, i.e. a (ten- 


dimensional) extreme black hole, a 2-brane (i.e. a membrane), a 4-brane and a 
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6-brane. The 0-brane and the 2-brane are of electric type. The 0-brane gives rise 
to an electrically-charged four-dimensional black hole in the toroidally-compactified 
theory by the procedure of taking periodic arrays of the ten-dimensional solution. 
The membrane gives a total of p — 15 electric black holes in four dimensions 
after ^wrapping' it around two directions of the six-torus and then taking peri- 
odic arrays to construct a four-dimensional solution. Similarly, the magnetic type 
4-brane and 6-brane can be wrapped around the six-torus (introducing periodic 
arrays where necessary) to give 15--1 magnetically-charged black holes in four di- 
mensions. We have therefore found a total of 32 additional electric and magnetic 
charges. Combined with the previous 24 charges this gives a total of 56 elementary 
charged states carrying only one type of charge. From the low-energy field theory 
we know that these charges transform according to the 56 representation of E7, 
and that acting on these elementary solitons with E7(Z) generates a 56-dimensional 
charge lattice. As anticipated, the extra 164-16 electric and magnetic charges are 
inert under S-duality but are mixed by the T-duality group O(6, 6; Z). In addition 
to the p-brane winding modes discussed above, there are also p-brane momentum 
modes; however, to give a 0-brane in 4 dimensions, the p-brane must wrap around 
the torus as well as having internal momentum, so that the resulting soliton would 
carry more than one type of charge and so would not be elementary; nevertheless, 


these solitons occur in the charge lattices generated by the elementary solitons. 


A similar analysis can be made for the type IIB theory. In this case the extra 
massless bosonic fields in the ten dimensional effective field theory are a scalar, a 
two-form potential, Amyn, and a four-form potential AC, PQ with self-dual five- 
form field strength. As for the type IIA string theory, these gauge fields couple 
through their field strengths only and so, again, there are no string excitations 
carrying the new electric charges. In the solitonic sector of the ten-dimensional 
field theory there is a neutral 5-brane, a self-dual 3-brane and a string, in addition 
to the string and neutral fivebrane of the (g, b, ®) sector. The new neutral fivebrane 
gives 6 magnetic charges in four dimensions, the self-dual 3-brane gives 10 electric 


and 10 magnetic charges and the new string gives six electric charges. Note that 
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the new solitonic string couples to the 16 U(1) gauge fields coming from Ayn 
and AC, PQ: These 164-16 charges couple to Ayn, while the fundamental string 
and the solitonic string of the common sector both couple to bmn; thus it may 
be consistent to identify the fundamental and common sector solitonic strings, but 
the new solitonic string cannot be identified with either. As for the type IIA string 


all 56 charges generate the irreducible 56-dimensional representation of E7(Z). 


Finally, we turn to the heterotic string. We have seen that the common sector 
solutions of the low-energy effective supergravity theory include 12 KK and abelian 
H monopoles, and their 12 electric duals, and under T-duality these must have 
16+16 electric and magnetic black hole partners coupling to the 16 remaining 
U(1) gauge fields. These have a ten-dimensional interpretation as the 0-branes 
and 8-branes of N = 1 ten-dimensional supergravity coupled to 16 abelian vector 
multiplets [21] (which can be taken to be those of the U(1)! subgroup of Es x Eg 
or SO(32)/Z2). 


In addition to these black hole solutions, there are also BPS monopole solu- 
tions of the heterotic string arising from wrapping heterotic or gauge five-branes 
around the six-torus [16]. The BPS monopoles are not solutions of the effective 
supergravity theory with abelian gauge group, but it has been argued (e.g. in [47]) 
that there should be modifications of these monopoles that are solutions of the 
abelian theory. The moduli spaces for multi-soliton solutions of BPS monopoles 
are hyper-Kahler [59] while those for extreme a = V3 black holes are flat [40,41], 
so that the black holes and BPS monopoles should not be related by duality. If the 
modified BPS monopoles also have a non-flat moduli space, then they too cannot 
be dual to black holes. However, it is also possible that they have a flat moduli 
space, and even that they are equivalent to black hole solutions. The modified BPS 
monopoles, if they exist, would have electric partners under S-duality which would 
be electric solitons. The magnetic partners under S-duality of electrically charged 
Bogomolnyi fundamental string states are expected to be magnetic monopole soli- 
tons, which might be either BPS-type solutions, or black holes (or both, if they are 


equivalent). In either case, the fundamental string states should be identified with 
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the electrically charged solitons related to the magnetic monopoles by S-duality. 


Whereas the solutions of the type II string we have discussed are exact con- 
formal field theories, the solutions of the heterotic string are only approximate 
low-energy solutions. However, some of these heterotic solutions have a compact 
holonomy group, and for these one can set the Yang-Mills connection equal to the 
spin-connection so that the sigma-model becomes one with (1,1) supersymmetry 
and the resulting background is an exact solution of string theory. Applying this 
to the five-brane gives the symmetric five-brane solution [50] and this can also be 
used to construct a ‘symmetric KK monopole’. However, we do not know which 
of the other solutions of the low-energy effective theory can be corrected to give 
exact solutions, and the duality symmetry of non-abelian phases of the theory are 
not understood. Moreover the a’ corrections to the four-dimensional supergravity 
action give a theory that is not S-duality invariant, but if string-loop corrections 


are also included, an S-duality invariant action should arise. 


5. Toroidal compactification to other dimensions 


In this section, we extend the previous discussion to consider the duality sym- 
metries of type II and heterotic strings toroidally compactified to d dimensions. 
The resulting low-energy field theory is a d-dimensional supergravity theory which 
has a rigid ‘duality’ group G, which is a symmetry of the equations of motion, and 
in odd dimensions is in fact a symmetry of the action. In each case the massless 
scalar fields of the theory take values in G/H, where H is the maximal compact 
subgroup of G. G has an O(10 — d, 10 — d) subgroup for the type II string, and 
an O(10 — d, 26 — d) subgroup for the heterotic string. In either string theory, 
it is known that this subgroup is broken down to the discrete T-duality group, 
O(10 — d, 10 — d; Z) or O(10 — d, 26 — d; Z). It is natural to conjecture that the 
whole supergravity duality group G is broken down to a discrete subgroup G(Z) 
(defined below) in the d-dimensional string theory. We have already seen that this 


occurs for d = 4 and will argue that for d > 4 the symmetry G is broken to a dis- 
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crete subgroup by a generalisation of the Dirac quantization condition. In tables 
1 and 2, we list these groups for toroidally compactified superstring theories (at a 


generic point in the moduli space so that the gauge group is abelian). 


d Supergravity Duality Group G String T-duality Full qM 
104 SOC, D/Z: 


10B 
T 


Table 1 Duality symmetries for type II string compactified to d dimensions. 
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For the type II string, the supergravity duality groups G are given in [60, 
61]*. The Lie algebra of Egg) is the Egg; Kac-Moody algebra, while the algebra 
corresponding to the £19 Dynkin diagram has been discussed in |61, 63]. The 
d — 2 duality symmetry contains the infinite-dimensional Geroch symmetry group 
of toroidally compactified general relativity. In d — 9, the conjectured duality 
group is a product of an SL(2, Z) S-duality and a Zə T-duality, while for d < 8 
we conjecture a unified U-duality. For d = 8, the T-duality group O(2,2; Z) ~ 
[SL(2, Z) x SL(2, Z)]/Z2 x Zə is a subgroup of the conjectured duality. In d = 10, 
the type HA string has G = SO(1,1)/Z», while the type IIB has G = SL(2, R), as 
indicated in the first two lines of the table. We shall abbreviate E,(,(Z) to En(Z) 


when no confusion can arise. 


x They have also been discussed in the context of worldvolume actions of extended objects in 
supergravity backgrounds [62]. 
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O(16) x SOU, 1) 


Table 2 Duality symmetries for heterotic string compactified to d dimensions. 


For the heterotic string, the supergravity duality groups G for d > 2 can be 
found in articles collected in [64]. Pure N = 4 supergravity in d = 4 reduces to 
a theory with G = SO(8,2) in d = 3 and to a theory with supergravity duality 
group given by the affine group SO(8, 2) in d = 2 [60]. Similar arguments 
suggest that the heterotic string should give a d — 2 supergravity theory with G 
given by the affine group O(8, 24)() symmetry. The heterotic string is conjectured 
to have an S x T duality symmetry in d > 4 and a unified U-duality in d < 3. 
Sen conjectured an O(8,24; Z) symmetry of d = 3 heterotic strings in [65]. The 
d — 10 supergravity theory has an O(16) symmetry acting on the 16 abelian gauge 
fields which is broken to the finite group O(16; Z); we refer to this as the T-duality 


symmetry of the ten-dimensional theory. 


The supergravity symmetry group G in d dimensions doesn't act on the d- 
dimensional space-time and so survives dimensional reduction. Then G is nec- 
essarily a subgroup of the symmetry G' in d' « d dimensions and dimensional 
reduction gives an embedding of G in G', and G(Z) is a subgroup of G'(Z). We 
use this embedding of G into the duality group in d' = 4 dimensions to define the 
duality group G(Z) in d > 4 dimensions as GM E7(Z) for the type II string and as 
G N [O(6, 22; Z) x SL(2, Z)] for the heterotic string. 


The symmetries in d < 4 dimensions can be understood using a type of argu- 
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ment first developed to describe the Geroch symmetry group of general relativity 
and used in [65] for d = 3 heterotic strings. The three-dimensional type II string 
can be regarded as a four-dimensional theory compactified on a circle and so is 
expected to have an Ez(Z) symmetry. There would then be seven different E7(Z) 
symmetry groups of the three dimensional theory corresponding to each of the 
seven different ways of first compactifying from ten to four dimensions, and then 
from four to three. The seven Ez(Z) groups and the O(7, 7; Z) T-duality group 
do not commute with each other and generate a discrete subgroup of Eg which 
we define to be F(Z). (Note that the corresponding Lie algebras, consisting of 
seven E77) algebras and an O(T, 7), generate the whole of the Egs) Lie algebra.) 
Similarly, in d = 2 dimensions, there are eight Eg(Z) symmetry groups and an 
O(8,8; Z) T-duality group which generate E9(Z) as a discrete subgroup of Eg(gj, 
and in the heterotic string there are eight O(8, 24; Z) symmetry groups from three 
dimensions and an O(8,24; Z) T-duality group which generate O(8, 24; Z)) as à 
discrete subgroup of O(8, 24)(), 


We now turn to the charge quantization condition and soliton spectrum in 
d 4 dimensions. Consider first the example of type II string theory compactified 
to d — 5 dimensions. The low-energy theory is d — 5, N — 8 supergravity [66] 
which has 27 abelian vector gauge fields Al and an Eg(g) rigid symmetry of the 
action. Recall that in five dimensions electric charge can be carried by particles 
or O-brane solitons, while magnetic charge can be carried by strings or 1-brane 
solitons. The 27 types of electric charge qz transform as a 27 of Eg) while 27 types 
of magnetic charge p! transform as a 27. These charges satisfy the quantization 
condition qrp! — integer [53,67] which is invariant under Eg(gj. As we shall see, all 
54 types of charge occur and so the electric charges take values in a 27-dimensional 
lattice A and the magnetic ones take values in the dual lattice. This breaks the 
E66) symmetry down to the discrete subgroup which preserves the lattice. If the 
theory is now compactified to four dimensions, Fg) survives as a subgroup of 
the Ez(T) duality symmetry in d = 4 and the 27-dimensional lattice A survives as 


a sub-lattice of the 28-dimensional lattice of d — 4 electric charges (this will be 
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checked for the elementary charged solitons below). Thus the subgroup of Eg(o 
preserving A is Egg) O Ez(Z), which is precisely the discrete group E¢(Z) defined 


above. 


The five-dimensional theory has a Bogomolnyi bound involving the electric 
and magnetic charges [11,17] which is saturated by Bogomolnyi solutions that do 
not break all the supersymmetries, and the masses and charges of these states are 
expected to be unrenormalised in the quantum theory. This bound is invariant 
under Egg, and Eg(Z) and so Bogomolnyi solitons automatically fit into Eg(Z) 


representations. 


The d = 5 elementary solitons of the type IIA theory carrying precisely one 
type of electric or magnetic charge and breaking half the supersymmetry can be 
identified in a similar manner to that used in d = 4. The 27 elementary electrically 
charged solitons, which are all extreme black hole solutions in d = 5, and the 27 
magnetic ones, which are all extreme black strings, arise from d = 10 solutions 
as follows. The 5-brane wrapped around the 5-torus gives one electrically charged 
0-brane and 5 magentically charged strings. The d = 10 solitonic string gives 
5 electric black holes and 1 black string. The 0-brane gives one black hole, the 
4-brane gives 10 black holes and 5 black strings, the 4-brane gives 5 black holes 
and 10 black strings and the 6-brane gives 1 black string. In addition, there are 
5 electric black holes arising from pp-waves travelling in each of the 5 toroidal 
dimensions (these can also be viewed as momentum modes of the solitonic string), 
and their 5 magnetic duals, which are a magnetic string generalisation of the KK 
magnetic monopole. These are the solutions consisting of the product of a 4-torus 
with self-dual Taub-NUT and two-dimensional Minkowski space. The non-compact 
six-dimensional subspace gives rise to a 5-dimensional magnetic string in the same 
way that a 4-dimensional KK magnetic monopole originates from a five-dimensional 
solution. Note that these solutions can be thought of as wrapped 4-brane solutions. 


This gives the 27--27 elementary charges, as required. 


On further compactification to d — 4, the 27 electric charges give 27 electri- 


31 


cally charged black holes in d = 4 and the magnetic strings give 27 magnetic black 
holes (together with 27 d = 4 black strings). There are two additional elemen- 
tary charged states in d = 4, the pp-wave travelling in the fifth dimension and 
the KK monopole corresponding to the fifth dimension; these two solutions are 
uncharged from the five-dimensional point of view. This corresponds to the fact 
that the four-dimensional charges lie in a 56 of E77) and this decomposes into 


Ege) representations as 56 — 27 + 27+1+1. 


Similar arguments apply to other strings in d > 4 dimensions, where charge 
quantization effects break G to at most the string duality groups listed in the 
tables. In d dimensions there are electric point charges and magnetic (d — 4)-brane 
solitons (which correspond to a subset of the four-dimensional black hole solitons 
on compactification) and the Dirac quantization of their charges [53,67] breaks 
the duality symmetry to the discrete subgroup G(Z). There is a similar charge 
quantization condition on electric p-branes and magnetic d — p — 4 branes in d 
dimensions [53,67] which again break G to G(Z). In each case, the Bogomolnyi 
solitons automatically fit into representations of the duality group (providing one 


can continue solutions from one vacuum to another as discussed in section 3). 


For d « 4, it is not clear how to understand the breaking of G to G(Z) directly 
in terms of d-dimensional quantum effects. Thus, while we have shown that for 
d > 4 the group G is broken to at most G(Z), there is less evidence for our 
conjectures for d « 4, although we do know that a subgroup of G is broken to the 
discrete T-duality group, and that the solitons will fit into representations of G(Z). 
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6. Compactification of Type II strings on K3 x T? 


The analysis of Bogomolnyi states can also be carried out for non-toroidal 
compactifications. An interesting example is compactification of the type II su- 
perstring on K3 x T? because while K3 has no non-trivial one-cycles and hence 
no string winding modes it does have 22 non-trivial two-cycles around which a p- 
brane for p > 1 can wrap itself to produce a (p — 2)-brane which will then produce 
monopole winding states on 7? if p < 5 (taking periodic arrays where necessary). 
The effective four-dimensional supergravity can be found by the two stage process 


of compactification to six dimensions on K3 [25], followed by a straightforward 


reduction on 7?. It is an N = 4 supergravity with an SL(2; R) x O(6,22) symme- 


try and 28 U(1) gauge fields, exactly as for the compactification of the heterotic 
string on T° at a generic point in the moduli space. In fact, the four-dimensional 
supergravity theories are identical because the coupling of N = 4 supergravity to k 
abelian vector multiplets is uniqely determined by the choice of gauge group [46] *. 
The analysis of section 2 again applies, with the result that the duality group 
is broken down to SL(2; Z) x O(6,22; Z) by the charge quantization condition, 
and the Bogomolnyi bound is again duality invariant. The soliton spectrum then 
automatically fits into representations of SL(2; Z) x O(6,22; Z) and the solitons 
correspond to precisely to the same extreme black holes as were discussed in section 
4 for the heterotic string. However, the ten-dimensional origin of the elementary 


charged solutions is now different and we now discuss these. 


Consider first the common (g, b, ®) sector. Because K3 has no isometries and 
no non-trivial one-cycles all KK modes and string winding modes arise from the 7? 
compactification. This yields modes carrying 24-2 types of electric charge which 
couple to the 24-2 gauge fields from the metric and antisymmetric tensor. The 


corresponding magnetic charges are the KK monopoles and the H-monopoles. The 


x Compactification of the heterotic string on K3 x T? leads to a four-dimensional effective 
field theory with only N = 2 supersymmetry, for which the masses of the Bogomolnyi states 
might be expected to receive quantum corrections, so we shall not discuss this case here. 


33 


latter can be interpreted as the winding modes on 7? of the six-dimensional soli- 
tonic string found from ‘wrapping’ the neutral ten-dimensional fivebrane around 
the 3 surface [68]. We have therefore identified the modes carrying just one type 
of the 4--4 electric and magnetic charges in this sector. As before, we do not con- 
sider modes arising from the ten-dimensional solitonic string on the grounds that 


these are not independent of the fundamental string modes already considered. 


Consider now the type IIA string. The additional 24 vector gauge fields in the 
four dimensional effective field theory arise from the ten-dimensional RR gauge 
fields Aj; and Ayry p. One of these vector gauge fields, A,,, is the four-dimensional 
component of Am. The remaining 23 come from expressing the ten-dimensional 
three-form Aywp as the exterior product of a four-dimensional one-form gauge 
potential times each of the 22--1 harmonic two-forms of K3 x T?. We must now 
find the charged Bogomolnyi states to which these fields couple. Again we consider 
states carrying only one type of charge. The ten-dimensional 0-brane and six-brane 
solitons associated with Aj, yield, respectively, one electric and one magnetic four- 
dimensional black hole coupling to A,,. The electric 2-brane and the magnetic 4- 
brane solitons in ten dimensions produce the Bogomolnyi states carrying the other 
234-23 types of charge coupling to the other 23 gauge fields. Specifically, the 2- 


brane can be wrapped around the 224-1 non-trivial two-cycles of K3 x T? to produce 


22--1 six-dimensional black holes of which one can then take periodic arrays to 
get 224-1 four-dimensional electric black holes. The four brane can be wrapped 
around the 22 homology two-cycles of K3 to give 22 six-dimensional 2-branes, each 
of which can then be wrapped around T? to produce a four-dimensional magnetic 
black hole. Alternatively, the four-brane can be wrapped entirely around K3 to give 
one six-dimensional black hole which then produces a further magnetic black hole 
in four dimensions on taking periodic arrays. We have now found a total of 244-24 
additional electric and magnetic black holes. They each satisfy the Bogomolnyi 
bound, because the ten-dimensional p-brane solitons do, and they each carry just 
one type charge. Combining these with the 44-4 black holes from the (g, b, ®) sector 


yields a total of 284-28 elementary electric and magnetic extreme black holes which 
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generate the (2, 28) representation of SL(2; Z) x O(6, 22; Z). 


Consider instead the type IIB superstring. The RR gauge fields are Amy and 
AQ), PQ which produce 24-22 four dimensional gauge fields upon compactification 
on Ks x T? [25]. These fields couple to the soliton states in four dimensions 
obtained by wrapping the extra solitonic string and fivebrane, and the self-dual 
three-brane, around the homology cycles of K3 x T?, taking periodic arrays when 
necessary to get a four-dimensional soliton (alias extreme black hole). There are 
two homology one-cycles and two homology five-cycles so the extra solitonic string 
and fivebrane produce 2+2 four-dimensional electric and magnetic black holes. 
There are 44 three-cycles so the threebrane produces 44 four-dimensional solitons. 
Since the threebrane is self-dual 22 of these are electric and 22 magnetic. Again 
we have a total of 24+24 additional charges. Combining these with the 4+4 black 
holes from the (g,b,®) sector again yields a total of 28+28 elementary electric 
and magnetic extreme black holes which generate the (2,28) representation of 
SL(2; Z) x O(6, 22; Z). 


Since the type II string compactified on K3 x T? and the generic toroidal 
compactification of the heterotic string have exactly the same four-dimensional 
low-energy field theory it is natural to conjecture that they might be equivalent 
string theories. If this is so then the Bogomolnyi states of the heterotic string 
discussed at the conclusion of the previous section would have a straightforward 
ten-dimensional interpretation after all. It would have some other remarkable 
consequences. For example, at special points of the heterotic string moduli space, 
there are extra massless fields and an enhanced (Yang-Mills) symmetry due to non- 
perturbative world-sheet effects (i.e. non-perturbative in o/, but perturbative in 
g). If the compactified type II string is equivalent, it must have the same enhanced 
symmetry in vacua corresponding to the same points in the scalar field coset space. 
This presumably does not arise from non-perturbative world-sheet effects, so would 
have to come from non-perturbative stringy effects, or from Wilson lines and their 
p-brane generalisations. This would mean that the sigma-model coupling constant 


a’ of the heterotic string becomes one of the stringy coupling constants of the 
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type II theory, as might have been expected from the fact that for the toridally 
compactified type II string, all coupling constants are on an equal footing and are 


mixed up under U-duality. 


7. U-duality and the 11-dimensional supermembrane 


As we have seen, the Ez(Z) invariance of the spectrum of soliton states of 
N = 8 supergravity is an automatic consequence of the Ez(Z) invariance of the 
equations of motion. The non-trivial features are, firstly, that these states have an 
interpretation in terms of ten-dimensional KK solitons and solitonic p-branes and, 
secondly, that if the ten-dimensional field theory is considered to be the effective 
field theory of the type II string theory then E7(Z) invariance requires an identi- 
fication of the solitonic string with the fundamental string. N = 8 supergravity 
can also be obtained by dimensional reduction of 11-dimensional supergravity on 
T". We shall now show that the elementary soliton states of N = 8 supergrav- 
ity also have an interpretation in terms of KK solitons and solitonic p-branes of 
11-dimensional supergravity. There are 7 KK magnetic monopoles and 7 electric 
duals, which are pp-waves of 11-dimensional supergravity [69] travelling in the 
internal dimensions. The 11-dimensional solitonic p-branes are the electric mem- 
brane and the magnetic fivebrane. Each can be wrapped around the seven-torus 
to produce 21 four-dimensional solitons. Thus we have a total of 28 electric and 
28 magnetic four-dimensional solitons each carrying one of the 56 types of charge 
which are a basis for the irreducible 56 repesentation of E'7(Z). If we now wish to 
interpret 11-dimensional supergravity as an effective field theory of a fundamental 
E7(Z) supermembrane theory then we must identify the fundamental membrane 
with the solitonic one, just as we were forced to identify the fundamental string 


with the (appropriate) solitonic string. 


Consider now the compactification to M4 on K3 x T? of eleven-dimensional 
supergravity [28]. The effective field theory is the same as that of the type II 
superstring compactified on K3 x T?, i.e. an N = 4 supergravity with 28 U(1) 
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gauge fields and an SL(2; Z) x O(6,22; Z) symmetry. The soliton spectrum is 
also the same. In the monopole sector we have, firstly, 3 KK monopoles from 
the T? factor and, secondly, a further 25 monopoles from wrapping the solitonic 
fivebrane around the 34-22 homology five-cycles of K3 x T?. This gives a total of 
28 monopoles. The 28 electrically charged solitons are the electric duals of these 
monopoles which can be understood in terms of the KK and winding modes of 
either the solitonic membrane or a fundamental membrane. The entire set of 56 


states can be assigned to the (2,28) representation of SL(2; R) x O(6, 22), inducing 


a corresponding representation of SL(2; Z) x O(6, 22; Z). 


These results are encouraging signs that it may be possible to define the quan- 
tum supermembrane theory entirely in terms of the solitonic membrane solution 
of eleven-dimensional supergravity. Alternatively, one can envisage a dual for- 
mulation in terms of a fundamental 11-dimensional the superfivebrane, in which 
case the solitonic fivebrane might be identified with a fundamental fivebrane. Of 
possible relevance in this connection is the fact that the membrane and fivebrane 
solitons have a very different global structure. Both have a degenerate Killing 
horizon but whereas the membrane horizon conceals a singularity in an interior re- 
gion [70], much like the extreme Reissner Nordstrom solution of four-dimensional 


Maxwell-Einstein theory, the fivebrane is completely non-singular [38]. 


8. Comments 


The equations of motion of four-dimensional effective supergravity theories of 
compactified superstring theories are invariant under a continuous duality group G 
that is broken by quantum effects to a discrete subgroup G(Z). For the toroidally- 
compactified heterotic string at a generic point in the moduli space, and for the 
K3 x T?-compactified type II superstrings, this group is the S x T duality group 
SL(2; Z) x O(6,22; Z). For the toroidally-compactified type II superstrings it is 
the U duality group E7(Z) which contains the S x T duality group SL(2; Z) x 
O(6, 22; Z). Whereas T-duality is known to be an exact symmetry of string theory 
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at each order in the string coupling constant g, the conjectured S- and T- dualities 
are non-perturbative. We have provided evidence for U-duality of the type II string 
by considering those features of string theory that are expected to be given exactly 
by a semi-classical analysis although it should be emphasized that this evidence 
depends only on the form of the effective supergravity theory and would apply 
equally to any consistent quantum theory of gravity for which this is the effective 
low-energy action. Nevertheless, by supposing this consistent quantum theory to 
be string theory our arguments have led us to the remarkable conclusions that it is 
necessary to identify certain states of the string with extreme black holes, and the 
fundamental string with a solitonic string. We have also seen that the elementary 
Bogomolnyi states are extreme black hole solutions of the low-energy theory, and 


have shown how these arise from p-brane solitons of the ten-dimensional theory. 


The zero modes of the scalar fields of the low energy field theory are all coupling 
constants of the string theory, so that G(Z) symmetry relates different regimes 
in the perturbation theory in these coupling constants, interchanging strong and 
weak coupling and, in the case of U-duality, interchanging g with a’, in the sense 
of mixing the quantum loop expansion in g with the sigma-model perturbation 
expansion in a’ and the moduli of the compactification space. For the compactified 
type II superstring, any physical quantity (e.g. the S-matrix) can be expanded in 
terms of the 70 coupling constants associated with zero modes of the 70 scalars. 
In the world-sheet approach to string theory, one first integrates over the sigma- 
model degrees of freedom on a Riemann surface of fixed genus, obtaining a result 
parameterised by the sigma-model coupling constants, and then sums over genus. 
As U-duality mixes up all 70 coupling constants, the final result may be expected 
to depend on all 70 scalars in a symmetric way, even though the calculation was 
very asymmetrical and in particular picked out the dilaton to play a special role. 
This would hugely constrain the theory and the assumption of U-duality, together 
with N = 8 supersymmety, gives us a great deal of non-perturbative information, 
and might even enable us to solve the theory! This structure also suggests that 


there might be a new formulation of string theory which treats all the coupling 
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constants on an equal footing. 


We have seen that there are duality symmetries in all dimensions d < 10 and it 
is interesting to ask whether the d < 10 symmetries can correspond to symmetries 
of the 10-dimensional theory. If e.g. the four-dimensional dualities correspond to 
symmetries of the full ten-dimensional theory, these symmetries must interchange 
the various p-brane solitons of the string-theory; such symmetries would probably 
have to be non-local. If the theories in d < 4 dimensions really do have the duality 
symmetries suggested in section 5, and if these have analogues in higher dimen- 
sions, this would have remarkable consequences for string theory. For example, the 
U-duality of the three-dimensional heterotic string includes transformations that 
would mix the string with 5-brane solitons in ten dimensions, and so would contain 
the transformations described as the ‘duality of dualities’ in [3]. For the type II 
string theory, this suggests that E49(Z) might be a discrete non-local symmetry of 


the ten-dimensional string theory! 


One of the predictions of S-duality for the heterotic string is the presence of 
certain dyon bound states in the Bogomolnyi spectrum, which can be translated 
into to a prediction concerning harmonic forms on the multi-monopole moduli space 
[71]. It would be interesting to consider the corresponding predictions for the type 
II string. Recently, some strong-coupling evidence for S-duality of the heterotic 
string has been found by studying partition functions of certain topological field 
theories [72], and again it would be interesting to seek similar strong-coupling tests 


for U-duality. 


Finally, since N — 8 supergravity and its soliton spectrum are U-duality in- 
variant, many of the properties previously thought to be unique to string theory 
are in fact already properties of the effective supergravity theory once account 
is taken of all soliton solutions. Since only stable states can appear in an exact 
S-matrix it is possible that the only states of the exact toroidally compactified 
type II string theory are the Bogomolnyi states and that these are in one to one 


correspondence with soliton states of the supergravity theory. This would support 
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a previous suggestion [73] that a fundamental superstring theory might actually 
be equivalent to its effective field theory once solitons of the latter are taken into 
account. To pursue this further one would need to find higher spin (> 2) soliton 
states corresponding to the higher spin states of string theory. There seems to 
be no problem in principle with the existence of such higher-spin soliton states in 
N — 8 supergravity because the a — 0 and a — lextreme black holes must belong 
to massive supermultiplets with spins > 2 as they break more than half the super- 
symmetry. In this connection it is worth recalling the similarity of the mass/spin 
relation for Regge trajectories in four-dimensional string theory, M? « Z, with 
J 


that of the degenerate Kerr solutions of general relativity, M? œ a: 
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Abstract 


In these lectures a general introduction to T-duality is given. In the abelian case the 
approaches of Buscher, and Rocek and Verlinde are reviewed. Buscher's prescription for 
the dilaton transformation is recovered from a careful definition of the gauge integration 
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is known on relation to canonical transformations. Some implications of the existence of 
duality on the cosmological constant and the definition of distance in String Theory are 
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1 Introduction 


Few words have been used with more different meanings than the word “duality”. Even 
within the restricted framework of string theories, duality originally meant a symmetry 
between the s and the t-channels in strong interactions (coming from the demands in 
the S-matrix approach of the sixties of Regge behavior without fixed poles and analitic- 
ity, which were shown to imply the existence of an infinite number of resonances) [i]. 
Somewhat related ideas, also termed “duality”, appear in the context of Conformal Field 
Theory (CFT) as simple consequences of locality and associativity of the operator product 
expansion (OPE) [P]. 

Duality symmetry plays an important róle in Statistical Mechanics (for a review and 
references to the literature see for instance |), in particular in the analysis of the phase 
diagram of spin systems. It can also be understood as a way to show the equivalence 
between two apparently different theories. On a lattice system described by a Hamiltonian 
H(gi) with coupling constants g; the duality transformation produces a new Hamiltonian 
H*(g) with coupling constants g7 on the dual lattice. In this way one can often relate the 
strong coupling regime of H(g) with the weak coupling regime of H*(g*). An important 
application was the determination of the exact temperature at which the phase transition 
of the two-dimensional Ising model takes place ff]. 

More recently, the word “duality” (“space-time duality”) has been introduced in yet 
another sense. T-duality is a symmetry which relates physical properties corresponding 
to big spacetime radius with quantities corresponding to small radius. This will be our 
main theme in this review and from now on we will refer to it as just duality (a general 
reference is [f]]). S-duality is a (conjectural) symmetry relating the strong coupling regime 
with the weak coupling one, a bold generalization of the original conjecture by Montonen 
and Olive [D]. Still more interesting (and speculative), there is a “duality of dualities": 
S-duality for strings corresponds to T-duality for fivebranes and conversely (see [ff] for a 
general review). Another formally very similar property is G-duality, a property of the free 
energy of strings at finite temperature [E] which relates the high and the low temperature 
phases. For example, for the 10-dimensional heterotic string 


F(8) = 4 F(r^/B). (1.0. 1) 


The physical interpretation of this symmetry is, however, somewhat uncertain due to the 
presence of the Hagedorn temperature. 

In String Theory and Two-Dimensional Conformal Field Theory duality is an im- 
portant tool to show the equivalence of different geometries and/or topologies and in 
determining some of the genuinely stringy implications on the structure of the low energy 
Quantum Field Theory limit. Duality symmetry was first described on the context of 
toroidal compactifications [f]. For the simplest case of a single compactified dimension of 
radius R, the entire physics of the interacting theory is left unchanged under the replace- 
ment R — a'/R provided one also transforms the dilaton field ¢ — $ — log (R/ Va’) ra. 
This simple case can be generalized to arbitrary toroidal compactifications described by 
constant metric g;; and antisymmetric tensor b;; [[J). The generalization of duality to this 
case becomes (g +b) — (g+6)~! and ¢ > ¢—4 logdet(g + b). In fact this transformation 
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is an element of an infinite order discrete symmetry group O(d,d; Z) for d-dimensional 
toroidal compactifications [I3, [4]. The symmetry was later extended to the case of non- 
flat conformal backgrounds in [IG]. In Buscher's construction one starts with a manifold 
M with metric gij, i, j = 0,...d — 1, antisymmetric tensor bj; and dilaton field 9(x;). One 
requires the metric to admit at least one continuous abelian isometry leaving invariant 
the c-model action constructed out of (g,5, 9$). Choosing an adapted coordinate system 
(x9, z^) = (0,29), a = 1,...d —1 where the isometry acts by translations of 0, the change 
of g, b, ó is given by 


Joo = 1/ goo; Joa = boa/ goo; 
Jap = gag — (goegog — boabog)/ goo 
boa = Joa/ Joo; 


bag = bag — (Goabog — Jogboa)/ goo, 
2 1 
o=o- 5 log goo. (1.0. 2) 


The final outcome is that for any continuous isometry of the metric which is a symme- 
try of the action one obtains the equivalence of two apparently very different non-linear 
c-models. The transformation ([.0. 2) is referred to in the literature as abelian duality 
due to the abelian character of the isometry of the original o-model. If n is the maximal 
number of commuting isometries, one gets a duality group of the form O(n, n; Z) [I8]. 
Duality symmetries are useful in determining important properties of the low-energy ef- 
fective action, in particular in questions related to supersymmetry breaking and to the 
lifting of flat directions from the potential [I]. Although the transformation ([L.0. 2) was 
originally obtained using a method apparently not compatible with general covariance, it 
is not difficult to modify the construction to eliminate this drawback [I9]. A particularly 
useful interpretation of (T.0: 2) is in terms of the gauging of the isometry symmetry [I7]. 
The duality transformation proceeds in two steps: i) First one gauges the isometry group, 
thus introducing some auxiliary gauge field variables A. The gauge field is required to be 
flat and this is implemented by adding a Lagrange multiplier term of the form ydA. It 
is naively clear that if we first perform the integral ovel xy, this provides a ó-function dA 
on the measure, implying that A = dX is a pure gauge (we consider a spherical world 
sheet for simplicity). Fixing X — 0 the original model is recovered. ii) The second step 
consists of integrating first the gauge field A. Since there is no gauge kinetic term, the 
integration is gaussian, yielding a Lagrangian depending on the original variables and the 
auxiliary variable x. After fixing the gauge the dual action follows. In [I] it was further 
shown that if one starts with a conformal field theory (CFT), conformal invariance is 
preserved by abelian duality. The proof was based on an analogy between the duality 
transformation and the GKO construction [BJ]. 

Of more recent history is the notion of non-abelian duality PJ, Z3, 24, B3], which has 
no analogue in Statistical Mechanics. The basic idea of [RJ], inspired in the treatment of 
abelian duality presented in [T7], is to consider a conformal field theory with a non-abelian 
symmetry group G. In this case the gauge field variables A and the Lagrange multipliers 
live in the Lie algebra associated to G. The duality transformation proceeds in the two 
steps described above. 


In the abelian case it is also possible to work out the mapping between some operators 
in the original and dual theories, as well as the global topology of the dual manifold 
[g. Thus for G abelian we have a rather thorough understanding of the detailed local 
and global properties of duality. In the non-abelian case global information can only be 
extracted for o-models with chiral currents [5]. For these models it is possible to perform 
a non-local change of variables in the Lagrange multiplier term such that the Lagrangian 
keeps its local expression and from it the global properties of the dual model can be 
worked out. The same construction does not work for general c-models without chiral 
isometries. 

Some interesting reviews on duality can be found in [B] and [Bg]. 


The organization of the lectures is as follows: 


1. In section two we review the approaches of Buscher [[d| and Roček and Verlinde 
to abelian duality. We also exhibit the kind of information one can obtain with 
these formalisms. The approach of De la Ossa and Quevedo ẸJ to non-abelian 
duality is explained. Some comments are made concerning the global properties of 
the dual manifold [E53]. 


2. In section three we show that for non-semisimple isometry groups a mixed gravitational- 
gauge anomaly may emerge in constructing the non-abelian dual. This explains in 
particular why the example considered in [24] violates conformal invariance to first 
order in a’. 


3. In section four we study with some detail the transformation of the dilaton needed 
to preserve conformal invariance (to first order in a’) under duality. 


4. In section five the problem of the behavior of the cosmological constant under du- 
ality is addressed. This study is motivated by the work in [Bd] where an explicit 
example in which the cosmological constant changes under a duality transformation 
is considered. 


5. In section six we study the implications that duality has in the definition of a 
proper distance within String Theory. We consider particular families of correlators, 
manifestly duality invariant, and discuss the properties a distance based on them 
would have. 


6. In section seven the canonical transformation approach to duality is studied. We 
shall be following [E]. In the abelian case the explicit generating functional pro- 
ducing Buscher's formulae is constructed. It is shown that all the information which 
can be obtained in the formulations above can be derived more easily this way. The 
general formulation of non-abelian duality as a canonical transformation is so far 
unknown. We review an example [f] where a non-abelian transformation in the 
SU (2) principal chiral model is constructed as a canonical transformation of type I, 
the same type as for abelian duality. 


7. Section eight contains a partial list of open problems. 


2 Abelian and Non-Abelian Dualities 


2.1 Abelian Duality 


We start with a summary of Buscher's formulation [Id]. Consider a non-linear o-model 
defined on a d-dimensional manifold M: 


a= a ; f Pel ht gyða Oya + i€”,,0,2°0, 2 + a V hRO $(2)), (2.1. 1) 
TO 


where gi; is the target space metric, bj; the torsion and 6$ the dilaton field, coupled to 
the two dimensional scalar curvature in the world sheet RO. hx is the world sheet 
metric and a’ the inverse of the string tension. Let us assume that the o-model has an 
abelian isometry represented by a translation in a coordinate 0 in the target space. In 
the coordinates (0,x^), a = 1,...,d — 1, adapted to the isometry, the metric, torsion 
and dilaton fields are 0-independent. Then the original theory can be obtained from the 
following d + 1-dimensional o-model: 


1 
Sq do) J PELV hh™ (goo Vp V,, + 2goa V OLL% + Jagð 210,1) 
Hie (2boa V,O,x* + bagð x10 LP) + 2i 0O, V, +a VAR (x), (2.1. 2) 


where V is a 1-form defined on M and ĝ is an additional variable acting as a Lagrange 
multiplier. The equation of motion for Ó implies OV, = 0, which in topologically 
trivial world sheets forces V, = 9,0, leading to the original theory. If instead we integrate 
over the V,,-fields: 


1 €," E 
V, ——(goa0,z" + i (bg 0,27 + 8,0)), 2.1. 3 
LECCE )) (2.1. 3) 
we obtain the dual action: 
- 1 EN E 
Š = LI / d£ hh!" (Go00,.00,0 + 29940,80,2^ + 4,50," 0,x^) 
TQ 
Hie!” (290,00, x^ + 5,50,1*0,x?) +a V hRO G(£)], (2.1. 4) 
where: 
7 1 
go = —— 
Joo 
b Q 1 [27 
Jou = E boa = y 
goo goo 
Jas = Jag — Joa Jos — bos bog 
Joo 
1. ab = b a 
bag = bag — Joa? T Jopoa (2.1. 5) 
goo 


(2.1. 3) show that duality relates very different geometries. We will see that it may also 
lead to different topologies. The integration on V, produces a factor in the measure det goo 
which conveniently regularized yields the shift of the dilaton: 


$-6- 5 log doo. (2.1. 6) 
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The regularization prescription in order to find (B.T. 9) is fixed by requiring conformal 
invariance of the dual theory. In the following definition was shown to yield the 
correct dilaton shift satisfying conformal invariance to first order in a’: 


detA, 
detA ' 


where Ay = — JO. (V hh" Ady), A= — JA Vah"). We will further justify this 
definition for the determinant in section four. 
The o-model defined by (ğ,b, $) is independent of the ĝ variable, hence the original 
model can be recovered by performing the duality transformation with respect to 0 shifts. 
This formalism has apparently some limitations: 


detA = (2.1. 7) 


1. It seems that general covariance is broken due to the choice of adapted coordinates 
needed to perform the duality transformation. This also obscures the issue of the 
global topology of the dual manifold, which is harder to describe if one works in 
local coordinates. 


2. If the original theory has some isometries not commuting with the one used for 
duality they generically disappear as local symmetries in the dual model. 


3. The original model is recovered from (2.1. 2) only in spherical world sheets. The 
monodromy of the V variable must be fixed by imposing the absence of modular 
anomalies. For that we need to know which are the orbits of the Killing vector. 


4. When the Killing vector has fixed points, V, in (B.T. 3) is singular. In this case it 
could be much wiser to work with the d + 1-dimensional action (PIJ. 


5. What happens to the operator mapping from the above construction?. 
6. What are the general properties of the non-abelian generalization?. 


All these questions can be addressed with a different way of constructing the dual 
model. We will follow the work of Roček and Verlinde [I]. The formulation of Roček and 
Verlinde starts with the same o-model (ET: T) with the abelian isometry represented by 
0 — 0 +e. The key point is to gauge the isometry by introducing some gauge fields A, 
transforming as 6A, = —O,e. With a Lagrange multiplier term the gauge field strength is 
required to vanish, forcing the constraint that the gauge field is pure gauge. After gauge 
fixing the original model is then recovered. 

Gauging the isometry in (E.T. T) and adding the Lagrange multipliers term leads to: 


1 
Sun = To 1 d?£[V/hh"" (go0(0,0 + Aj) (0,0 + Av) + 2994 (0,0 + A, )O,a^ 
+gagð 2*0 x) + ie (2boa (0 0 + A,)0,x? + bagð r3 f) + 2ie" 00, A, 


+a VAR? 6(2)]. (2.1. 8) 
The dual theory is obtained integrating the A fields: 
1 Eu ~ 
A, = —— laa Sia OU + 8,0)), 2.1. 9 
dg (goo Ou vx 0 )) ( ) 
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and fixing 0 = 0. 

In [I] it is shown that the original and dual theories can be considered as the vectorial 
and axial cosets of a given higher dimensional theory with chiral currents in which the 
abelian symmetry group is gauged. This shows that conformal invariance is preserved by 
abelian duality to all orders in a’ since one can think of the initial and dual theories as 
two different functional integral representations of the same conformal field theory. 

Within this approach the open questions enumerated above can be solved. 

The procedure of gauging the isometry can be implemented in arbitrary coordinates 
[9]. If the original c-model has a torsion term then Noether's procedure must be followed, 
as made explicit in [Dd]. Let us consider the following o-model: 


B. = = [subir + É foyd ^ dz? 
= > [ PE (gs + byar Ta, (2.1. 10) 
where a’ = 2. Let k? be a Killing vector for the metric g: 
Lkgij = Vk; + Viki = 9. (2.1. 11) 
Invariance of S requires also 
Lyb=dw, w=izb-v, (2.1. 12) 


where (i,b); = k'b;; and v is a one-form such that iH = —dv (H = db locally). The 
associated conservation law is: E 7 
OJ; + OJ, = 0 (2.1. 13) 


Jy = (k-—idyb-- w)O0z! = (k — v),0x' = (k — v)- Ox 
Jy = (k+i,b—w),O2' = (k+v),02' = (k + v) - Ox. (2.1. 14) 
If we wish to gauge the isometry we introduce gauge fields A, A, with 6.A = —Óe , 6A = 


—0e, and óz! = ek*(x) now with e a function on the world sheet. It can be shown [9] 
that the action: 


1 a , PEE 2 
San ==> / d?t|(g;; + bi; ðr + (Jy — OX) A-- (Jk --Oxy)A--k*AA], — (2.1. 15) 


is invariant under: 


6a = kx) OX = —ek-v 
6A = —0e 6A=—Oe. (2.1. 16) 


The Lagrange multiplier term forces the gauge field to be flat and at the same time cancels 
the anomalous variation of the Lagrangian. For a genus g world-sheet X, and compact 
isometry orbits we may have large gauge transformations. We consider multivalued gauge 
functions: 


fa = 2mn(v) n(y) € Z, (2.1. 17) 
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where y is a non-trivial homology cycle in X,. Since we are dealing with abelian isometries 
it suffices to consider only the toroidal case g = 1. The variation of 54, is: 


6Sa41 = = | (Əxðe — aed) = + f ix^de 


(for fe fof) xm 


where a and b are the two generators of the homology group of the torus T. Since e is 
multivalued by 27Z, we learn from (2.1. 18) that xy is multivalued by 47Z: 


f = Anm(»y) m(y) € Z. (2.1. 19) 


For a non-compact isometry 054,, = 0 and dy may in general have real periods. The 
original theory is recovered integrating the Lagrange multiplier, which appears in the 
action in the form of a closed one form. In non trivial world sheets these one forms have 
exact and harmonic components. The x-dependence in (BT. T3) is: 


1 
S% = EF (dxo + Xn) ^ A. (2.1. 20) 


Integrating by parts in the exact part and using Riemann's bilinear identity we obtain: 


s= x ^dA- zo fA- fA po) (2.1. 21) 


Integration on xo yields the constraint dA = 0 and integration on the harmonic compo- 


nents leads to: 
pA=$A=0. (2.1. 22) 
a b 


Both constraints imply that A must be an exact one form. Fixing the gauge the original 
theory is recovered. By construction S4,; is general covariant, and therefore we have 
a clear idea of the d-dimensional geometrical interpretation of the model. Locally the 
dual manifold is equivalent to (M//S') x S! (for compact isometries), where the quotient 
means that the gauge is fixed by dividing by the orbits of the isometry group. Generically 
we expect topology change as a consequence of duality. However the more delicate issue 
is whether the dual manifold M is indeed a product or a twisted product (non-trivial 
bundle). It is also useful to notice that in the previous arguments the structure of 71(M) 
played no róle. This rises some questions concerning the way the operators in both theories 
are mapped under duality [[J]. The nature of the product relating the gauged original 
manifold and the Lagrange multipliers space turns out to be dictated by the gauge fixing 
procedure, in particular by Gribov problems. We use an example to labor this point. This 
is the SU(2) principal chiral model, which represents a o-model in S?. The dual with 
respect to a fixed point free abelian isometry is locally S? x S!. One knows that this also 
holds globally when performing the gauge fixing. This reveals that the dual manifold is 
5? x S! and not a squeezed S? (for details see [I9]). 

The interest of working with the d + 1-dimensional theory is that the possible singu- 
larities in the dual theory due to the existence of fixed points do not emerge. However if 
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we are interested in the explicit form of the dual o-model we have to eliminate the gauge 
field A. Integrating on A in (B.1. 13), the dual model (g, b, ¢) reads: 


. 1 

Joo = 12 

foo = 22, tg = 

tp z — 

a Kate 5 kgVa 

$-4- 5 log k?. (2.1. 23) 


Going to adapted coordinates and fixing the gauge we recover Buscher’s formulae since 
k? = goo, Va = boa, ka = goa. However this choice of coordinate system unables us to 
obtain global information about the dual manifold. 

The explicit operator mapping can be constructed [I9]. The duals to vertex operators 
V, = expp0, which are momenta operators in the direction of the isometry, are non-local 
operators which can be interpreted as winding operators only for flat compact isometries. 
Thus, the description of duality in toroidal compatifications as the symmetry exchanging 
momenta and windings is modified. In particular the structure of mı( M) turns out not 
to be important. The winding operators are associated to compact isometry orbits in the 
target space manifold and not to homologically non-trivial cycles as is usually interpreted 
for toroidal compactifications. 

The extension to non-abelian isometry groups is easily done in this formalism. The 
details are worked out in the next section. 


2.2  Non-Abelian Duality 


The same procedure à la Roček and Verlinde was generalized in [BJ] to construct the 
dual with respect to a given no-abelian isometry group G. The gauge fields take values 
in the Lie algebra associated to the isometry group and they transform under gauge 
transformations x™ — g™,2", m,n = 1,..., N, where g € G, as A— g(A+0)g7!. The 
isometry is gauged by introducing covariant derivatives} 


Oy" —» Dr” = Oz" + A (Ta) nT”, (2.2. 1) 


where T, is a N-dimensional representation for the œ generator of the Lie algebra of G. 
The flatness of the gauge fields is imposed by the term: 


J Tre (2.2. 2) 


with F = ðA — 0A + [A, A]. The y-fields take values in the Lie algebra associated to G 
and transform in the adjoint representation to preserve gauge invariance. Integration on 


?Note that this way of gauging a continuous global isometry is only valid for certain o-models and 
isometry groups | 


x fixes F = 0 in semisimple groups, then A is pure gauge (in spherical world sheets) and 
after gauge fixing we recover the original model. As before the dual model is obtained 
integrating on A and then fixing the gauge. For non-semisimple groups the Lagrange 
multipliers term must be introduced in a different way since the Cartan-Killing metric is 
degenerate and the integration on x does not imply that all the F-components are zero. 
In this case the x-fields must be taken in the basis dual to Tẹ and they transform in the 
coadjoint representation. 
We can write the gauged c-model action as: 


1 E _ E = 
Paice: = = T d?^z[Qua D” Dz" + Qmu DL” DE + Q gor DL” PO on OL 
1 
+Tr(xF) + 5 R9], (2.2. 3) 


where Q = g + b, latin indices are associated to coordinates adapted to the non-abelian 
isometry and greek indices to inert coordinates. We can write (D.2: 3) as: 


1 1 7 a 1 
Sgauge = Sle] + 5- J d?z[A^ fag A? + ha A% + ha A® + 5h 4), (2.2. 4) 
with: 
ha = (ppt FO Ol Uu — OX TRNaa 
ha = (QnpOt" + QnmOt™)(Ta)” gt! + OX°T Raa 
foa — Quas)" Al ug + Cea X T nus (2:2. 5) 
where [74, T5] = Cag Ty and Tr(TyTs) = Trae (Tr(T, T5) = Trnog if the group is not 
semisimple). 
Integrating A, A: 
8 = Sfx] + > fez al f°?) hg + PRO 4, (2.2. 6) 
where ¢ is given by: 
~ 1 
$ = 6 — 5 log (det), (2.2. 7) 


after regularizing the factor det f coming from the measure as in previous section. In all 
the examples considered the dual model with this dilaton satifies the conformal invariance 
conditions to first order in a’, but a general proof analogous to that of Buscher in the 
abelian case is lacking. 

The construction above seems to be a straightforward extension of abelian duality. 
However this is not so. Non-abelian duality is quite different from abelian duality, as 
it is clearly manifested in the context of Statistical Mechanics. In this context duality 
transformations are applied to models defined on a lattice L with physical variables taking 
values on some abelian group G. The duality transformation takes us from the triplet 
(L,G, S|g]), where S|g] is the action depending on some coupling constants labelled col- 
lectively by g to a model (L*, G*, S*[g*]) on the dual lattice L* with variables taking values 
on the dual group G* and with some well-defined action S*|g*]. For abelian groups, G* 
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is the representation ring, itself a group, and when we apply the duality transformation 
once again we obtain the original model. As soon as the group is non-abelian the previ- 
ous construction breaks down because the representation ring of G is not a group fj. In 
particular the non-abelian duality transformation cannot be performed again to obtain 
the model we started with. In the context of String Theory the major problems in stating 
non-abelian duality as an exact symmetry come when trying to extend it to non-trivial 
world sheets and when performing the operator mapping (a detailed explanation on this 
can be found in [[9). With the usual Lagrange multipliers variables is not possible to ex- 
tract global information. In c-models with chiral currents a non-local change of variables 
in the Lagrange multipliers term can be done such that the dual Lagrangian is local. In 
these variables the dual theory can be shown to be the product of the coset of the original 
manifold by the isometry group M/G and the WZW model of group G B3. This applies 
in particular to the case of abelian groups, in agreement with the results on abelian du- 
ality. The dual variables introduced in B5j are the base of the non-abelian bosonization 
studied in P7]. As in the abelian case the more delicate issue is to know what kind of a 
product it is. This can be worked out in the case of WZW models PY. The partition 
function at genus one of a WZW model with group G is not a product of any modular in- 
variant partition function for the G/H coset theory and one of the H WZW-model (now 
H is the gauged isometry group). The Kac-Moody characters of the Gy WZW-model 
have a well-defined decomposition in terms of products of G/H and Hj characters. This 
implies that the product is a twisted product. In fact in this case the explicit integration 
on the A-fields can be made and the result is that the model is self-dual. 

For non-abelian isometry groups certain anomalies can arise when performing the non- 
abelian dual construction 5, BS. When one analyzes carefully the measure of integration 
over the gauge fields and its dependence on the world sheet metric, one encounters a mixed 
gauge and gravitational anomaly when any generator of the isometry group in the 
adjoint representation has a non-vanishing trace. This can only happen for non-semisimple 
groups. This mixed anomaly generates a contribution to the trace anomaly which cannot 
be absorbed in a dilaton shift and imposes a mild anomaly cancellation condition for the 
consistency of non-abelian duality. We treat this point in the next section. 


3 Mixed Anomalies and Effective Actions 


Since we are interested in conformal invariance, we introduce an arbitrary metric hag on 
the world sheet and compute the contribution to the trace anomaly of the auxiliary gauge 
fields A4. If for simplicity we work on genus zero surfaces, the most straightforward way 
to compute the dependence of the effective action on the world sheet metric is to first 
parametrize A; as: 


A,—-L0,L, A — R0 R, BoT 


for L, R group elements. We can think of z^ as light-cone variables or as complex co- 
ordinates, and they depend on the metric being used. In changing variables from A+ to 
(L, R) we encounter jacobians: 


DA,DA_ = DLDRdet(D,(A,)D_(A_)) (3.0. 2) 
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with Ax given by (B.0: T) (we take A+ as antihermitian matrices). We can write the deter- 
minants in (B.0. 2) in terms of a pair of (b,c)-systems (b4,, c*), (b-a, Č). c, € are 0-forms 
transforming in the adjoint representation of the group. For arbitrary groups b+ trans- 
form in the coadjoint representation. The determinants in (B.0. 2) can be exponentiated 
in terms of the (b,c)- systems with an action: 


nen = i f 6 D-C0c 9-0. (9), (3.0. 3) 


which is formally conformal invariant. The variation of S with respect to the metric is 
given by the energy-momentum tensor T4. We can ignore momentarily that A+ are 
given by (B.0: T) and work with arbitrary gauge fields. We can compute the dependence 
of the effective action for (B.0. 3) on the metric hag and the gauge field using Feynman 
graphs. Expanding about the flat metric, and using the methods in E the first diagrams 
contributing to the effective action are 


h——(h4+) couples to T}+(T——), and A (A,) to the ghost currents j,(j_) given by: 


Tia = O16 b, T =0.0 b a (3.0. 4) 


Fab (TIe, ji = balT (3.0. 5) 
If one keeps track of the ie prescriptions in the propagators appearing in the graphs, the 
loop integrals are finite, and we can write their contributions to the effective action as: 
(2) 1 a 2 pi a P- 4a 
We = —TwT* | dp(h__(p) PEAY (7p) + ho (DAL (7p). (3.0. 6) 
T P- p 
The coefficient of (B.0. G) and W 2 may also be computed using the OPE: 


T(2)ja(w) ~ ——* Jalu) + — aw). (80.7) 


Gea FW (z — w) 


As it stands, W? has a gravitational anomaly, i.e. the energy-momentum tensor is not 
conserved. However we can still add local counterterms to (B.0._@) to recover general 
coordinate invariance. Since to first order in h the two-dimensional scalar curvature has 
as Fourier transform: 


R(p) = 2(2p4p-h+- (p) — p? h__ — p hi4), (3.0. 8) 


if we add the counterterms: 


exer, f An (Cp) (p)p.. — 2p-h4_), (3.0. 9) 


we obtain an effective action 


1 A? (— A8 (— 
wo =Z art. | Rip) ufi p) +p si p (3.0. 10) 


P+P- 
leading to a conserved energy-momentum tensor, although it contains a trace anomaly 
which is not proportional to R(p) and therefore it cannot be absorbed in a modification 
of the dilaton transformation. Varying (B.0. TO] with respect to h,_ leads to: 


ewe | 
(Ty-) = 5 = IT-A (7p) + p- AT (79) (3.0. 11) 
4- T 
which in covariant form becomes ~ T'rT, V? A2. 
Similarly we can vary the effective action to this order with respect to gauge transfor- 
mations to evaluate the corresponding gauge anomaly: 


i ow o ow Oo sw swe) 
oga + Prag) ~P- Fae A 
, , 1 
= p-(Ja+(P)) + P+ Ga-(p)) = —5- TrT. RC-p). (3.0. 12) 


This is a different way of writing the third order pole in the OPE (6.0.7). From @.0] 
we see that at this order (W 2) the trace anomaly is not proportional to R, and it 
therefore cannot be absorbed in a contribution to the dilaton or the effective value of 
c (the central charge of the Virasoro algebra). The contribution in (B.0: T1] spoils the 
conformal invariance of the dual theory, and further fields should be required to cancel it. 
However in that case the resulting theory would not agree with the one obtained through 
a naive duality transformation. Another way to obtain the same conclusion as in (B.0. TT]) 
is to use heat kernel methods. Both methods agree and we conclude that the condition for 
the duality transformation to respect conformal invariance is that the generators of the 
duality group in the adjoint representation should have a vanishing trace. The opposite 
may only happen for non-semisimple groups, as in the example discussed in [4]. 


4 The Transformation of the Dilaton 


It is well known [Id] that the transformation (E.T. 3) is not the whole story. Indeed, the 
dual model is not even conformally invariant in general, unless an appropriate transfor- 
mation of the dilaton is included, namely 


o=o- 5108 k?. (4.0. 1) 


Perhaps the simplest way to realize that something has to change in the dilaton coupling 
is to insist on the demand that the BRS charge be nilpotent. It is well-known 
that the BRS charge can be written as: 


Q- j Za) (T® + T (4.0. 2) 
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where 


1 1 
T® = —59,02 Oz" + 39 6 
Tj, = —2b0c — Obc (4.0. 3) 


and Q? = 0 (in the OPE sense) is equivalent to the consistency conditions of the c-model 
B-functions equal to zero [B]. 
Using the fact that after performing a duality transformation 


2 1 MCN 
Te =T@ + gi; l2) — ((v — w).8z)?] + 39 (6 — $) (4.0. 4) 
the condition Q? = 0 necessarily leads to (0. T]. 

We can trace the need for a transformation of the dilaton to the behavior of the 
measure under conformal transformations. Under a Weyl rescaling of the 2-d world-sheet 
metric, g — €^g, the integration measure over the embeddings behaves (to first order in 
g) as: 


Dus = Du eter S20) 60 f (V HHVH- Reg H*)o (4.0. 5) 


E 


where S; (c) is the Liouville action. This means that although they are formally the same, 
both measures Dx and Dz behave in a very different way under Weyl transformations 
unless, of course, a compensating transformation of the dilaton is introduced to this 
purpose. 

In the path integral approach the way to obtain the correct dilaton shift yielding to a 
conformally invariant dual theory can be seen as follows. Let us work with the approach 
of Roéek and Verlinde. In complex coordinates and on spherical world sheets we can 
parametrize A = ða, A = OG (as we previously did in (B.0. 1]), for some 0-forms a, 8 
in the manifold M. The change of variables from A, A to a, produces a factor in the 
measure: 


DADA = DaDB(detd) (det) = DaDB(detA). (4.0. 6) 


Substituting A, Á as functions of a, 3 in (ZT. 9) and integrating on a, 3, the following 
determinant emerges: 


(det(8gog80)) |. (4.0. 7) 
In particular, the integration on B produces a delta-function 
ó(O(gooOo: + (Joa — boa)Ox® — 06), (4.0. 8) 


which integrated on a yields the factor in the measure ([E.0. 7]). 
What we finally get in the measure is then 


detA 
det A 


(4.0. 9) 


900 


where A, is given as in (B.T. 7]) in complex notation. This formula provides a justification 
for Buscher's prescription (see also [B0]) for the computation of the determinant arising 
from the naive gaussian integration. As we have just seen some care is needed in order 
to correctly define the measure of integration over the gauge fields. From ([L0. 9) the 
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dilaton shift (B.T. d) is obtained in the following way. Writing goo as goo = 1 +0 ~ e? we 
have: 


Ap = (1 + 0o)A — h” gr. (4.0. 10) 
Substituting in the infinitesimal variation of Schwinger’s formula: 
ô log detA = Tr n dtóAe /^ (4.0. 11) 
we obtain 
dlogdetA,,, = — ; PESAU Ele AFA h^ uoa) ev. (4.0. 12) 
where Ago = —OA,,, with óh,, = Q6,,. We can now use the heat kernel expansion 
E 1 11 
PEE RI. RM 4.0. 1 
(Ele) = + (GR - V), (4.0. 13) 
where 
D =  — 2ih"" A.B, + (— 8, (VAh A,) + h” A, A,) + V. (4.0. 14) 


Vh 


For D = A + cA — h*”0,,00, and after dropping the divergent term 1/4re and the 
quadratic terms in o we obtain: 


1 
Slog det Ay. = —— / d'£V/ RO) log goo. (4.0. 15) 
Substituting in (RI): 
1 
detgoo = exp (== [ &&vnR9 log goo); (4.0. 16) 


which implies ¢ = ¢ — + log goo: 


5 Duality and the Cosmological Constant 


A striking feature of duality is the fact that the cosmological constant, defined as the 
asymptotic value of the scalar curvature, is not in general invariant under the transforma- 
tion. This fact was first noticed in for the case of a WZW model with group SL(2, R) 
where a discrete subgroup was gauged. This space has negative cosmological constant 
and under a given duality transformation it is mapped into an asymptotically flat space 
(into a black string). This implies that the usual definition of the cosmological constant 
from the low-energy effective action is not satisfactory. Even at large distances, if duality 
is not broken there is a symmetry between local (momentum) modes and non-local (wind- 
ing) modes. One is lead to wonder to what extent the cosmological constant is a string 
observable] The contribution to the cosmological constant of the massless sector might 
be cancelled by the tower of massive states always present in String Theory (proposals 
along these lines using the Atkin-Lehner symmetry were advanced by G. Moore |B3)). 


?Similar remarks would apply to the concept of spacetime singularity in String Theory p Bq). 
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We study now the behavior of the scalar curvature under duality. If the space-time 
metric in the c-model takes the form 


ds? = gijdx' dz? i,j = 0,1,2,...,d — 1, (5.0. 1) 


where z? is adapted to the isometry k = 9/0z?, (0-1) can be written as 


kak 
ds? = (ey + (gag — 12 )dz^da^ 
ka 
e = kdz? + = 
k? = kiki = goo ka = Goa: (5.0. 2) 


Buscher’s transformation leads to a dual metric 


i = y E 


e 


(dz + v, dz?), (5.0. 3) 


i? being the Lagrange multiplier and v is defined as in section 2 by k! Hj; = —Ojvj, H = 
db. The dual scalar curvature following from (D.0: 3]) is 
1 k? 


AC tk + zz Hoag HIP? — a PF, (5.0. 4) 


4 


~ 4 
— aß 
R=R= x9 OakOgk + 7 


where Ad} is the (d — 1)-dimensional Laplacian for the metric g25 = gag — E and 
Fas = a Ag — OgAq with Aa = ka/k?. BUJ) can be rewritten as 


és 1 a k » 
R= R4 AAlogk + zz Hoas H” am 3 PF P. (5.0. 5) 


From (D.0: 3) we see that: 


e The only way to “flatten” negative curvature is by having torsion in the initial 
space-time. Otherwise the dual of an asymptotically negatively curved space time 
is a space of the same type. 


e Positive curvature seems easier to flatten. 


e In general the asymptotic behaviors of R and R are different, which proves the 
statement at the beginning of this section. 


e In the particular case of constant toroidal compactifications R = R, in agreement 
with the result in Q|]. 


We can also construct the dual torsion 


~ 1 

Hoag E — 5 Fas 

~ 3 3 

Hag, = Happ — vy Hopogko — 5 Fiogug. (5.0. 6) 


k 
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2 


Since 
Jo = B/G, (5.0. 7) 


and the modulus of k can be expressed in terms of the dilaton transformation properties, 


we obtain 7 - E , 
B4 c9 H2.4 Aó — R4 8079 HZ, + Ad, (5.0. 9) 


which could be used to show the duality invariance of the string effective action to leading 
order in o/. 

The change of the cosmological constant under duality is not only peculiar to three- 
dimensions but rather generic. This raises the physical question of whether in the 
context of String Theory the value of the cosmological constant can be inferred from the 
asymptotic (long distance) behavior of the Ricci tensor. If duality is not broken, the 
answer seems to be in the negative, and it makes the issue of what is the correct meaning 
of the cosmological constant in String Theory yet more misterious. 


6 The Physical Definition of Distance 


The existence of duality raises the question of the empirical definition of distance. This is, 
of course, not a well defined question in the absence of a sufficiently developed String Field 
Theory, but can nevertheless be asked if we assume that the outcome of every possible 
experiment is some correlation function of the corresponding two dimensional CFT. 

Thinking on the simplest situation of closed strings propagating in a spacetime with 
one coordinate compactified in a circle, it is physically obvious that if we attempt to 
measure distances through the asymptotic behavior of correlation functions at large sepa- 
rations] ÆJ, we would get a completely different answer if we use pure momentum states 
(of energy E, = n/R) or pure windings states (of energy E, = mR), which we would 
most simply reinterpret as momentum states of a torus of radius 1/R. This would lead 
us in a natural way to restrict the allowed outcome of our experiments to the interval 
d € (1, 00). 

There are some technical complications, stemming from the fact that the Polyakov 
method only allows to compute on-shell correlators, which means that we cannot probe 
directly off-shell amplitudes. 

In the absence of any clear physical distinction among different classes of states, per- 
haps the most natural possibility is to define distances out of “unpolarized” correlators, 
that is, considering the contribution of all states at the same time. 

There is still a certain freedom as to how to perform the corresponding Fourier trans- 
form in order to define physical quantities in position space. The most sensible thing 
seems, however, to make use of the fact that momentum and winding states define a 
lattice [L1] [L2]. To be specific, sticking for concreteness to the case in which r dimensions 


^At large spatial distances the propagator behaves as G(F, F ; M) ~ e-MI-? | so that a suitable 
1 (P iM) 


definition of distance is given by d(F, i ) = j; log LEE 
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(called 7) are compactified in circles of radius R, and denoting by y the (d—r)-dimensional 
set of all other coordinates, the above considerations yield: 
/ at 7) 1 
G(@,z; 9-7 ,t-t’) z^ d gi ReRRI n (peP 9-9 -irott ) (ys cV anam 
(6.0. 1) 
where V;;; represents the vertex operator corresponding to the sector with momentum 
numbers 7i and winding numbers m, and we will moreover consider pure solitonic states, 
without any oscillators N = N = Of} 
The momentum space correlator is then given essentially by the delta function im- 
plementing the condition that the vertex operator has conformal dimension 1, that is: 
n R ~ 


A further restriction (riri = 0) comes from invariance under translations in ø (Lo = Lo). 
Using the integral representation for the delta functions, the integral over po can be 
easily performed, and the double sum packed into a Riemann theta-function: 


G(Z,Z;y-J,t-t) = faf arrn f" De 


ir (p? —2)--ip(gf- gz, Q), 
(6.0. 3) 


1 |-p2 (A—7) 
al io 2 ) (6.0. 4) 


A different expression can be obtained in terms of a double sum of (d — r)-dimensional 
Pauli-Jordan functions 


GO (Z, Z; J-J, t-t) -Lcn j t-t; M?(Ói, m) e a DE) 5(Am), (6.0. 5) 
where the “mass — is given by 


M’ (n,m) = (4 m=)? - 2. (6.0. 6) 


It is plain that any definition of distance based on the preceding ideas lacks any 
periodicity (which shows only in the particular cases in which pure winding states fz m = 
Óa d or pure momentum states fim = Ôm ð are used). 

It is also arguable whether these correlators are indeed the most natural ones to 
consider from the physical point of view. At extreme (either very high or very low) values 
of the radius, “pure” states (winding or momentum) are much lighter than all the others, 
so that it is perhaps more natural to define distances in terms of the lightest states only 


One could always consider our suggestion as a concrete implementation of earlier spec- 
ulations that at very short distances there could be a physical regime at which geometry 
ceases to be smooth, but distances can nevertheless be defined, and they obey the trian- 
gular inequality [£3]. 


?In the unpolarized case we are favouring, the selection function is trivial fz,» = 1, but we have 
written it in the formula in order to allow for more general possibilities. 
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7 The Canonical Approach 


The procedures to implement duality explained in section 2 look unnecessarily compli- 
cated. In the one due to Roéek and Verlinde the isometry is gauged, the (non propagating) 
gauge fields are constrained to be trivial, and the Lagrange multipliers themselves are pro- 
moted to the rank of new coordinates once the gaussian integration over the gauge fields is 
performed. One suspects that all those complicated intermediate steps could be avoided, 
and that it should be possible to pass directly from the original to the dual theory. 

Some suggestions have indeed been made in the literature pointing (at least in the 
simplified situation where all backgrounds are constant or dependent only on time) to- 
wards an understanding of duality as particular instances of canonical transformations 
[3 m. 

In this section we are going to show that this idea works well when the background 
admits an abelian isometry [5], laying duality on a simpler setting than before, namely as 
a (privileged) subgroup of the whole group of (non-anomalous, that is implementable in 
Quantum Field Theory [d]) canonical transformations on the phase space of the theory. 

We will proof that Buscher's transformation formulae can be derived by performing a 
given canonical transformation on the Hamiltonian of the initial theory. We believe that 
this is a ^minimal" approach in the sense that no extraneous structure has to be intro- 
duced, and all standard results in the abelian case (and more) are easily recovered using it. 
In particular it is possible to perform the duality transformation in arbitrary coordinates 
not only in the original manifold (which was also possible in Rocek and Verlinde's formu- 
lation) but also in the dual one. The multivaluedness and periods of the dual variables 
can be easily worked out from the implementation of the canonical transformation in the 
path integral. The generalization to arbitrary genus Riemann surfaces is in this approach 
straightforward. The behavior of currents not commuting with those used to implement 
duality can also be clarified. In the case of WZW models it becomes rather simple to 
prove that the full duality group is given by Aut(G)r, x Aut(G)pr, where L, R refer to the 
left- and right-currents on the model with group G, and Aut(G) are the automorphisms 
of G, both inner and outer. Due to the chiral conservation of the currents in this case, 
the canonical transformation leads to a local expression for the dual currents. In the case 
where the currents are not chirally conserved, then those currents associated to symme- 
tries not commuting with the one used to perform duality become generically non-local 
in the dual theory and this is why they are not manifest in the dual Lagrangian. All 
the generators of the full duality group O(d, d; Z) can be described in terms of canonical 
transformations. This gives the impression that the duality group should be understood 
in terms of global symplectic diffemorphisms. It would be useful to formulate it in the 
context of some analogue of the group of disconnected diffeomorphisms, but for the time 
being such a construction is lacking. 

Concerning non-abelian duality, it seems to fall beyond the scope of the Hamiltonian 
point of view. There is one example [f] in which the non-abelian dual has been con- 
structed out of a canonical transformation but it is still early to say whether the general 
case can be treated similarly. 
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7.1 The Abelian Case 


We start with a bosonic sigma model written in arbitrary coordinates on a manifold M 
with Lagrangian 


1 
L = 5 (ga + bab) (0)0,.9* 0. o (7.1. 1) 
where z^ = (T + c)/2, a,b = 1,...,d = dimM. The corresponding Hamiltonian is 
1 / / f / 
H = (g^ (pa — bach *)(Ps — bó “) + gash "6 ^) (T.1. 2) 


where o ^ = do" /da. We assume moreover that there is a Killing vector field k^, Ligay = 0 
and iH = —dv for some one-form v, where (iH )as = k*H,,) and H = db locally. This 
guarantees the existence of a particular system of coordinates, “adapted coordinates", 
which we denote by x’ = (0, z^), such that k= 9/00. We denote the jacobian matrix by 
ei = ðr’ /06". 

This defines a point transformation in the original Lagrangian (.1. I}) which acts on 
the Hamiltonian as a canonical transformation with generating function ® = x’(¢)p;, and 
yields: 


Po = 210; 
gea e (7.1. 3) 


Once in adapted coordinates we can write the sigma model Lagrangian as 
cs EG- 67) + (0+0) + 6-0), +V (7.1. 4) 
where 
G = goo = k’ V= 5 (Yap + bag)42°O_2? 


1 1 
= 5 (Joa + bo,)0- x^ J4 = 5 oa — boa )O-2". (7.1. 5) 


In finding the dual with a canonical transformation we can use the Routh function with 
respect to 0, i.e. we only apply the Legendre transformation to (0,0). The canonical 
momentum is given by 


pe = GO + (J, - J..) (7.1. 6) 


and the Hamiltonian 


1 qe 
H-p0—L- 30 P — GHJ} + J—)po + 509 a4 


1 , 
+36 (J++ J-) +0 (J-J) - V. (7.1. 7) 
The Hamilton equations are: 
ôH 
= — = GŒ! (p = J} — J_ 
Spo (po + ) 
6H / / 


and the current components: 


1 =i Lay J-J 
1 O ee A 
E = 5P -50 -a il 


It can easily be seing that the current conservation Ó. 7, -- O0, = 0 is equivalent to the 
second Hamilton equation pg = —dH/60. 
The generator of the canonical transformation we choose is: 


1 ~ 1 rx xI 
=- dð ^ d0 = — 0 0 — 00 )d 7.1. 10 
2 JD,aD=s! TA id l ) 
that is, 
OF 3 
i Md 
OF j 

Ql uu 7.1. 11 
På 60 ( ) 


This generating functional does not receive any quantum corrections (as explained in RO) 
since it is linear in 0 and 0. If 0 was not an adapted coordinate to a continuous isome- 
try, the canonical transformation would generically lead to a non-local form of the dual 
Hamiltonian. Since the Lagrangian and Hamiltonian in our case only depend on the time- 
and space-derivatives of 0, there are no problems with non-locality. The transformation 


(71. T]J in (TE) gives: 


& dl uda E 
H= 30 6 2 4 GHJ} + J)O + 
1 1 
S= =d e - V. (7.1. 12) 
Since: | 
desc ee cs (7.1. 13) 
Ópg 


we can perform the inverse Legendre transform: 
E 1 22 i B -— 
IL 3€ ( —0?)- GJ, (0 — 0) 
26°97. 03.8 V ego tr. (7.1. 14) 


From this expression we can read the dual metric and torsion and check that they are 
given by Buscher's formulad] 


A " z Joagog — boabo 
Joo = 1/900, Joa = —boa/ goo; Jap = Jag — — — - : 
00 


T a P ab m b a 
ES NEL a Joo?og — Jopo 
goo goo 


6The minus signs in goo and boa can be absorbed in a redefinition @ — —6. 


(7.1. 15) 
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For the dual theory to be conformal invariant the dilaton must transform as ® = 
® — i log goo Ld]. We have not been able to find any argument justifying this trans- 
formation within the canonical transformations approach. 

The dual manifold M is automatically expressed in coordinates adapted to the dual 


Killing vector k = al 00. We can now perform another point transformation, with the 
same jacobian as (7.1. 3) to express the dual manifold in coordinates which are as close 
as possible to the d ones. 

The transformations we perform are then: First a point transformation $^ — (0, x^, 
to go to adapted coordinates in the original manifold. Then a canonical transformation 
(0, x°} — (6, z^), which is the true duality transformation. And finally another point 
transformation (0, x} —> Q^, with the same jacobian as the first point transformation, to 
express the dual manifold in general coordinates. 

It turns out that the composition of these three transformations can be expressed in 
geometrical terms using only the Killing vector k^, wa = e? and the corresponding dual 
quantitiesf] 

It is then quite easy to check that the total canonical transformation to be made in 


(CL. Hj) is just 


k*p, > Dad ^ 
Wa * — kp, (7.1. 16) 
whose generating function is] 
1 1 2 
F= =| Aw = ; | find ^ unde. (7.1. 17) 
2 JD 2 JD 


One then easily performs the transformations in such a way that the dual metric and 
torsion can be expressed in geometrical terms as 


. 1 
Jab = gab — xz (Kako — (Va — Wa) (Up — w) ) (7.1. 18) 
1 
~ab _ „ab 2 __ ,,\2\p4 b. og 1+kk. ke — wb lel 
J” =g *ü ES + (v = wy))k*k* — 2(1 + k-v)(k*(v — w)"] (7.1. 19) 
and 5 
bab = bab = gare = w) (7.1. 20) 
where 


kalv — W)b) = (kale = Wp) + ky(va mi Wa)) 


1 
kalv — w)y = g (Kalvo — wp) — ky(va — Wa)). (7.1. 21) 
"Note that we must raise and lower indices with the dual metric, i.e. ĉia = 9:36), čte = gegi, which 
implies Õa = wa, but à* = k*(k? + v?) E &* -v (where E° = e2), k* = k* but ka = (wa — (Ea: D), We 


have moreover ©? = k? + v? + g*ugwa and k? = 1/k?. 

8The one-form w = wadó* is dual to the Killing vector k: w(k) = 1, w(ēx) = 0, but it is of course 
different from k = k,/k? dé* (the former is an exact form, whereas the latter does not even in general 
satisfy Frobenius condition k ^ dk = 0). 
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These formulae are the covariant generalization of (T: 19). The canonical approach has 
been very useful in order to obtain the dual manifold in an arbitrary coordinate system. 
With the usual approaches it is expressed in adapted coordinates to the dual isometry. 
This happens because the dual variables appear as Lagrange multipliers and after an 
integration by parts only the derivatives of them emerge, being then adapted coordinates 
automatically. 

Some other useful information can be extracted easier in the approach of the canonical 
transformation. 

From the generating functional (T. TQ) we can learn about the multivaluedness and 
periods of the dual variables [J]. Since 0 is periodic and in the path integral the canonical 
transformation is implemented by [Id]: 


"C Ne) f D6(a e 99919, [6(c)] (7.1. 22) 


where N(k) is a normalization factor, (0 +a) = (0) implies for 6: (o + 21) — 0(o) = 
4r /a, which means that 6 must live in the dual lattice of 0. Note that ([-T- 22]) suffices to 
construct the dual Hamiltonian. It is a simple exercise to check that acting with (7.1. 12) 
on the left-hand side of (7T. 22) and pushing the dual Hamiltonian through the integral 
we obtain the original Hamiltonian acting on $,[0(o)]: 


alilo] = N(R) f D6(o)e ^" Ho, (os) (7.1. 23) 


This makes the duality transformation very simple conceptually, and it also implies how 
it can be applied to arbitrary genus Riemann surfaces, because the state $;[0(o)] could 
be the state obtained by integrating the original theory on an arbitrary Riemann surface 
with boundary. It is also clear that the arguments generalize straightforwardly when we 
have several commuting isometries. 

One can easily see that under the canonical transformation the Hamilton equations 
are interchanged: 


ó- — —G (p — J+ — J-) > pa = (G (6 + J+ + J-)), — (7.1. 24) 


and that the canonical transformed currents conservation law is in this case equivalent to 
the first Hamilton equation. 

In the chiral case J_ = 0 (ie. go; = —bo;) and G is a constant, therefore we can 
normalize 0 to set G = 1 and : 


1 A $ 5 £f 
L- 3(8 -0 *) € (0-6)J. +V. (7.1. 25) 


The Hamiltonian is L 
H = PL — pe = (ds +6 y- — V. (7.1. 26) 
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The action is invariant under ó0 = a(x), a U(1)y Kac-Moody symmetry. The U(1) 
Kac-Moody algebra has the automorphism J} — —J+. This is precisely the effect of the 
canonical transformation. The equation of motion or current conservation is: 


8. (8,0 - J,) — 0. (7.1. 27) 


JI, = 0,0 + J} = po 4- 0. transforms under the canonical transformation in = 

One can also follow the transformation to the dual model of other continuous symme- 
tries. The simplest case is as usual the WZW-model which is the basic model with chiral 
currents. Consider for simplicity the level-k SU(2)-WZW model with action 


S[g] = id J &eTv(70. 99710.) po [Trig tag). (7.1. 28) 
27 127 
The left- and right-chiral currents are 
Ge = yc -18 (7.1. 29) 
+ = 50499 -—-3*:9 0-9. a. 


Parametrizing g in terms of Euler angles 
g= gioca /2 1802/2 giyrs [2 (7.1. 30) 


J, are given by: 


J= xc cos o; sin O.,^y + sin ad, B) 


J= E (sina sin 30,7 + cos aQ, B) 


k 
a= 5, (8a + cos 30,7); (7.1. 31) 


and similarly for the right currents. If we perform duality with respect to a — a + 
constant, J? — —J2,43 — J? since J} is the current component adapted to the 
isometry. For these currents it is easy to find the action of the canonical transformation 
because only the derivatives of a appear. For gr there is an explicit dependence on a 
and it seems that the transform of these currents is very non-local. However due to its 
chiral nature, one can show that there are similar chirally conserved currents in the dual 
model. To do this we first combine the currents in terms of root generators: 


IP SGT Ae 8p San po). ce yt? 
JO = Pi — iJ? = e (ið b + sin 80,4) = ej. (7.1. 32) 
+) 


From chiral current conservation 0.7” = 0 we obtain 


Aj = +id_aj™. (71,238) 


In these equations only &, a’ appear, and after the canonical transformation we can re- 
construct the dual non-abelian currents (in the previous equations the canonical trans- 
formation amounts to the replacement œ — à) which take the same form as the original 
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ones except that with respect to the transformed J? the rôles of positive and negative 
roots get exchanged. One also verifies that 7% are unaffected. This implies therefore 
that the effect of duality with respect to shifts of o is an automorphism of the current 
algebra amounting to performing a Weyl transformation on the left currents only while 
the right ones remain unmodified. This result although known [PI] is much easier to 
derive in the Hamiltonian formalism than in the Lagrangian formalism where one must 
introduce external sources which carry some ambiguities. The construction for SU(2) can 
be straightforwardly extended to other groups. This implies that for WZW-models the 
full duality group is Aut(G); x Aut(G)r, where Aut(G) is the group of automorphisms 
of the group G, including Weyl transformations and outer automorphisms. For instance 
if we take SU(N), the transformation J, — —Jt, ie. charge conjugation, follows from a 
canonical transformation of the type discussed. It suffices to take as generating functions 
for the canonical transformation the sum of the generating functions for each generator 
in the Cartan subalgebra. It is important to remark that the chiral conservation of the 
currents is crucial to guarantee the locality of the dual non-abelian currents. If the con- 
served current with respect to which we dualize is not chirally conserved locality is not 
obtained. The simplest example to verify this is the principal chiral model for SU(2), 
which although is not a CFT serves for illustrative purposes. The equations of motion for 
this model imply the conservation laws: 


OJ) +0 TE = 0 (7.1. 34) 
where " 
ELS -1 
J= 5,0299 . (7.1. 35) 


If we perform duality with respect to the invariance under a translations we know how 
J} transform, since they are the currents associated to the isometry. With the canonical 
transformation is possible to see as well which are the other dual conserved currents. Since 
the dual model is only U(1)-invariant one expects the rest of the currents to become non- 


local EJ]. In terms of the root generators introduced in ((/.1. 32) the conservation laws 


8 JO +4,7" = 0 (7.1. 36) 


are expressed: 


dj 8,49? Filaj P + d,aj) =0. (7.1. 37) 
Performing the canonical transformation we obtain that the dual conserved currents are 
given by: 


JP = exp (i / do (à + cos 84 )) (ids 8 — sin BOs) 
JD = — exp (-i J do (& + cos By ))(ið48 + sin B07) (7.1. 38) 


which cannot be expressed in a local form. 


7.2 The Non-Abelian Case 


In view of the simplicity of the canonical approach to abelian duality, one could be tempted 
to think that the corresponding generalization to the non-abelian case would not be very 
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difficult. Unfortunately this is not the case, the reason being that there are no adapted co- 
ordinates to a set of non-commuting isometries, and therefore one is led to a non-local form 
of the Hamiltonian. In [PJ] we could carry out the non-abelian duality transformation due 
to the existence of chiral currents and as a consequence of the Polyakov-Wiegmann prop- 
erty satisfied by WZW-actions. Although in the intermediate steps it was necessary 
to introduce non-local variables, the final result led to a local action in the new variables 
as a result of the special properties of WZW-models mentioned. The computations could 
be carried out exactly until the end to evaluate the form of the effective action in terms 
of the auxiliary variables needed in the construction of non-abelian duals. We have so far 
been unable to express these functional integral manipulations in a Hamiltonian setting 
as in the previous section. 

To finish this section we present an example from the literature in which a canonical 
transformation produces a given non-abelian dual model. This example was presented in 
EJ. They consider the principal chiral model with group SU(2) and construct a local 
canonical transformation mapping the model in a theory which turns out to be the non- 
abelian dual with respect to the left action of the whole group. This example was studied 
in the context of non-abelian duality in [E3. [9]. 

The initial theory is the principal chiral model defined by the Lagrangian: 


L=Tr(0,g0"9"*), (7.2. 1) 


where g € SU(2). Parametrizing g = $? + io/¢’, with $9, 9? subject to the constraint 
(99)? + @ = 1 and ¢ = (97^, (7:2. 1) becomes: 


lis, $9 
bere 


)8,9'0" 9J. (7.2. 2) 
The generating functional: 


Fw.d =f dz (y1— TAM - $2 ~ e+ ikg D gh (7.2. 3) 
=00 Ox Ox OL 


produces the canonical transformation: 


EROIJ Ol» foe OO. - ee Os 
Pi = UA 1 pot eF ene a? 


E OF [w, g] a dd) TEE Mm 
Coe IO Lu TEE ce ui ei Lyi 
(gyi — yigi) — 2:355) 2 gi 7.2. 4 
Cy (6! — vie!) 2c yh) 0, (7.2. 4) 
which transforms ([/.2. 2] into: 

1 d 
14 442*2 
This is the non-abelian dual of ([:2: T] with respect to the left action of the whole group 
E9, [9]. The generating functional (72: 3) can be written as: 


D= (57 + Aypi app 0^ — e" €98,44 9,u]. (7.2. 5) 


Fip A= f devio] (7.2. 6) 
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where J}[d] are the spatial components of the conserved currents of the initial theory. (72] 
DB) is linear in the dual variables but not in the initial ones, so it will receive quantum 
corrections when implemented in the path integral. From (7.2. 4) it is not obvious that 
the dual model will not depend on the original variables ¢’. However this is so. Whether 
this way of constructing the generating functional of non-abelian duality is general or only 
works in this particular example is still an open question. 


8 Conclusions and Open Problems 


In these lectures a general exposition of abelian and non-abelian duality has been given. 
The usual approaches in the literature to both kinds of dualities have been reviewed. The 
goals of these approaches have been also exhibited, and some of them derived explicitly, 
as the formulation of abelian duality in an arbitrary coordinate system. The canonical 
transformations approach to abelian duality presented in [I5] has been studied in detail, 
focussing especially in the problems that could not be solved in the usual approaches of 
Buscher or Roček and Verlinde or were difficult to study. The non-abelian case has been 
also considered, although the general construction as a canonical transformation is not 
yet understood. As was mentioned in the lectures the example given by Curtright and 
Zachos in [Æj] opens the possibility for non-abelian duality to be formulated in this way, 
in spite of the difficulties already mentioned concerning the impossibility of finding an 
adapted coordinate system to the whole set on non-commuting isometries. 

The relation between duality and external automorphisms [P], BY, is also much in 
need of further clarification. 
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Abstract 


The conformal equivalence between Jordan frame and Einstein frame can be 
used in order to search for exact solutions in general theories of gravity in which 
scalar fields are minimally or nonminimally coupled with geometry. In the cosmo- 
logical arena a relevant role is played by the time parameter in which dynamics 
is described. In this paper we discuss such issues considering also if cosmological 
Noether symmetries in the ^point-like" Lagrangian are conformally preserved. 

Through this analysis and through also a careful analysis of the cosmological 
parameters 2 and A, it is possible to contribute to the discussion on which is the 
physical system. 
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1 Introduction 


Alternative theories of gravity has been formulated and investigated in different context. 
The Brans-Dicke approach [I], closely related to the Jordan approach P], has been 
carried on in the context of a generalization of the Mach’s principle; in that approach 
the Einstein theory of gravitation is modified by introducing a scalar field with a non 
standard coupling with gravity, i.e. the gravitational coupling turns out to be no longer 
constant. Later on more general couplings have been considered, and the compatibility 
of such approaches with the different formulations of the Equivalence Principle have been 
considered B] [E] Bl [HI fi. 

A generalization of the standard gravity comes also from quantum field theories on 
curved space-times; in such context we find the so called higher order gravitational 
theories BH] B] TG. 

In all these approaches, the problem of reducing both these two kinds of more general 
theories in Einstein standard form has been estensively treated; one can see that, through 
a “Legendre” transformation on the metric, higher order theories, under suitable regular- 
ity conditions on the Lagrangian, take the form of the Einstein one in which a scalar field 
(or more than one) is the source of the gravitational field (see for example LA); 
on the other side, it has been studied the equivalence between models with G-variable 
with the Einstein standard gravity through a suitable conformal transformation (see [BJ 


m. 

In this paper we analyse, through an appropriately defined conformal transformation, 
the problem of the equivalence between the non minimally coupled (NMC) theories and 
the Einstein gravity for scalar-tensor theories in absence of ordinary matter. First, we 
will do it in the general context and then in the cosmological case, that is, we will study 
the conformal invariance with the hypotheses of homogeneity and isotropy. In such case 
we also consider the case in which ordinary matter is present beside the scalar field and 
we do some consideration on the problem of which is the “physical system" between the 
two conformally equivalent systems B] [A [L3]. 

Furthermore, we analyse the relation between the conformal equivalence and the 
existence of a Noether symmetry in the (a, $)-space seen as configuration space (i.e. 
in the minisuperspace), where the cosmological ^point-like" Lagrangian is defined (we 
will better clarify the meaning of such expression in our forthcoming considerations); of 
course such Lagrangian density comes from the general field Lagrangian density once 
homogeneity and isotropy are assumed [[H]. 

We conclude discussing some examples of physical interest. 


2 Conformally equivalent theories 


In four dimension, the most general action involving gravity nonminimally coupled with 
one scalar field is 


A= | dta V=G|FO)R+ zo" bubu- V6) (1) 


where R is the Ricci scalar, V(¢) and F(ġ) are generic functions describing respectively 
the potential for the field ¢ and the coupling of ¢ with the gravity; the metric signature 
is (+ — ——). We use Planck units. 

The variation with respect to g,» gives rise to the field equations 


F(9)G,, = — Tus — SOF (0) + F (ó) (2) 


which are the generalized Einstein equations; here Op is the d’Alembert operator with 
respect to the connection I; 


1 
Gw = Ryw = 5 Iw (3) 


is the Einstein tensor, and 


1 
T x Pip Pv = Iu Pia: + gu, V ($) (4) 


is the energy-momentum tensor relative to the scalar field. 
The variation with respect to @ provides the Klein- Gordon equation 


ro — RFs(9) + Velo) = 0 (5) 


where Fy, = dF (¢)/d¢, Vs = dV(o)/do. This last equation is equivalent to the Bianchi 
contracted identity (see [[9)). 
Let us consider now a conformal transformation on the metric g,, [E], that is 


Juv md e gw (6) 


in which e?^ is the conformal factor. Under this transformation the connection, the 
Riemann and Ricci tensors, and the Ricci scalar transform in the corresponding way [6], 
so that the Lagrangian density in ([] becomes 


VTIER + ig byby — V) = /-ge "(FR — 6FOpw+ 


—6 Fw? Je 5G! bby -_ eV) 


(7) 


in which R, l' and Oj are respectively the Ricci scalar and the connection relative to the 
metric Juv, and the d’Alembert operator relative to the connection I’. If we require the 
theory in the metric g,, to appear as a standard Einstein theory, we get at once that the 


2 


conformal factor has to be related to F, that is (see also ff] for a review of particular 
cases) 
e?" = —2F. (8) 


We see that must be negative. Using this relation, the Lagrangian density ([] becomes 


1 
2 


R + 3Upow + AF? P.a: -IF 


F} -— F V 
VE (FR gites - v) =v Mo ) o 


Introducing a new scalar field ó and the potential V, respectively, defined by 


-  /3F-F stray . Y@) 
$a = || — apa Pia V(6(9)) = AF (¢) (10) 
we get i i , 
Vg (FR "m 39^ PnP a v) = V—8 (-;R T g Pia; m v) ? (11) 


which is the usual Einstein-Hilbert Lagrangian density plus the standard Lagrangian den- 
sity relative to the scalar field @ (see [[3]). (We have not considered the divergence-type 
term appearing in the Lagrangian (I); we will return on this point in our forthcoming 
considerations). Therefore, any nonminimally coupled theory, in absence of ordinary 
matter, is conformally equivalent to an Einstein theory, being the conformal transforma- 
tion and the potential opportunely defined by (B) and ([0] (see also f|). The converse is 
also true: for a given F(¢), such that 3F — F > 0, we can trasform a standard Einstein 
theory into a NMC theory. This means that, in principle, if we are able to solve the 
field equations in the framework of the Einstein theory in presence of a scalar field with 
a given potential, we should be able to get the solutions for the class of nonminimally 
coupled theories, assigned by the coupling F($), via the conformal transformation de- 
fined by the (B) the only constraint being the second of (I0). This is exactly what we 
are going to discuss in the cosmological context in cases in which the potentials as well 
as the couplings are relevant from the point of view of the fundamental physics. 

Following the standard terminology, we denote here as “Einstein frame" the frame- 
work of the Einstein theory, also indicated as minimally coupled theory and as “Jordan 
frame" the framework of the nonminimally coupled theory |B]. 

There are some remarks to do with respect to (D) and ({[): first we want to stress that 
the “new” scalar field as defined in ([(]) is given in differential form in terms of the “old” 
one and its integration can be not trivial; the second remark concerns the divergence 
appearing in (B). The transformed Lagrangian density obtained from ([] imposing (B) 
contains a divergence term, in which appears not only the metric but also its derivative, 
through the connection I. Therefore the equivalence of this total Lagrangian density to 
the Einstein-Hilbert Lagrangian density plus scalar field is not trivial. To check that 
they are actually equivalent, let us perform the conformal transformation (fl) on the field 


Eqs. (B), obtaining 


= 1 F, 2wa F, 
Gw -(ou RR EE 


oF F F ~~ 2w mni 24) Oud 


1 — Fee , wok o Fo 
(= us eae m Beas 2246) Gy Pia, + (-= T 2, g,,Epó- (12) 


in which (Vr), is the covariant derivative with respect to x” relative to the connection 
T. We see, from ([T2), that if w satisfies the relation 


E 
2. —2w,—0 (13) 
Eqs. ([2] can be rewritten as 
= an HE "E s 
Gw = eo, ug v -gu t g, aQ? — Iw > V (14) 
Then, performing on ¢ the transformation given by ([[0) and on V the transformation 
W o e 2«(F) 
== 1 
(8(9)) = -5 (15) 
in which w(F) satisfies (I3), Eq. (L4) becomes 
Guy — Pin Pv m 550.6. a — Gu W, (16) 


which correspond to the Einstein equations in presence of a scalar field ¢ with potential 
W. The expression for w(F’) is easily obtained from ([[3), that is 


1 
EL In F + wo (17) 
in which wo is the integration constant. The potential W takes the form 
V 
W =-—. 18 
2aF de) 


Comparing (I8) with the second of (IQ), we see that, fixing œ = —2, the definition of W 
coincides with that one of V. We have then the full compatibility with the Lagrangian 
approach obtaining for w the same relation as (B); in this sense we have verified the full 
equivalence between the NMC and the Einstein-Hilbert Lagrangian density plus scalar 
field. 

Our final remark regards the relations ([0): actually, from (Bl) the relation between 
a and Q.a present a + sign in front of the square root, which corresponds to have the 
same or opposite sign in the derivative of ¢ and $ with respect to £a. What follows is 
independent of such sign; we will choose then the positive one. 
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3 The cosmological case 


Let us assume now that the spacetime manifold is described by a FRW metric, that is we 


consider homogeneous and isotropic cosmology. Then the Ricci scalar, has the expression 
m . 2 


r= -0(24 545 
a a 


; |; in which the dot means the derivative with respect to time and 
a 


k is the curvature constant. The Lagrangian density ([]) takes the form [J] 
la- 
L, = 6F (¢)aa? + 6Fy(d)a?ad — 6F (ġ)ar + 3*9 — a3 V (Q4). (19) 


Expression (I9) can be seen as a “point—like” Lagrangian on the configuration space (a, à) 
(in this way the meaning of the expression we used in the introduction is clarified). With 
the subscript t, we mean that the time-coordinate considered is the universal time t: 
this remark is important for the forthcoming discussion. The Euler-Lagrange equations 
relative to (T9) are then 


2ü a?  2F4àó 


rS pogi " 
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(20) 


à4 — + Vs =0 


3a 6Fya2 6 Fya 6 Fyk 
2 2S PEO a EE 

a a 
which correspond to the (generalized) second order Einstein equation and the Klein- 
Gordon equation in the FRW case. The energy function relative to ([[9]) is 

OL OL 
E = Grit Zré-Li= 
ii (21) 


= 6Faà? + 6F4a?àó + 6Fak + abd? + aM, 
and we see that the first order generalized Einstein equation is equivalent to 
E, — 0. (22) 


Performing the conformal transformation defined by (Bp. (B). ([d) on the FRW metric, 
one should obtain the corresponding expression for the Lagrangian and the corresponding 
equations of the Einstein-cosmology from the NMC Lagrangian ([[9) and from the gen- 
eralized Einstein and Klein- Gordon equations, respectively. Unfortunately we see that 
the presence of the conformal factor (B) implies that the transformed line element which 
is obtained is no longer expressed in the “universal time form”. Actually the scale factor 
of the Einstein theory can be defined as the scale factor of the NMC theory multiplied 
by the conformal factor, but the time coordinate of the Einstein theory has to be rede- 
fined if we require to have an “universal time". Absorbing the conformal factor in the 
redefinition of time, we obtain the transformation on the time coordinate. Therefore, the 


transformation from the Jordan frame to the Einstein frame in the cosmological case is 
given by 


a= 4/—2F($)a 

dg _ |3F — F dọ (23) 
dt 2F? dt 

dt = 4/ —2F ($) dt. 


From the first and the third of (B3) we have that, on the Jordan-frame solutions a(t), 
Q(t), we obtain à as a function of t only; indeed the important thing is the fact that the 
equations for à we will obtain are the standard Einstein equations. The second of (23) 
corresponds to relation (0) under the given assumption of homogeneity and isotropy. 
Under transformation (B3) we have that 


1 1 


PEN; 
Joon —2F 


: 1 ; 
(Gad? + 6F,a^àó — 6Fak + 3*9 — ev) = 
(24) 


. -2 7 = 
= —3àà^ + 3kà + iag —-@V(d)= L 


in which the dot over barred quantities means the derivative with respect to t; L, is given 
by ([9) and Lz coincides with the *point-like" Lagrangian obtained from the Einstein- 
Hilbert action plus a scalar field under the assumption of homogeneity and isotropy. In 
this way the invariance of the homogeneus and isotropic action under (BJ) is insured, 
being L; and Lz connected by the (24). The same correspondence as (24) exists between 
the energy function E, and Fz, that is, there is correspondence between the two first 
order Einstein equations in the two frames. We focus now our attention on the way the 
Euler-Lagrange equations transform under (23). The Euler-Lagrange equations relative 
to (24) are the usual second order Einstein equation and Klein-Gordon equation 


(25) 


Under (23) it is straighforward to verify that they become 


2ü à? 2F,àó Fo r Fo o V 
aque Uum ms AF 2F 


(26) 
3àó | 6F Fo — Fo 9$, 2EV FV, 
3F,;-—-F 2 3F;-F 3F,;-F 


which do not coincide with the Euler-Lagrange equations given by B0). Using the first 
of (PO), the second of (Bd) can be written as 


Pam). Ss(y-3m" 4. Py =i ole. duo" RV 
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- ee quM 
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(27) 
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which becomes, taking into account (RIÐ 
F-3F;. 3(F—3Fj)àó 1d a0 F9  2FV 
m gor uL duc cms qa Lc Mu 
p wt F a F do! s) F ap D 
(28) 
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Comparing (P8) with the second of (2G) we see that they concide if F — 3F,y” # 0 and 
E, = 0. The quantity F — BE is proportional to the Hessian determinant of L, with 
respect to (à, à); we want this Hessian different from zero in order to avoid pathologies 
in the dynamics [I], while E, = 0 corresponds to the first order Einstein equation. It 
seems that, under the assumption of homogeneity and isotropy and the request of having 
the metric expressed in the universal time in both the Einstein and Jordan frame, we 
have conformal equivalence between the Euler-Lagrange Eqs. (20) and (25) only on the 
(cosmological) solutions. Actually, if we look more carefully to this problem, we notice 
that, making the hypotheses of homogeneity and isotropy on the field Eqs. (B) and 
(B), we get the generalized Einstein equations of first and second order, and the Klein- 
Gordon equation. On the other side, the Euler-Lagrange equations relative to ([9] are 
just the second order Einstein equation and the Klein-Gordon equation, whereas the 
first order Einstein equation is obtained from E, = 0. Of course the same happens in the 
Einstein frame. Therefore it is natural to expect that the full conformal equivalence in 
the “point—like” formulation is verified taking into consideration E, = 0. 

It is possible to see more clearly at the problem of the cosmological conformal equiv- 
alence, formulated in the context of the “point—like” Lagrangian, if we use as time- 
coordinate the conformal time 7, connected to the universal time t by the usual relation 


a° (n)dn? = dt^. (29) 


We can see that the use of 7 makes much easier the treatment of all the problems we 
have discussed till now. 

The crucial point is the following: given the form of the FRW line element expressed 
in conformal time 7 one does not face the problem of redefining time after performing a 
conformal transformation, since in this case, the expansion parameter appears in front of 


all the terms of the line element. From this point of view, the conformal transformation 
which connects Einstein and Jordan frame is given by 


a= 4/—2F($)a 


- (30) 
dọ  |3F} — F dọ 
dn | 2F? dn 
where a, œ, à, ¢ are assumed as functions of n. 


The Einstein-Hilbert *point-like" Lagrangian is given by 


/ las LM 
L, = —3a? + 3ka? + 50 6 ? — aV (q) (31) 


in which the prime means the derivative with respect to 7, and the subscript 7 means 
that the time-coordinate considered is the conformal time. Under transformation (B0), 
it becomes 
L, — —3a? + 3xa? + 1a?9? — a*V (9) 
(32) 
= 6F(¢)a + 6Fs(ó)aa o — 6F(ó)ka? + 1a?9? — a4V(¢) = Ly 


which corresponds to the “point—like” Lagrangian obtained from the Lagrangian density 
in (fI under the hypotheses of homogeneity and isotropy, using the conformal time as 
time coordinate. 

This means that the Euler-Lagrange equations relative to (BI), which coincides with 
the second order Einstein equation and the Klein-Gordon equation in conformal time, 
correspond to the Euler-Lagrange equations relative to (BJ), under the transformation 
(Bd). Moreover, the energy function E, relative to (29) corresponds to the energy function 
E, relative to (B2), so that there is correspondence between the first order Einstein 
equations. Furthermore, in order to have full coherence between the two formulations, 
it is easy to verify that, both in the Jordan frame and in the Einstein frame, the Euler— 
Lagrange equations, written using the conformal time, correspond to the Euler-Lagrange 
equations written using the universal time except for terms in the energy function; for it 
one gets the relation 

E, = aF; (33) 


which holds in both the frames; thus the first order Einstein equation is preserved under 
the transformation from 7 to t and there is full equivalence between the two formulations. 
We want to point out that for the two Lagrangians L, and L, the same relation as (B3) 
holds; this remark is useful for forthcoming considerations. 


4 The presence of ordinary matter 


So far we have analysed the general conformal equivalence and the cosmological confor- 
mal equivalence between Einstein frame and Jordan frame in presence of a scalar field. 


What happens when ordinary matter is present (see [B])? We focus our attention on the 
cosmological case. 

The standard Einstein (cosmological) “point—like” Lagrangian (when noninteracting 
scalar field and ordinary matter are present) is given by 


Liot = Lr F Tos (34) 


in which Lz is given by (24) and Lina: is the Lagrangian relative to matter. Using the 
contracted Bianchi identity, it can be seen that Lmat can be written as [93 


Lmat = D@t- (35) 


where D is connected with the total amount of matter. In writing (B4) and (B3) we have 
chosen the universal time as time-coordinate. Under the transformation (23) we have, 
beside relation (24), that (B5) corresponds to 


Lge = -2F YO L mat (36) 


where, analogously to (BJ) 
Lmat = Da?07, (37) 
Then we have that, under (B3), BA) becomes 
l [0 1 mapus 
Lie, = L F —2F TID ut 38 
V22F tot ZF. t ( ) t] ( ) 


in which we have defined the total ^point-like" Lagrangian after the conformal transfor- 
mation as 


i=l WR 9 bas, (39) 


(cfr. EJ); the transformation of Liot under (B3) has to be written following the expression 
(BY) and consequently the “point—like” Lagrangian IQ, has to be defined as in (B9). 
The use of the superscript (1) for Liot will be clarified in a moment. The factor Tr 
in evidence out of the square bracket, is introduced in order to preserve the invariance 
of the reduced action under transformation (23), since that factor is also the one which 
appears in the time-coordinate transformation in (249). 

The Lagrangian (B9) could be then assumed to describe a cosmological NMC-model 
with a scalar field and ordinary matter as gravitational sources. By the way, we see that, 
unless y = $, the standard matter Lagrangian term is coupled with the scalar field in a 
way which depends on the coupling F. Such coupling between the matter and the scalar 
field is an effect of the transformation, therefore depending on the coupling F. This is one 
way to look at the problem, but we can also proceed in a different way to determine the 


Lagrangian in presence of matter. We can consider as the total “point—like” Lagrangian 


1e = Li + Lmat: (40) 


That is, we take the *point-like" Lagrangian of the NMC theories, given by ([9), and 
add up to it the standard matter term defined in (B7]. It is clear now why we have 
introduced the notation [oe and D. Of course the full theory described by is by 
no mean conformally equivalent to that one described by (BẸ). Also, the transformation 
does not give rise to any coupling between matter and scalar field. One could just point 
out that the matter term defined by (B) has been obtained in the context of the Einstein 
frame and in this sense it could be not legitimate using it in a NMC theory. 

The problem of the physical system, also connected with the formulation of the Equiv- 
alence Principle [B0], has been already discussed and it is well known, in particular in the 
case of the higher order theories [[3 [A] (and references quoted therein), but 
also in the context of NMC theories [E]. In the case we are considering, the problem 
still concerns the choice of the physical system but from another point of view, since the 
Lagrangians (BJ) and (K0) are not connected by a conformal transformation. The prob- 
lem concerns which is the Lagrangian to describe, in the Jordan frame, a cosmological 
model with a scalar field plus ordinary matter, between the lagrangian Lo and Ls , once 
we assume that the physical system is that one of a NMC theory (some authors consider 
the Jordan frame as the physical one, see for examples PT], while in RJ the Einstein 
frame is the physical one). 

This sort of ambiguity can be clarified in the general context of the field theory, 
introduced in Sec. 2. We focus our attention on the contracted Bianchi identity. From 
the point of view of the field equations, the choice of the Lagrangian LO to describe 
the gravitational field with a scalar field and ordinary matter (non interacting with the 
scalar field) as sources in the Jordan frame corresponds to write the field equations as 


1 
F(9)G,, = —31w = gu, Hr F(Q) + PO) sia + Timat) m» (41) 


which is obtained just adding up the ordinary matter as a further source term to to the 
field equations in the NMC case given by (B). Performing the covariant divergence of 
both sides and taking into account of the expression of Tie) „y given by (M), we get 


v 1 1 v v v v 
FG, * OMP: w a 29. Voo: s Ó, (Ur F),, -F = Y resa) T (42) 


iv 


which can be written as 


v 1 1 v v 
FoR; g gi + z P:n (Oro F V5) F ( rF), £s v Lists T (43) 


where we have taken into account Eq. (B). The last two terms of the lefthand side of 


(E3) give ] 


= Rò Fa 


QV 


o 2M m Iu 
. (44) 
cA 
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Eq. (ØJ), taking into account Eq. (HA) gives then an interesting relation, that is 


1 v 
Pul ró + Vo m RF) 2 Toss) now (45) 


Comparing relation (4) with Eq. (B) we see that the lefthand side coincides with the 
lefthand side of the Klein-Gordon equation; it means that the continuity equation for 
the ordinary matter holds, that is 


T risa nem =0 (46) 


in which Temat) p; is the energy-momentum tensor of the matter, relative to the NMC 
metric g,,. Thus, it means that, choosing the Jordan frame as the physical frame and 
equations (ff]]) as field equations, the conservation of matter is relative to the physical 
metric g,,. In this sense the legitimate way to describe scalar field plus ordinary matter 
in the Jordan frame is the one given by the field equations (HJ). The corresponding 
action, in the cosmological case, corresponds to choose i as Lagrangian [IT] [J 
[4] (and ref. quoted therein). 

We can only say that such considerations could be a hint for further developments in 
the context of the Jordan frame (for a totally different point of view see [J]). 

The problem can be further analysed from the point of view of the energy density 
parameter Q. We can see in fact that the presence of the coupling gives some contributions 
to Q. Let us consider the first order Einstein equation relative to the total lagrangian 
LO in the Jordan frame in presence of matter 

à Fad k 14 V D 


RN UPS MER — (0 4T 
a? Fa ta t36F'6F'6Fa^ eo 


which can be seen as obtained from the standard first order Einstein equation after the 
conformal transformation (29), having just added ordinary matter. The last term on 
the lefthand side being just the effective energy density relative to matter; the factor 
ot represents the effective coupling. Taking into account the definition of the Hubble 
parameter H, (E can be rewritten as 


FH Lf D 
LORI a G 2 v) E 48 
i F li 6F 7? + k 6Fa7 5) 
(we consider the case & — 0). We get then 
F AP c D 
EUER EY PRENNE 49 
FH 6H?F (53 i 6H? Fa?7 (49) 


after dividing by H?. As usual, the righthand side is the total energy density parameter 
Qio Which is equal to 1, having assumed « = 0. The last term on the lefthand side 
represents the effective contribution to the density parameter due to the matter, Qma: = 
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-T> while the term in oe represents the effective energy density contribution 


due to the scalar field, € = E p (39? + V); the first term is connected with the 
variation of the coupling, Qeoup = EN That is, there is a contribution to the energy 


density parameter due to the presence of the nonminimal coupling. This term, for what 
we have said, can be seen as coming from the conformal transformation considered. The 
parameter Q is an observative quantity (the present value of Qot is assumed to be equal 
to 1) thus, in principle, from its analysis one could be able to infer whether the physical 
frame is the Jordan or the Einstein frame (see also [I2]). 

A final remark we would like to do concerns the case y = $. As we have said, 
performing the transformation (23) on (BA) no coupling between the scalar field and 
the matter is induced if the matter is a radiative perfect fluid: this seems to be quite 
reasonable, since the particles which constitute a radiative fluid have zero mass. 


5 Conformal transformations and Noether symmetries 


We want to analyse now the compatibility between the conformal transformation we have 
considered so far and the presence of Noether symmetries in the “point—like” Lagrangian 
in the configuration space (a, $), i.e. in the cosmological case. Some of the authors, 
in previous papers (see for examples [4 |[3])) have developed a method to find exact 
cosmological solutions relative either to purely scalar-tensor Lagrangians or to scalar- 
tensor Lagrangians with ordinary matter, both in MC theories, when the Lagrangian is 
given by (B4), and in NMC theories, having taken (#0) as Lagrangian. 

Now we want to analyse the problem whether the conformal transformation connect- 
ing Einstein and Jordan frame preserves the presence of a Noether symmetry. Since the 
existence of a Noether symmetry implies the existence of a vector field X along which 
LxL = 0, this happens if the Lie derivative of the Lagrangian along a vector field is 
preserved. We can see that the Lie derivative is preserved under the conformal trans- 
formation considered, but only in absence of ordinary matter. It turns out to be quite 
simple to be verified if we choose as time-coordinate the conformal time. As we have 
seen, we have that in absence of matter, using the time 7 the “point—like” Lagrangian in 
the Einstein and Jordan frame given by (BJ) and (BJ) respectively, correspond to each 
other under the conformal transformation given by (0). The second of (BQ), in principle, 
can be integrated, so that its finite form together with the first of (BO) can represent a 
“coordinate transformation" on the configuration space (a, $). Thus, a given lift-vector 
field of the form [£4] 


ave / Ul 
oe Zeita TAE (50) 


in which a = o(a, ¢), B = Bla, B corresponds under this transformation to the lift— 
vector field on the configuration space (a, ¢) 


E ð -0 P y0 


Xy = Gy, + Bag ay Pay (51) 


in which & = a(a, ¢), 8 = B(a, o) are connected to a = a(a, à), B = B(a, à) through the 
Jacobian matrix relative to the "coordinate transformation" defined by (| (BO). We remind 
that the prime means the derivative with respect to the time 7. The Lie derivative of L} 
along the vector field X, corresponds then to the Lie derivative of Z, along X, PJ) 


Ex, Ls = LI. (52) 
Therefore, if X, is a Noether vector field relative to Ly one has 
£x, La — 0 (53) 


and, from (EJ, X, is a Noether vector field relative to Ly. 

We have seen till now that the choice of 7 as time-coordinate is convenient from a 
formal point of view, but, as we have already remarked, in order to analyse the phe- 
nomenology relative to a given model and to obtain then quantities comparable with 
the observational data, the appropriate choice of time-coordinate is the universal time 
t. The problem with the universal time is that it is not preserved by the conformal 
transformation, as we have pointed out in Sec. 2, thus the conformal transformation we 
consider does not take simply the form of a “coordinate transformation" on the phase 
space (a, $), then its compatibility with the presence of a Noether symmetry cannot be 
easily verified. Of course it must hold also under such choice of time-coordinate. 

We decide not to verify such compatibility directly. Rather, we analyse how does the 
Lie derivative £ x, L,, in the Jordan frame is transformed under the time transformation 
(B9) which connects t with n. 

The explicit expression of £x, L,, is given by 


Oa Op 19 Oa Ob 19 
L, =6|2F— —] F, Fy— +a— 
Lx, Lg -e| Ey «(o I talo ec vo + ase] 6 
ða | OB ða aap]; (54) 
46 adus + (a+ ag + a5) maria + E aga 
—a?(4aV + aBV3) — 6a(2Fa + Fpap)r 
in which we have taken into account that 
ro Oa / Oa t. / n Ay 
(B4) under the transformation (B9) becomes 
Lx, Ll, =6 wia Baa Fy da +a d a d 
? Oa Oa Oo 06 
da | 0B da | a?0f] ,,; (96) 
F, siia ad 
+6 [as wot (at ate + cas) Fob OF as + ERE) td 


—a?(4aV + aBV3) — 6a(2Fa + Fya8)« 
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which can be written as 


Lx, Lyn = 6a ler + mp +a G + A) z à^ +a’ [ja F an 2° =F a£] e+ 


Oa Oa do Oo 
ða o Oa 29 
+6a? ae + (2a + a + ^35) Fa PY 4 T] aot 


—a?(3aV + aBV3) — 6a(Fa+ FsaB)k-- 


1 f 
—6a Faà? — PLN — 6a Fpa àg — 6a Far — aa?V. 


(57) 
The Lie derivative of L; given by ([J) along a lift-vector field of the form 
o x 
Aem AT s qu zT — 58 
t= ag 82 5j (58) 
is given by 
Oa OB T 213 ða BE | -> 
Ly = F+2 —] F = Fy— — 
Lx li JE ur tafata) I +a Foro 195 *435| 9^* 
ða Ə ða aop 
+6a Fo + (22 + az + 3) Fac IF + ad aot 
—a^(3aV + aBVs) — 6(Fa + Fya8)K 
(59) 
in which we have taken into account that 
. Oa, | Oa; 3 = a OD ; 
b RE B= att age (60) 


We remind that the dot means the derivative with respect to t. 
Comparing (67) with (69) and taking into account the expression of E; given by (RID 
we obtain that, under the transformation (29) the Lie derivative £x, Ly becomes 


Ly Ln = aLlx, Lt = (Lx,a) Es, (61) 


being Lx,a=a. 
It can be seen that the same relation as (DI) holds in the Einstein frame, that is 


£x, L, = GL g, Lr — (Cg,a) Es, (62) 


with quite obvious meaning of X;. 
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This implies that, if X, is a Noether vector field relative to Lẹ}, that is, if (3) holds, 
the corresponding vector field X; is such that 


Lx,a 


Lx lt - E == 0. (63) 
It means also that, when the universal time is taken as time-coordinate, the conformal 
transformation preserves the expression given by the righthand side of (PJ) and not the 
Lie derivative along a given vector field X,. Relation (D3) represents a more general way 
to express the presence of a first integral for the Lagrangian L;; associated to (D3) we 
have the conserved quantity 

OL, 


Lx, OL 
= E | > Gi + z” a+ rus — const (64) 


which, of course, holds on the solutions of the Euler-Lagrange equations. The vector 
field X, verifying (DJ) can thus be seen as a generalized Noether vector field and the 
conformal transformation (B3) preserves this generalized symmetry. That is, if X, is a 
Noether vector field, in the sense of (pJ), relative to L; then X; is a Noether vector field 
relative to L; in the same sense, that is 


— Lya— 
£L; - TE, = 0. (65) 
a 
In terms of the conformal time, the first integral relative to (D3) for the Lagrangian Ly 
is given by 
a OL 


a + age = = const. (66) 


We see that the expression (Dd) a to (64) under the transformation (RJ), except 
for a term in the energy function. In fact (6G) explicitely written is 


(12Fa + 6F;aó )a + (6Fyaa + à?ó )B = const, (67) 
while (64) is 
— E; 1 “dt + (12Faà + 6Fya2¢)a + (6F,a?à + a2) = const. (68) 
Taking into account (BJ), we have that (68), under (B9), becomes 
— = / adn + (12Fa + 6Fya¢ ja + (6Fyaa + ad’) 8 = const (69) 
which coincides with (67) except for the term in Æ}. 


Therefore there is equivalence between the two formulations except for the term in 
E,, coherently with what we have said at the end of Sec. 2. 
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As already said, some of the authors have formulated the existence of a Noether vector 
field imposing 
£x,la =0 (70) 


using the universal time as time-coordinate; condition (Q) after the analysis we have 
done till now, turns out to be less general than (J). By the way, condition (fO) has 
the interesting property that it implies the possibility to define some new coordinates 
on the configuration space (a, $), such that the Lagrangian has a cyclic coordinate 
24), reducing in this way the Euler-Lagrange equations. In fact, one can always define 
new coordinate, say (z, w), in the copa curation space of the Pon such that the 
lift-vector field assumes the form X, — 2 , so that one has Z x, L = 25; in case (FQ) holds 
one has then that z is cyclic. In the generalized case we are E ne. it is no longer 
possible to get this behavior, since £ x, L+ ZZ 0 and consequently z is no longer cyclic. In 
this case one has to use the first integral (64) together with the relation on the energy 
function to reduce the Euler-Lagrange equations, that is, one has the system of Eqs. 
(Ex), Eq. (2) and Eq. (B4). 

This problem corresponds in the Einstein frame to the system of equations (29), the 
equation analogue to (BJ), E; = 0, and the equation analogue to (64), 


a E [ 3 Ex; dt 4- oa a + Tip = const. (71) 


Thus, finding the solutions of some cosmological model using the presence of a Noether 
symmetry (and therefore fixing the class of model compatible with it) in the Einstein 
frame, one gets via the conformal transformation (as given by (29)) the solutions to 
the class of models in the Jordan frame corresponding to the one given in the Einstein 
frame through the second of ([Q). We are going to give some significant examples in the 
following section. 


6 Examples 


i) Let us consider a quite easily solvable model in the Einstein frame. We consider the 
cosmological model with a scalar field, a constant potential and zero curvature. The 
Lagrangian is given by 


-— i 1 4:2 
In + 316 — HÀ: (72) 


the Euler-Lagrange equations and the zero energy function condition are given by 


2d = 1:2 
+46 -A=0 
a a 2 

(73) 
= 34d 
pee egi 
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The solutions are (see also [E"]) 


wle 


8Ac? 
1— Go e- V3At (75) 
b=) + jina _ 
i Po e- V3At 


-+ REEL alme 
2€1 V 2A 


Of course only three constants of integration appear in the solution, since Eq. (4 
corresponds to a contraint on the value of the first integral Ez. We have that, in the 
limit of t — +00, the behavior of à is exponential with characteristic time given by v : 
as we would expect (see also [I8]), and Ó goes to a constant. 

Looking at the second of ([0) we have that such a model in the Einstein frame 
corresponds in the, Jordan frame, to the class of models with (arbitrarly given) coupling 
F and potential V connected by the relation 


V 


the solution of which can be obtained from ([/5] via the transformation (B3). We can thus 
fix the potential V and obtain from (/d) the corresponding coupling. This can be used as 
a method to find the solutions of NMC models with given potentials, the coupling being 
determined by (7G). We consider, as an example, the case 


Vero, dA (77) 
which correspond to a “chaotic inflationary” potential B8]. The corresponding coupling 


is quadratic in @ 
F = ko’ (78) 


1 /A 
ko = a (79) 


in which 
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Substituting (FJ) into (B3) we get 


a 
Qq= _ 
ov —2ko 
2ko 
dp = ó d dó (80) 
di. dt 


óv/—2ko- 


As we see from these relations, it has to be kg « 0. Integrating the second of (BQ) we 


have $ in terms of ó 
2kg = 
o = age V te n (81) 


Substituting (BI) in the first of (BQ) and taking into account the second of (FJ) we have 
the solutions a and $ as functions of t 


4ko 
T 32k9 —1) 
9o 


i e- V3At 
Q Ex do 2c1V 2A 
e Po e- V3At 
2€1v 2A 
(82) 
, "cum 
T 3(2ko —1) 
23 i Po vant | 
. 1 cue AE _ Po. I-A 2c: V2 
Pov —2ko 8Ac? bo 


ev 3At 


261 V 2A 


2ko 7 
in which œo = age V "^o^! m Substituting (PJ) in the third of (BQ), taking into account 
of (75), we get 
a yV aE 
0 


Gov Pe Qo VRE 
]— ———e 
2c4 V 2A 
We can obtain f as a function of t integrating (BJ) and then considering the inverse 
function; (B3) could be easily integrated if the exponent sumen would be equal to +1, 


but this corresponds to a value of ko = i which is positive and thus it turns out to be 


not acceptable. In general, (E3) is not of easy solution. We can analyse its asymptotic 


(83) 
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behavior, obtaining 


dt t>+00 1 

la MN E 84 
that is, asymptotically p 
t 


pov —2ko 


Substituting (B3) in the asymptotic expression of (B2), we obtain the asymptotic behavior 


of the solutions (since from (B) one has t ^?5* +00) 


id a c? =2AK0 (t—to) 
pov — 2 ko (86) 
p= do. 


Thus we have that, asymptotically, a(t) is exponential as it had to be (cfr. [I8]), and (t) 
is constant; the coupling F is asymptotically constant too, so that, fixing the arbitrary 
constant of integration to obtain the finite transformation of a, ¢ (that is, fixing the units, 
see [T2]), once ko is fixed, it is possible to recover asymptotically the Einstein gravity. 

As a remark we would like to notice that the asymptotic expression (Bd) of a(t) 
and ó(t) are solutions of the Einstein equations and Klein-Gordon equation with zero 
curvature and F given by (K), (K9). They have not been obtained as solutions of the 
asymptotic limits of these equations. It means then that they are, in any case, particular 
solutions of the given NMC-model. 

ii) Another interesting case is the Ginzburg-Landau potential 


V =A- uY, ALO (87) 
The corresponding coupling is given by 
F = ko(¢? — K’) (88) 


in which ko is given by (79) when ¢? > p? while is given by ([/9) with opposite sign 
when ¢? < p?, in order to have F < 0. With this coupling the corresponding conformal 
transformation turns out to be singular for à? = y?, thus with this method it is not 
possible to solve this model for ¢ equal to the Ginzburg-Landau mass u. 

In this case, it is not so straightforward to get the explicit function ¢ = $(ó) as in 
the previous case, since one should perform and then obtain the inverse of the integral 


"e [3 49? + 1(9? — p?)]2 
=f Mae e a 89 
6-óy- | pues (89) 


It is not so difficult to integrate PJ, the difficulty raises in finding the inverse, which 
is needed to obtain t in terms of t. By the way, analysing the integrand of (B9), that is 
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a6 we can say that, except for 9? = u?, the function ó = ¢(¢@) is invertible; in particular, 
since asymptotically ¢ is constant, so is œ. Thus it is possible to carry out a reasoning 
analogous to the previous one, concluding that asymptotically the behavior of a(t) is 
exponential and that of ¢(t) is constant. 

iii) We want to consider now the V = Aó* case from the point of view of the Noether 
symmetries. We want to show that, in the context of generalized Noether symmetries the 
NMC-model with quartic potential and negative quadratic coupling admits a Noether 
symmetry, while such a result has been not found in the previous analysis of Noether 
symmetries (see [T3] [T]). 

We have seen that the corresponding case in the Einstein frame is that one of constant 
potential. The system of equations for the Noether vector field obtained from (fJ) is given 
by 

Oa 
Oa 


AaV + abv; =0. 
Substituting V = A in the fourth of (PJ) one gets a = 0; from the second one gets 
B = const; the first and the third turn out to be identically verified. It is immediate to 
see that the Lagrangian ([/7) presents a Noether symmetry, since it does not depend on 
ġ; being, in this particular case, Lg,ā@ = à = 0, this is compatible, for what we have 
already said, with the presence of a cyclic coordinate in the Lagrangian. Performing the 
conformal transformation given by (BU) on the Noether vector field 


art 
a (91) 
B= fo. 
where 6o is arbitrary, we obtain 
2ko + 
am 3i. — 1 ^0 
(92) 
2ko ^4 
pé Dk —1 Do. 


As it has been shown in the previous section, (QJ) is a Noether vector field relative to the 
corresponding Lagrangian in the Jordan frame, with potential given by (Ff) and coupling 
given by (73). It is easy to verify that (63) holds. 
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iv) There is another interesting case we would like to quote in the context of infla- 
tionary models, as last example, i.e. 


VAS, A>0; F= k’, ky «0 (93) 


in the Jordan frame. Since the coupling is the same as the previous case (cfr. ([/8)), the 
relative conformal transformation is given by (BQ). To obtain the corresponding potential 


in the Einstein frame we have to substitute (RT) in the relation 


— 7 A 


V($) = Aki (94) 
that is f 
PB) = ge Vm (95) 


1308 
We see that this case corresponds in the Einstein frame to the case of the exponential 
potential, for which a particular solution is the power-law inflation IBI]. The choice 
of the sign that Lucchin and Matarrese do in [BO] corresponds to the choice of the sign 
we have done at the end of Sec. 1. 

Finally, we would like to make a general remark connected with all the examples we 
have treated, concerning the relation between the Hubble parameter in the Einstein and 
in the Jordan frame. Such relation is given by 


g-i- 
1 F i F H us 
~ CF) e s zu) “ESAF JF 


in which we have used (23) and the definition of the Hubble parameter. Relation (PO) 
is quite useful to make some considerations on the asymptotic behavior of the Hubble 
parameter (see also [I3]): for examples, if we require an asymptotic de Sitter-behavior in 


both the Einstein and Jordan frame, that is, we require F 235° © and H “74° C where 
C and C are constants, from (DG) we obtain a differential equation for the coupling F as 
a function of t (t >> 0), given by 


F +2CF —2CFV —2F =0. (97) 
Its solution is e r 
1 
eS M RN ELA 
2C? |1— Foe’? ae 


in which Fo is the integration constant; this is the time-behavior that F has to assume 
on the solution $(t), in order to have a de Sitter asymptotical behavior in both frames. 
We see from (PẸ) that, asymptotically, we recover the standard gravity. 
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7 Conclusions 


We have analysed the conformal equivalence between Jordan frame and Einstein frame 
for general coupling functions and potentials, and we have seen that any NMC theory 
assumes the form of the Einstein theory with a scalar field as source of the gravitational 
field, provided the metric undergoes the conformal transformation defined by (B) and 
the scalar field and the potential are transformed according to ([[0) We see, from these 
transformations, that the scalar field, although being scalar with respect to the coordinate 
tranformations of the space-time by definition, is not conformally scalar. 

We have considered such equivalence more carefully in the cosmological case, and 
we have seen that the conformal transformation in this case takes the form given by 
(RJ), in which also the time-coordinate is transformed. The transformation of the time- 
coordinate turns out to be necessary if one requires the time-coordinate in the Einstein 
frame to be the universal time as well. We have seen that in case one chooses the 
conformal time as time-coordinate the transformation defined by (B) reduces to the form 
(BG), which can be seen as a “coordinate transformation" on the configuration space 
(a, à); with such a choice of time-coordinate the conformal equivalence between Jordan 
and Einstein frame in the cosmological case turns out to be very simple to verify. 

The situation changes when ordinary matter is considered besides the scalar field: the 
conformal equivalence in this case is broken. We have analysed the possible descriptions 
of NMC theories in presence of ordinary matter and we have seen how (Id) could be taken 
as hint in the definition of the appropriate Lagrangian, in agreement with the current 
discussions about the compatibility of NMC theories and the different formulations of 
the Equivalence Principle. 

We have also seen that if a Noether symmetry is present in the ^point-like " cos- 
mological Lagrangian, this is preserved by the conformal transformation which connects 
Jordan and Einstein frames. This has been formally formulated in the conformal time 
through relation (63), since in this case the problem of the redefining the time-coordinate 
does not exist. We have then analysed the problem in the universal time and we have 
seen that the Noether symmetry is preserved under the generalized form (69), which 
implies as well the presence of a first integral for the corresponding Lagrangian. 

We have thus analysed some aspects of the conformal equivalence between Jordan 
frame and Einstein frame, in particular in the cosmological case. Moreover we have gen- 
eralized and improved a method of solution of cosmological NMC-models, having shown 
that the conformal transformation considered preserves a Noether symmetry present in 
the ^point-like" Lagrangian, in the sense of (P3). The forthcoming steps will be to in- 
vestigate more deeply the implications of that: it would be interesting to classify the 
classes of NMC theories which are solvable by this method, and also to understand if 
it is possible to characterize the inflationary solutions in such context, on one side; to 
apply this method and to analyse the phenomenology of the models with couplings and 
potentials of physical interest, which can be solved, on the other side. This can be done 
also in connection with the problem of an opportune redefinition of the “cosmological 
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constant", which in this context can be time-dependent ([[§ see also [B2]). 
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Abstract: After a review of theoretical motivations to consider theories with direct cou- 
plings of scalar fields to Ricci and gauge curvature terms, we consider the dynamics and 
non-perturbative stabilization of a dilaton in three and in four dimensions. In particular, 
we derive generalized Coulomb potentials in the presence of a dilaton and discuss a low 
energy effective dilaton potential induced by instanton effects and the S-dual coupling to 
axions. We conclude with a discussion of cosmological implications of a light dilaton. 


1 Introduction 


It is a widespread belief both in elementary particle physics and in general relativity that 
theoretical Ansätze for physics at the Planck scale are lacking experimental relevance today 
and in the foreseeable future. It is indeed a generic feature of theories unifying gravity 
and quantum field theory to make predictions mostly for physics at the Planck scale, and 
eventually also for a GUT scale a few orders of magnitude below the Planck scale. However, 
many seriously pursued proposals for a framework of quantum gravity, including string 
theory, predict scalar particles which couple both to gravity and matter fields. These 
scalar particles must be very weakly coupled or have to acquire large masses in order to 
meet experimental and cosmological constraints, or there must exist other non-perturbative 
mechanisms to make these scalars invisible in the low energy regime. 

A particularly interesting deviation from standard Einstein-Yang-Mills theory is the 
prediction of a dilaton. There is no unique definition of dilatons, but a common feature of 
dilatons appearing in different theoretical frameworks is their direct coupling to Ricci or 
gauge curvature terms. A typical feature of the dilaton in string theory is its exponential 
coupling to Yang-Mills terms in the frame where the dilaton decouples from the curvature 
scalar R, and emphasis in the present paper will be on a scalar field o which couples to 
gravity and gauge fields in four dimensions through 

1 1 


VI X 
where the mass scale f; characterizes the strength of the coupling. Following usual conven- 
tions we denote the coupling scale f; also as a decay constant, since in many formulas it 
appears similar to a decay constant of a scalar bound state. However, there is an important 
difference: The dilatation current containing a piece f;0,,9 does not parametrize a physical 
decay amplitude of fundamental string or Kaluza-Klein dilatons, and f, enters only with 
negative powers in actual transition amplitudes. 

In a different setting fundamental scalars are introduced with a direct coupling to the 
curvature scalar to mimic a time dependent gravitational constant, to serve as an additional 
gravitational degree of freedom, or for the sake of local scale invariance. A scalar coupling 
both to the Ricci scalar and to the Maxwell term was investigated for a long time by Jordan 
and his collaborators. Jordan's motivation originated from Dirac's proposal of a variable 
gravitational constant Eg), and from the observation that Kaluza-Klein theory supports 
Dirac’s proposal if the four-dimensional metric is directly induced from a five-dimensional 
metric without rescaling. The coupling of the scalar to a Maxwell term is then a direct 
consequence of Kaluza-Klein theory. However, later Jordan abandoned the coupling to 
electrodynamics, thus anticipating a particular case of a Brans-Dicke theory of gravity pT. 

Motivated from Mach’s principle Brans and Dicke introduced a scalar ®gp coupling 
through R®gp to account for a long range scalar field participating in the gravitational 
interaction Ed. In order to maintain the property that gravitational fields can be gauged 
away locally, they required from the outset ordinary metric couplings of all matter fields, 


1 1 $, 
Lg : m Rr j pw 
R 59 One: Od 4 OP) Fw FY ;, 


thus excluding in particular the coupling of the scalar to gauge fields. More general scalar- 
tensor theories of gravity have later been defined as theories which can be related to a 
Brans-Dicke theory through a ®gp—dependent rescaling of the metric [03], but due to the 
Weyl invariance of Yang-Mills terms in four dimensions these theories also contain no direct 
coupling to the Yang-Mills curvature. 

In spite of our emphasis on couplings to Yang-Mills terms, scalar-tensor theories will 
be of some interest to us, due to a theoretical ambiguity in low energy string theory: It is 
known since long that the low energy and low curvature limit of string theory in the critical 
dimension is given by Einstein gravity, and this property persists in lower dimensions if low— 
dimensional metrics are embedded appropriately in higher-dimensional metrics. However, 
the claim that the leading curvature term in four-dimensional string effective actions is 
given by the Einstein-Hilbert term was challenged recently by Gasperini and Veneziano, 
see Ed, fig] and references there. A compactification which rescales the low-dimensional 
metric by the string dilaton instead of a Kaluza—Klein dilaton gives a Brans-Dicke type 
theory in the curvature sector, and the problem whether low energy gravity in string theory 
is described by Einstein gravity in the Einstein frame or by a scalar-tensor theory in the 
string frame is an experimental issue. 

The gravitational sector of a scalar-tensor theory with constant Brans—Dicke parameter 
wgp reads 


1 
LBD = V —g9 5p (n — wepg” On In(®gp) -y In(®gp) + 2\(®gp)) (1) 
= V=5(— oR — sen (wan) 190,9 dro + A) 9. 
8lwip| 2 H á A|wgp| Alu | 


We have to be careful with the sign of wgp since the Brans-Dicke parameter can attain 
negative values. We will see in section H that a "strong" version of Kaluza-Klein theory 
yields Brans-Dicke parameters 0 > wgp > —1, and string theory in the string frame has 
wgp = —1. 

A Brans-Dicke type coupling of a scalar field also emerged in constructions of locally 
Weyl invariant theories without a Weyl vector, see [[03, EE! A and references there. 
Coupling of a massless scalar ¢ to other particle masses through the substitution 


m — mo 


ensures Weyl invariance with standard kinetic terms if the rescaling of the metric is ac- 
companied by appropriate rescalings of scalar and spinor fields. Then local scale invariance 
can be ensured to first order if ô, ln @ is used as a connection and if the kinetic term for ¢ 
corresponds to a Brans—Dicke theory in the singular limit wep — —3. 

Both in scalar—tensor theories and in Wey] invariant theories the dilaton @ does not cou- 
ple to Yang—Mills terms. However, it does couple both to Ricci and gauge curvature terms 
in string theory in the string frame and in Kaluza-Klein theory without metric rescaling, 
whereas it decouples from the Ricci scalar in Weyl transformed Kaluza-Klein theory and 


in string theory in the Einstein frame: 


Yang Milis term 
Song theory, smg tome | PR | PP | m | 


String theory, Einstein frame | R O| exp(9/ fo) F | om 
Brans Dicke theory or | eo | m | 
Weyl mvariant theory — | R | — F | 


'Table 1: Theories with fundamental scalars coupling to curvature terms. 


In the normalization of these terms a canonical kinetic term for the scalar @ was assumed. 
The “strong” and “weak” versions of Kaluza-Klein theory are related to string theory in 
the string frame and in the Einstein frame, respectively. In neglecting mass dependent 
couplings of the dilaton in the string and Kaluza-Klein framework we assumed that the 
mass terms originate at a scale far below any string or compactification scale. Otherwise 
couplings to mass terms would also appear in this sector, see section p. 

Generically different rows in this table can be connected through field dependent rescal- 
ings of the metric. This can be a useful mathematical tool in analyzing e.g. equations of 
motion. However, it must be stressed that field dependent rescalings of metrics are not sym- 
metry transformations of one and the same physical system, but generically have different 
physical implications. 

It must also be emphasized that Table 1 is by no means exhaustive: A theory may 
contain several dilatonic degrees of freedom, and a particularly important example is com- 
pactified heterotic string theory: This contains besides the model independent string dilaton 
og at least one Kaluza-Klein dilaton og, and a linear combination $ of the two couples 
to four-dimensional gauge fields, whereas in non-rescaled compactification or in the string 
frame o or ¢ couple to R, respectively, while no dilaton couples to R in the Einstein frame. 
Furthermore, in recent years string theory motivated discussions of more complicated cou- 
pling functions both in the curvature and in the Yang-Mills sector. 

Couplings of light scalars to Ricci or Yang-Mills curvature have very interesting cosmo- 
logical implications, and in particular a direct coupling of a scalar to the Einstein-Hilbert 
term can have drastic consequences like removing the initial singularity of space-time with- 
out a string threshold. Cosmological implications of a Brans-Dicke scalar with and without 
a cosmological function A were discussed in (Log). String theory in the string frame has a 
dilaton with a Brans—Dicke type coupling, and the work of Veneziano and his collabora- 
tors attracted much interest in the resulting Brans—Dicke type cosmology known as string 
cosmology Ed). The cosmological implications of a dilaton in Weyl invariant theories were 
investigated in E} P1. For a disussion of a low energy string dilaton in the Einstein frame, 
see e.g. B4 B3. There a duality invariant coupling between the dilaton and the axion played 
a crucial role in identifying a mass generating mechanism for the dilaton. However, a pos- 
sible cosmological significance of axion-dilaton interactions was emphasized already in EQ, 


where the common appearance of axions and dilatons was motivated from supersymmetry 
[3 Ei. 

Superstring theory currently undergoes a major change of paradigm: Numerous duality 
symmetries have been established or proposed between seemingly different versions of the 
theory in various macroscopic dimensions, and it has become particularly clear that symme- 
try transformations interchanging axions and dilatons play a significant and fundamental 
role in the theory. These symmetries go by the name strong/weak coupling duality, or S— 
duality for short, because they involve sign flips of the dilaton. Since the expectation value 
of the exponentiated dilaton determines the strength of the string coupling, those sign flips 
can interchange strongly coupled regimes of string theory with weak coupling regimes. 

We will see that under a certain constraint on decay constants of the axion and the 
dilaton to be explained in section H a low energy imprint of S-duality can still mix the 
dilaton and the axion. This indicates in particular that a fundamental light axion should 
come with a dilaton, and that their properties should be intimitely connected. Now it 
is known since long that the gauge theory of strong interactions strongly motivates 
considerations of a light axion, and that instantons create an effective potential for this 
axion. If the QCD axion is a fundamental pseudo-scalar, and if axion-dilaton duality is 
realized at some scale, then we should also expect a fundamental dilaton coupling to QCD. 
'The main motivation for the present work was the observation that instantons induce an 
interesting potential for such a dilaton far below the scale of supersymmetry breaking. Such 
a possibility was not pursued before, since an estimate on the coupling of a QCD dilaton to 
nucleons seems to violate the Newton approximation for weak gravitational fields, see E3 
and references there: 

Constraints on dilaton masses without a direct coupling to the Ricci scalar are based 
on the assumption that the dilaton can be treated as a local gauge coupling which shows 
up in nucleon masses. This might imply a coupling of the dilaton to hadronic mass terms 
in low energy effective theories, eventually also inducing material dependent couplings to 
macroscopic bodies. An estimate derived on this basis states that the dilaton should be 
heavier than 1074 eV to be on the safe side, too heavy for a QCD dilaton with a coupling 
scale fy of the order of the Planck mass] The reasoning implied in the derivation of this 
estimate was ingenious, but a weak point concerns the interpretation of the dilaton as a local 
gauge coupling: We will calculate the impact of a dilaton on the classical 1/r interaction 
of gauge charges in section H and find that the dilaton either regularizes the Coulomb 
potential at a distance rg ~ fo: or implies confinement, with an interaction potential 
between stationary charges raising linearly with the distance. These results indicate that 
the impact of a dilaton in gauge theory is not adequately approximated by an effective local 
gauge coupling, and it seems premature to conclude that the dilaton-gluon coupling induces 
a dilaton-nucleon coupling proportional to the mass terms in low energy hadron theories. 
The problem in how far such a coupling would amount to material dependent couplings 
also causes some uncertainty, and lacking a reliable quantitative picture of the emergence 


‘Our conventions for Planck units are mp; = (81G)-/? = 2.4 x 1015 GeV, tp; = 2.7 x 10799 s, 
lp; = 8.1 x 10735 m. 


of the hadron spectrum in QCD both with and without a dilaton, we are currently unable 
to discuss constraints from the weak equivalence principle on macroscopic bodies. On the 
other hand, constraints from elementary particle masses in the standard model do not arise, 
since the dilaton originates at string or Kaluza—Klein scales far beyond the weak scale, and 
therefore neither the string dilaton nor a Kaluza—Klein dilaton are expected to couple to 
mass terms in the standard model. However, in section A we will also discuss implications of 
a dilaton with a mass mg > 10~4 eV. If the mechanism of axion induced dilaton stabilization 
outlined in section ff is correct this mass would correspond to a decay constant f, < io" 
GeV far below the Planck scale, but it would still be invisible from a particle physics point 
of view and have interesting cosmological implications. Of course, from a stringy point of 
view such a low decay constant is a puzzle, since string theory generically predicts dilaton 
coupling scales of the order of the Planck mass. 

While the results of section $j show that the dilaton in gauge theory can not be addressed 
as an effective local gauge coupling, the expectation value of the dilaton still seems to imply 
an ambiguity in the definition of the coupling. To elucidate this consider the Lagrangian 
(in flat Minkowski space) 


1 1 . _ 
L= -59,9- 96 — x exp PY PM; + Did, + aA, — my 


describing gauge theory with a dilaton $, gauge coupling q and fermions v. For fixed v the 


mapping 
i 
q—4 


q 


$24 = 4- fon) 


leaves the Lagrangian invariant but implies e.g. a rescaling of the 1-gluon exchange 4- 
fermion amplitude .Ao.,9 > £7 A» 32. This is the gauge theory version of the problem of 
the running dilaton or of the constancy of constants (see e.g. B3): Motion of the expectation 
value of the dilaton implies a rescaling of the gluon propagator and a corresponding rescaling 
of the gauge coupling measured in scattering events. 

On the other hand, at least the variation of the electromagnetic fine structure constant 
Gem = ra over cosmic time scales is strongly constrained: Improving on an analysis by 
Shlyakhter Bg. Damour and Dyson point out that the fine structure constant about two 
billion years ago, when the natural Oklo fission reactor in West Africa was active, differs 
from todays value at most by [eal <1.2x10-7 P4. On larger time scales, Varshalovich et 
al. give ial < 1.6 x 1074 for the variation of the fine structure constant between ultraviolet 
emission of high red shift (z ~ 3) quasars and today [Dg]. In a flat universe electromagnetic 
waves emitted at z = 3 travelled for almost 88% of the lifetime of the universe (i.e. they 
were emitted certainly more than 9 billion years ago), and if a dilaton also couples to the 
photon this means that some mechanism must have stabilized the expectation value of the 
dilaton at an early stage in the evolution of the universe. 


Usual attempts to solve the stability problem for the dilaton link the generation of a 
low energy dilaton potential to gaugino condensation: Due to the dilaton gaugino coupling 
implied by supersymmetry, a gaugino condensate provides an attractive mechanism to gen- 
erate a dilaton mass. However, it must be pointed out that a gaugino condensate in the 
most direct and simple supersymmetric Yang—Mills dilaton theory would send the dilaton 
expectation value to —oo rather than stabilizing it at some finite value. This is a simple 
consequence of the fact that the dilaton couples to gluinos with an exponential exp(2¢/ fẹ), 
ie. with the same sign as in the dilaton gluon coupling. Therefore anomalous low energy 
effective terms E0], pA or duality invariant potentials have to be employed to stabilize 
dilatonic degrees of freedom, see e.g. Es, E| and references there. 

The puzzle can be resolved in a different way by noting that the dilaton couples with a 
term exp(—2¢/ fọ) to the kinetic energy of the axion, whence a non-vanishing variance of 
the axion would provide a direct and simple way to generate a dilaton mass b4 Ba). This 
mechanism works with or without a dilaton gluino coupling, and the discussion in section 
concentrates on the non—supersymmetric case. 

In a string inspired four-dimensional field theory the dilaton coupling to gauge fields 
will generically be a superposition of the massless closed string excitation accompanying 
the graviton and a Kaluza-Klein dilaton defined as a logarithm of the determinant of the 
internal metric. In compactifications of heterotic string theory, e.g., the four-dimensional 
dilaton is dominated by a Kaluza-Klein component with a mixing angle of 30° into the 
string dilaton. 

Like the string dilaton the Kaluza-Klein dilaton comes initially without a mass. This 
initial absence of a dilaton potential in the low energy sector is easy to understand: Since the 
low energy effective fields are zero modes of the internal derivative operators, they couple 
to the fluctuations of the internal dimensions, but carry no remembrance of their actual 
size. Therefore, we may expect dilaton stabilization in the low energy sector only if there 
exist non-perturbative effects which are genuinely related to the number of macroscopic 
dimensions, since these effects would have to disappear upon decompactification or further 
compactification. We know such a genuinely four-dimensional non-perturbative effect very 
well: Instantons in gauge theories may provide a mechanism to stabilize four dimensions, 
i.e. we suspect that instantons induce an effective dilaton potential in the low energy regime. 
However, suppose we start with some large gauge group G which decomposes into several 
abelian and non-abelian factors: Where do we expect the dominant instanton contributions? 
Instanton energies go with the inverse gauge coupling squared, but instantons are suppressed 
in broken gauge groups due to the large masses of the gauge fields. Therefore the dominant 
instanton contributions should arise in that factor of G which corresponds to the non- 
abelian unbroken symmetry with the largest coupling constant. If instantons stabilize the 
dilaton, it is QCD which has to make the dominant contribution! 

Of course, there may appear other non-perturbative effects in four dimensions, eventu- 
ally breaking supersymmetry and active at a much higher scale. It is well conceivable that 
such effects may also create an effective dilaton potential, and in a sense this is a work- 
ing hypothesis for mainstream research in the field. I make no attempt to invalidate the 


mainstream approach which links the dilaton potential to supersymmetry breaking, but I 
suppose there is enough motivation to consider an axion-dilaton system which is stabilized 
at or above the QCD phase transition, around 1074 seconds after the big bang. 

We have defined the dilaton in four dimensions through its characteristic coupling to 
gauge fields, yet we have to re-address its coupling to gravity, in order to explain why we 
exclude such couplings in the present paper: The dilaton can couple to the Einstein-Hilbert 
term through a term U($)R, and we have pointed out already that direct compactification 
of dimensions would predict a polynomial coupling of Kaluza-Klein dilatons both to R 
and to gauge fields. In the gravitational sector this would correspond to a Brans-Dicke 
type theory of gravity with a Brans-Dicke parameter wgp ~ —1 (see section B. However, 
through appropriate Weyl rescalings the dilaton can be arranged to couple to gravity in 
a standard way without coupling directly to the curvature scalar R. The set of fields 
and the metric where the lowest order graviational action is given by the Einstein-Hilbert 
term f d'r4/—gH is the Einstein frame, and we will mainly use this frame. This is not 
just a matter of taste, but chosen on the basis of experimental constraints: Solar system 
measurements of light bending and time delay in gravitational fields are known to constrain 
deviations from standard Einstein gravity to less than 1078, and this imposes rather strong 
limits on scalar-tensor theories of gravity. It implies in particular that the inverse Brans- 
Dicke parameter measuring the direct coupling of light scalar fields to curvature is very 
small, implying in turn that even if the physical metric would not correspond to an Einstein 
frame, it would have to be very close to an Einstein frame. It was also mentioned before that 
the string dilaton does not couple to the Einstein-Hilbert term in the critical dimensions 
10 and 26 P3 b3. 

There are other viable alternatives than directly relying on a Weyl transformed metric 
as the physical metric: If the Brans-Dicke scalar somehow acquires such a large mass that it 
effectively is frozen to a constant value, this would certainly comply with all contemporary 
tests of Einstein gravity. Furthermore, Damour and Nordtvedt pointed out that a scalar- 
tensor theory of gravity with a convex coupling function U(¢) also effectively reduces to 
Einstein gravity, even without a mass term Ed. 

In order to faciliate the comparison with calculations in other frames, and to clarify 
which models are related through Weyl rescalings, it is useful to have a dictionary of the 
behavior of various sectors in the Lagrangian under Weyl transformations: Under rescalings 
of the metric in D dimensions 


iw = exp(22—* 4) oyu 


the gravitational sector transforms according to 


D- D-—1 
v/—39"" exp(Ao)( Rw t+ Zo X8 0,0: 0,9) = y/—gg"" exp(Ad) (Rav + —— 230,0 + 0,4). 


D-2 
In the matter sector one finds for Yang-Mills fields 


V —99"" 9°" exp(àQ)tr(F,, - Fro) = V—gg” 9" exp(ad)tr(Fup - Fic) 
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with p-d 
M ui E) 
a —à-tg- 25 ) 
while fermions coupling to Yang-Mills fields A and a canonical spin connection 2 transform 
according to 


» . E : A=) 

v —9v|[E" ay? (On + Op — igA,) - imi = y/—gv|e" sy" (Ou + €, — iqA,) + exp(5—> 4) im| 

with 7 
~ ( E D—1A—A 


$cen( - 573757 9)* 


- A= A 
fs; = D + pa e = eye”) 0,0. 
As an application, the combined Weyl transformation and redefinition 
NEU NEN 
Juv — F(®) P7? guy 
D-1 F'(6) 


E G(®) 
ZEE: F(®) | (D-3y« F(6)? 


transform Jordan-Brans-Dicke type theories into the (physically inequivalent) Einstein 
frame: 


Git” (GF (®) Ru, — 5G(9)0,9 -0,9) = VTT (Ru — $046 -0,0), 
K 2 2K 2 
and according to the previous paragraph we may also transform the kinetic terms of the 
fermions to standard form. 

Our analysis in four dimensions will be mainly based on gauge theory coupled to an 
axion a and a dilaton ¢ in the Einstein frame: 


1 1 1 1 $ 
o =] s = 39^ nd s OO = 5 exc eee s ða (2) 
1 @ j q? io ] 
= stt Mc 4 Gin, g P RES Pak 


Superficially, we will refer to this system as an axion-dilaton-gluon system, irrespective 
of whether the gauge group is SU(3) or some other Lie group. 

'The particular ratio between the couplings of the dilaton to gauge fields and the axion 
in (2) can be motivated for two reasons: On the one hand, this ratio of couplings arises 
automatically in Kaluza-Klein compactifications to four dimensions, as will be elucidated 
in section H while on the other hand the same ratio also arises from the requirement 
of duality symmetry in the axion-dilaton system. The last, and maybe most important 
motivation for consideration of the axion-dilaton-gluon system comes from the observation 


that this system must hold a clue to the issue of dilaton stabilization in four dimensions: 
It is known that instantons create an effective axion potential V(a) ~ — cos(a/f) plus 
higher order terms in cos(a/ f). We will see that instantons and the effective axion potential 
survive introduction of the dilaton and break the scale invariance of the equations of motion 
following from B. This provides a strong hint that instantons and axions must also lift 
the degeneracy of the dilaton potential associated with the scale invariance of the tree level 
equations of motion. 

The resulting dilaton potential has many interesting implications on the low energy 
sector of string theory and cosmology. In particular, the dynamics of the dilaton switches 
from expansion dominance to an oscillatory behavior around 1074 seconds after the initial 
singularity, that is “long” after the onset of axion oscillations (~ 107 seconds). At this 
time the temperature of the universe has already dropped to a value near the QCD phase 
transition, and the dilaton can make an appreciable contribution to the energy density of 
the universe as a cold dark matter candidate if its variance above 1 TeV is of the order of 
the Planck mass Ve ~ mpl. 

Investigation of the dilaton potential resulting from the observations outlined above 
and discussions of cosmological implications will be a primary concern in the present work, 
and we will concentrate on these tasks especially in sections BB Besides this, we will 
discuss stabilization of the dilaton in three dimensions in section p, while the impact of the 
dilaton on potentials of pointlike particles in four-dimensional gauge theory is examined in 
section H Sections BJ] and B| survey introductory material needed in the discussion of the 
dilaton potential. While no attempt was made to make the paper fully self-contained, the 
introductory sections should make it amenable to non-experts with some basic knowledge 
in quantum field theory, string theory and cosmology. 
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2 Instantons in gauge theory 


Instantons are classical solutions of Yang-Mills equations on Euclidean four-dimensional 
manifolds E} pg, Al. They play a prominent role in particle physics through their con- 
tribution to ’t Hooft’s solution of the strong U(1) problem and through their contribution 
to chiral symmetry breaking: Chiral symmetry breaking is signaled through a quark con- 
densate which can be related to the spectral density p(A) of the Euclidean Dirac operator 
through a celebrated relation of Banks and Casher lil 


(qq) = —n9(0). 


While we are still lacking a full understanding of the dynamics of chiral symmetry breaking 
in QCD from first principles, the emergence of a non-vanishing spectral density at eigenvalue 
zero can be attributed to the presence of an instanton liquid in the Euclidean vacuum, as 
has been thoroughly reviewed in BY, p1]. 

In the present setting we are interested in instantons because some appropriate gener- 
alization of them will contribute to the effective potential of the dilaton, and we will review 
some of the properties of instantons in this section. Classical and very thorough reviews of 
instantons have been given in [p3, pq). For the ADHM construction of the general multi- 
instanton solution see B and and references there. The path breaking work on the 
calculation of quantum effects was [Dg]. 

In this introductory section we will only review the one-instanton solution elaborating 
on a theorem of Wilczek. Wilczek's theorem relates instantons to conformally flat spaces 
of constant scalar curvature [[03, [3 B3 and has the virtue to naturally yield ’t Hooft’s 
Ansatz and to explain the group theoretic origin of the 't Hooft symbols Eg). 

Throughout this section we will work with two conformally related Euclidean 4-spaces, 
one of those being flat while the other metric can be written as 


Iw (x) — x(t) Suv = ape 


c 
Indices raised with gt” (x) will be denoted by a dot in this section: g""(x)u,(x) = vė (£). The 
gauge covariant derivative is] D,, = ð, +A, and the covariant derivative in the conformally 
flat space is V,,. Since we will not perform Legendre transformations in the Euclidean 
setting and the Euclidean partition function resembles a canonical ensemble, we will use 
the terms action and energy synonymously in this section. 

The well-known local isomorphism SO(4) = SU(2) x SU(2) may be used to reduce 
gl(4, R) connections T to su(2) connections *.A according to 


"Aui e XP (3 


?We are using an anti-hermitian basis for A. The relation between the gauge potential A, = 
Ay (—iX?*) and Ay = Ay; X’ is Api = qAyi. 


— 
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where an explicit representation of the SU(2) projectors is 


5 0 vsin F ol bin — Eijkð p0" p). 


(Zi) uw = 


These projectors provide a selfdual and an anti-selfdual basis for four-dimensional repre- 
sentations of su(2), and in compliance with the uniqueness of the spin-3 equivalence class, 
they are intertwined via T- *Z;- T = ~Z; with T = diag{—1,1,1,1}. Identifying indices 


which carry the values 0 or 4, these generators are related to the ’t Hooft symbols via 


1 _ 1 


("Zav = ~ lli» ( La) iis = gim: 
Thus the appendix of [B9] may be used if some signs are adjusted properly due to €0123 = 


—€1234. The reduction according to (B) yields su(2)-valued curvatures 


zm. = —(FZ")% 6 (RP oy + Sam) (4) 
with the deviation from the Riemannian 
1 1 
S" guy = gl gi ( P^ p t D,*,) = gl ou pv T T°). 
The conformal Ansatz is now introduced by inserting the Levi-Civitá connection 
1 
D?,-— 253 FO? 0° — 6? Buc? — 6? O07) (5) 


corresponding to the conformally flat metric g. This Ansatz leads to S = 0, and (B reduces 
to the 't Hooft Ansatz: 


* Ani = (Zi)? wp In(c?). (6) 


The combination of 5,4, and T into a generally covariant derivative: 


Du Fx = On Pry RE [ Ay, Zo] u Fyol yy = ~ Foul zp (7) 


leaves the su(2)—projectors invariant: 


Di Ze Vi Aree Ae Ce wet 


As a consequence covariant differentiation and su(2) reduction commute: 


D,* Fav = —(*2:) 8V uR’ aw. (8) 


Furthermore, the gauge covariant divergence and the generally covariant divergence of the 
field strength are related in a simple way: 


D,* F” = Du F" yi (9) 


Equations BP) imply a simple relation between the divergences of F and R: 


à ER 
Du Js = p Zi) aV" RP uus (10) 


and this yields a translation of the Yang-Mills equations into a condition on the curvature 
of the conformally flat space. The vanishing of the Weyl tensor implies that the covariant 
divergence of the Riemannian in a conformally flat space is 


f 1 
VOR auv = -7 ða — arð’) R 


with the curvature scalar R = RË’ p. Therefore the gauge covariant divergence of the su(2) 
curvatures from the conformally flat space are simply proportional to the gradient of the 


curvature scalar: i 


~ 3o? (x) 
and this expresses Wilczek's theorem [109]: su(2) reduction of the Riemannian connection 
in a conformally flat 4-space yields solutions to the Yang-Mills equations if and only if the 


DP) 


— 


= Za) vôu R(T) (11) 


curvature scalar is constant. 
If the curvature scalar is expressed in terms of the conformal factor x this theorem 
establishes a connection between Yang-Mills theory and x? theory: 


1 
0,0" x + RČ =0. (12) 
However, the formulation in terms of the inverse conformal factor serves our purposes better: 
8,00? — 28,02 0^9? inc (13) 
m Oo 293 uT Oo 3 = U. 


We can not solve this equation in a general fashion. However, it was observed in that 
the stronger condition of local symmetry 


VAR, =0 


allows for a general solution. In terms of a(x) the condition of local symmetry takes the 
following form: 


0"0,0c? + "^, 0X |cO4O0* 0 — 2(0,0)(0*a)] — [541 Ox + 9" 0, + ó4,0"](O4c)(0* c) = 0. (14) 
Summation over u and v leads again to 
ðR = 604[c040*c — 2(04,0)(0*c)] = 304[0,0*0? — 6(0,0)(0*0)] = 0 (15) 


and this shows that equation (4) is equivalent to a set of equations consisting of (E) and 
1 
ðv? — g Our + ó440, + 6,,0,)04,0^ c? = 0. (16) 
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Eq. (1d) can be solved by standard methods, and the simplest method of solution 
assuming differentiability to fifth order proceeds as follows: 
Contracting (iq) with O^ and with 00” yields 


0,0,0,0 5? = Thu (00^ a? 


ð (320) = 0 


implying 
0,0,0,0^a? = 48320, 


where in writing the arbitrary integration constant as a square we already took into account 
that our solution in the end should correspond to a definite function. The previous equation 
is readily integrated to 

0,0,0^c? = 48a, + 12c, 


whence ([[d) reduces to 
0,0,0,0? = ó,, (8X, + 2p) + ó4, (8X3, + 2c,) + Spr (8^ Lp, + 2c,). 


This is readily integrated again and the general solution contains 20 parameters: 
1 
e? (x) = Art + e,z"r? + P + bx" +Ë. (17) 


We may identify the 4—vector c and the off-diagonal components of a as Poincaré degrees of 
freedom, and gauge them away through an appropriate Poincaré transformation. We then 
write ay, = Aj,ó,, and use the abbreviation A = X,A,, — R, In this gauge equation E3 
translates into the following set of algebraic constraints on the coefficients in E): 


Ad = 0, 
2AC? = 3b,,b", 
Ab, = 0, 


(3A, > A)b,, = 0, 
(3A, — A)A, = 48M? C. 
In case A? — 0 there exist only singular solutions with either a pointlike singularity 
(corresponding to the meron solution of De Alfaro, Fubini and Furlan Yj), singular lines, 
planes or 3-spaces. In case \? > 0 there exist singular solutions with either two pointlike 


singularities (2-meron solution), a singular circle, a singular 2-sphere, or a singular 3- 
sphere. However, there exists one regular solution given by 


a(t) = A(r? + o°). (18) 
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The corresponding metric describes a 4-sphere of radius r4 = Do centered at a point 


(o —ra)é5 in IR? in stereographic coordinates. The BPST instanton *.A and anti-instanton 


TA are 


n 2 : 
= Ain = Fog gi tO n F bine” F Eijk px") (19) 
and they satisfy 
; c! - E c! z 
Jim tApile) E =UM@)GU(@), lim Aale) = UGz)0,U (2) 


with i 
U(x) = -(2° + rtc). 
r 


Writing the angle to €), cos? = = it is apparent that 
T 


LT ey escos mu) i i sin(nv) 


describe mappings of winding numbers +n from S? to SU(2). 
'The corresponding field strengths are 
Ao? . Ao? i 
“qlr? pe “By = N'ES p (20) 


+E; = 


and these solutions are apparently (anti-)selfdual under the euclidean duality transforma- 
tion E + —B, B + —E. In the present construction the duality property arises as a 
consequence of the diagonal structure of the field strengths with respect to space-time and 
su(2) indices. This ensures that the duality of *.?^5,, = *7,,(*Z;)"g in the internal 
indices o, 8 carries over to the space-time indices p, v. 


'The energy density is 


yielding an action : 
g- 5 
q 
These solutions and their generalizations to higher winding numbers n appear also in general 
SU(N.) gauge theory through the various embeddings of SU(2) subgroups. 

It is apparent then that instantons should contribute to the effective dilaton potential 
since the dilaton couples directly to F? and a large dilaton would imply large instanton 
energy. 

The singular solutions with A? 4 0 also fall off like r^^ at large distances and therefore 
really correspond to solutions of the vacuum Yang-Mills equations, albeit with infinite 
action. 
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3 The Kaluza-Klein paradigm 


Kaluza-Klein theory asserts that part of the scalar and vector fields and the metric in a the- 
ory in d dimensions can be identified as components of a higher-dimensional metric, and that 
the appropriate Lagrangian in d dimensions can be inferred from a higher-dimensional the- 
ory containing additional compact dimensions. One might distinguish a strong and a weak 
version of Kaluza-Klein theory: The strong version would suppose that the d-dimensional 
inverse metric tensor is directly embedded in the corresponding higher-dimensional inverse 
metric without rescaling. This would require a direct coupling of scalars to the Einstein- 
Hilbert term in the low-dimensional theory. The weak version would permit field dependent 
reparametrizations between the actual d-dimensional metric and the metric inherited from 
higher dimensions. 

In the more recent history of physics, interest in the dilaton revived in the realm of 
Kaluza-Klein supergravity. If the field content of space-time is assumed to arise from em- 
beddings in a (4+ dj;)-dimensional manifold of Minkowski signature with a compact factor, 
the d;-dimensional internal manifold will have variable volume from the four-dimensional 
point of view, and this variable volume will be encoded in a local field $(x), the dila- 
ton. However, my expectation is that a low-dimensional Kaluza-Klein dilaton tells us only 
about local variations of the volume of the internal manifold, its four-dimensional dynamics 
can not fix the mean value of that volume. Explaining and fixing the smallness of inter- 
nal dimensions belongs to the realm of Kaluza-Klein cosmology or string theory in the 
(4 + di)-dimensional framework. Nevertheless, the low-dimensional field theory must be 
self-consistent and tell us why variations of the internal dimensions are small or invisible, 
and this problem concerns the issue of the effective potential of Kaluza-Klein type dilatons 
in four dimensions. 

While Kaluza-Klein theory is not a suitable framework for a unified theory of funda- 
mental interactions, it still provides an indispensable tool in field theoretical investigations 
of string theory, where compact manifolds with or without boundaries arise both in low 
energy effective field theories and in the net of extended objects with p spatial dimensions, 
so called p-branes. The dynamics of nets of various p-branes in D < 11 dimensions is cur- 
rently under close investigation as a paradigm for non-perturbative effects in string theory. 
Far away from the intersections the excitations of the p-branes can be described in terms of 
p+ 1-dimensional field theories on the branes, and compactness arises for those dimensions 
which describe the extension of a given p-brane between other extended objects. 

Quantum field theory on manifolds with compact directions is an old subject of theoret- 
ical physics, with an almost canonical structure in the bosonic sector and some matters of 
taste in the more complicated fermionic sector. I will give an account on the compactifica- 
tion of one dimension in my favorite conventions, and the cogniscenti may find it amusing 
(or bothersome) to compare to their favorite frameworks. We will go from D to D —1 
dimensions through compactification on a circle, and assume D > 4 in the sequel. As long 
as only zero modes of internal derivatives are taken into account repeated application of the 
following formulas can be used to parametrize any Kaluza-Klein theory ending up in d > 3 
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dimensions. However, besides compactifications from 5 to 4 and from 4 to 3 dimensions we 
will need only a few selected results for compactifications from D > 6 to 4 dimensions. 

In addition to serving as a generator for torus compactifications there are further reasons 
to go from D to D — 1 dimensions: My first motivation for this arose from recent devel- 
opments in string theory: Motivated by the succesful applications of duality symmetries in 
the investigation of low energy effective actions of supersymmetric gauge theories, Witten 
observed that theories with Bogomol’nyi saturated solitons should have dual descriptions 
in terms of Kaluza-Klein theories, in order to explain the equidistant mass spectrum of 
particles in the dual theory [13 ug. This fits very well with proposals by Witten and 
by Hořava and Witten, saying that large dilaton limits of type IIA and heterotic Eg x Eg 
superstring theory are described by large radius compactifications of an eleven-dimensional 
theory on Mio x S! or Mio x St/Zo, which has been called M-theory [13 pq. While 
this initiated the current activity to define or identify M-theory as a matrix theory or as 
a theory treating extended objects of various dimensions as (almost) equally fundamental 
degrees of freedonff] it also motivated speculations about relations between supersymmetric 
theories in three dimensions and non-supersymmetric theories in four dimensions, including 
in particular a proposal to solve the cosmological constant problem through supersymmetry 
in three dimensions [13]. While there is no complete picture yet concerning the impact of 
different sectors of the moduli space of M-theory and string theory on low energy physics, 
it implies existence of parametrizations of low energy effective field theory which imple- 
ment a dilaton either in three or in four dimensions] It has been stressed by Banks and 
Dine that four-dimensional compactifications of M—theory should imply a five-dimensional 
threshold two orders of magnitude below the GUT scale, i.e. around 10!^ GeV B. implying 
that quantum gravity effects may become strong before unification is achieved in a field 
theoretic framework. In a recent update on Kaplunovsky's work on large volume string 
compactifications Caceres et al. also discuss a five-dimensional threshold in heterotic string 
theory Eq. 


A Kaluza-Klein decomposition of the metric which preserves the Einstein-frame is 


(21) 


Gun = p- T= G 3 Payty ^) 


Pa, o 


A priori this is a mere reparametrization of the metric comparable to an ADM decompo- 
sition. It becomes an Ansatz if we assume that the fields do not depend on zP-! 
dependence on zP-! 


or their 
is negligible, due to translational invariance or compactness along 


3My impression is that strings still play a more fundamental role than other extended objects, 
since their spectra determine the brane-scan. 

^Even in the Einstein frame a radially coupled dilaton in a field theory on Ma x X x S! looks 
like a radially coupled dilaton from an Einstein frame on Ma x S! only in a very particular class 
of parametrizations of the Kaluza-Klein Ansatz. Generically, the large dilaton limit will look like a 
scalar-vector-tensor theory of gravity on Ma x S1. 
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zD-1, Eq. (P1) then yields for the zero modes of Op_; and up to surface terms] 


D-3 


MN pv fa nv u 
vV—-GG"" Run = Vg [g"" Ry, TD) 


g” ô, ln 9 - ô, In & — = af" (22) 
while reduction of the Yang-Mills field Ay" > A^ , A* yields 


1 1 = 2 
"d" -G Funt FY”, = E -g 97-3 [B,, B^", + go DA : Dy Ak], (23) 


By = Fg + Oy DLA — ap DLA. 


We follow the usual terminology to denote the mechanism leading from Einstein gravity 
in D dimensions to Einstein-Yang-Mills theory in D — 1 dimensions as compactification 
on a circle. This has to be qualified in three directions: First one should keep in mind 
that Einstein gravity actually induces a scalar-vector-tensor type theory of gravity on 
submanifolds, which is not strictly a scalar-vector-tensor theory since the scalar and vector 
degrees of freedom also couple directly to matter. In the scalar-tensor sector the induced 
theory would resemble a Jordan-Brans-Dicke theory as a consequence of the fact that the 
metric on the submanifold induced from the metric G is 


aol 
guy = 9 P (guv + apan). 


If we insist that Kaluza—Klein theory yields Einstein gravity in lower dimensions we suppose 
that the physical metric on the submanifold is not the metric inherited from the embedding 
space. Stated differently, the geodesics traced out by test particles are not the geodesics of 
the embedded submanifold. 

The second remark concerns the naive picture of a product manifold M x X, with X 
compact. While this is a particular possibility considered by Kaluza-Klein theory, it is not 
the most general setting. Generically, the compact manifold X acts as a fiber in a total 
space which projects to M. Indeed, in the case of a product manifold the vector fields a 
could be safely neglected if the Riemannian structure respects the product structure: The 
connection coefficients P-1 yw and I" p. 1, are gauge equivalent to zero for arbitrary ® if 
and only if a is a gradient. This is equivalent to the requirement that vectors tangent and 
normal to the internal dimensions are mapped to tangent and normal vectors under parallel 
translation. 

'The third remark also concerns the graviphotons a: To lowest order in scalar contri- 
butions to the metric these vector fields contribute Maxwell terms to the low-dimensional 
Lagrangian. However, fermions will be neutral with respect to these gauge fields. Instead, 
the graviphoton mixes with gauge fields inherited from the higher-dimensional theory in 
such a way that the low-dimensional gauge field becomes neutral under diffeomorphisms 


?Whenever equations are written down for terms appearing in a Lagrangian, we will consider 
expressions equivalent if they differ by a divergence and neglect the divergences in the sequel. 
Compactification to the Einstein frame becomes singular for D — 3, and other Ansátze have to 


be employed in this case, see e.g. [1 [3]. 
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normal to the submanifold. This can be seen explicitly in the reduction of fermion contri- 
butions to the Lagrangian carried out below. 

A detailed discussion of the reduction of fermion terms requires a distincton between 
even and odd values of D. My favorite choice for embeddings and reductions of y—matrices 
is based on Weyl bases in even dimensions and Dirac bases in odd dimensions. General 
discussions of properties of spinors in arbitrary dimensions can be found in [3 Eo]. 

If D is even and ^,, is a basis of Dirac matrices in D — 1 dimensions, a Weyl basis of 
Dirac matrices in D dimensions is given by 


01 
r= (10) 


The corresponding analog of 75 is 
Tp =i? p. D 


If we start with a (1 + 0)-dimensional y—matrix yo = —1, and with the conventions for 
^r3matrices in odd dimensions described below, I'p,, takes the form 


1 0 


This embedding of 4—matrices provides a direct mapping between the spinor represen- 
tation in D dimensions and both inequivalent representations in D — 1 dimensions, and the 
appropriate Ansatz for the dimensional reduction of the spinor field is 


"m T 
U = 3»-5 ($5) ; 
In a gauge E" p. 4 = 0 for the D—-bein the dimensionally reduced action reads 
V -GW|[EM AT^(idy + im + qAM) — M]V = (24) 
= yg [V e" Y (00, + ios + aV). + Ve" vy Oy + twp + qVi)v-] 
+qV=9 93 (P Avy + V Ad) + My/g TDD (UE + d s) 
$789 aan 9 af.) 


with 49 = 449, X = 7, while 


l Ane 
Q, = —4U DT QABy 
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and i 
Wy = = "tabu, 


denote the canonical spin connections for the metrics G and g, respectively. The vector 
field V,, appearing as a gauge potential in D — 1 dimensions is 


V, = Ay — aA, 


Viw = By — Afw- 


Note that Dy Aj — On A; E qA,i fij" Ax = nAj EE qV,’ fij" Ax. 
If D is odd and ^, is a basis of Dirac matrices in D — 1 dimensions, a basis of Dirac 
matrices in D dimensions is given by 


-10 
rom (i) 


D; =y, 1<j<D-2 
Ip-i- ~io. 


We have us 
(2 HT TQ..Tp.a-21 


and a second inequivalent basis is given by —Io, Ty, 1 € J € D — 1. 

Contrary to the embedding for even D described above, this embedding does not provide 
a direct mapping between spinor representations of the Lorentz group in D and D — 1 
dimensions, and we have to compensate for that through an extra factor X in the Kaluza- 
Klein Ansatz for spinors: 


U = PTY . y, 
Xt To: X=, 
Xt.Tj- æ =P, 1<j<D-2. 


In the bases of y—matrices employed here, X is realized explicitly as 


aD 
Employing again a gauge E" p. 4 = 0 for the D—-bein the reduced action reads 
V-GW[EM AT^(idy + iQu + ¢Am) — MV = (25) 
= Vg [Ue v (0, + iy + WV, )¥] — iqV/ 799 3 yp AU 
-My90 Us - EYED fue api 
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with Q and w denoting the canonical spin connections for the metrics G and g, respectively, 
and again V, = A, — a,A. 

Since time reversal in odd dimensions mixes the two equivalence class of representations 
of the corresponding Clifford algebra, one has to add a second spinor V.. related to I^ = 
—T°, T7 — I7 and a corresponding low-dimensional spinor v... through 


Q = OTH X. Y 


eA) 


This yields then the same low-dimensional action with the sign of the parity violating 
terms inverted. To end up with an irreducible representation of the Lorentz group in D— 1 
dimensions we impose the constraint Y- = p, whence our (D — 1)-dimensional action is 


= kar fpe 3 e 
L —4X4-g [pe an" (20 + dw, + qV4)v] = My-g9 20-3 yp. 

Both for even and odd values of D we have not encountered a photon-like coupling of 
the graviphoton to low-dimensional fermions. This is can be understood very easily: The 
only place where a photon-type coupling of the graviphoton could arise on zero modes of 
Op-_1 is in the reduction of the spin-connection, through terms containing 


with 


1 
ES O30 apea. 


However, all these terms contain derivatives on ®, e,“ or a, and can not create a U(1) gauge 
coupling. On the zero modes components of the metric tensor in higher dimensions modify 
gauge fields upon compactification, but they do not create new gauge couplings to fermions 
beyond those couplings already present in higher dimensions. Of course, a possible way to 
avoid this negative verdict on Kaluza-Klein generated gauge fields relies on eigenspinors of 
the internal Dirac operator EP-1,4^0p. ,, but this will play no role in the sequel. 

In concluding this section I would like to add a remark on the string frame in four 
dimensions: String theory in the string frame supposes that the dilaton couplings in four 
dimensions look like Kaluza-Klein couplings with the four-dimensional metric directly in- 
duced from an embedding space, i.e. it is based on the strong rather than the weak version 
of Kaluza-Klein theory. Neglecting the gauge fields and denoting by $2; the determinant 
of the internal metric, compactification from D dimensions to the Einstein frame and a 
string-like frame in four dimensions would proceed via 


G — ® -1 ze D x E Juv 2 0 
MN BD Da D-4 ) 
0 955 hmn 0 $55 hmn 


respectively, and yield 


D 
V—-GGMN Run = V—99"" (Ry, — 


9 
2(D —4) 


2 ce 
= ,/ —9 J” Opp( Rw + p-49 In Pgp . Ó, In gp). 


O, 1n sp - O, In sp) (26) 
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Therefore, in strong Kaluza-Klein theory gravity would be described by a Brans—Dicke type 
theory with a Brans—Dicke parameter 


D-5 


ED = p 


This is not yet gravity in the string frame, since both ®gp and the string dilaton $g 
couple to the Yang-Mills terms, and the metric g,, has to be Weyl rescaled by exp(./$¢s) 
to ensure equal coupling both to R and to F?. The resulting theory in the gravitational 
sector is a Brans-Dicke theory (n) with 


wgp = —1, 


and initially A(®gp) = 0. However, Brans—Dicke theory is constrained by the fact that 
solar system tests of gravity restrict Brans-Dicke parameters for massless Brans—Dicke 
scalars to wep > 500 E. This leaves two possibilities for the string frame: We either 
should identify a mechanism to generate a large mass for ®gp if low energy gravity in 
string theory is described by a scalar—tensor type theory in the string frame, or higher loop 
effects in string theory modify the Brans-Dicke coupling function from R®gp to a convex 
function C(®gp)R. In the second case the cosmological attractor mechanism of Damour 
and Nordtvedt would apply [P4], and cosmological evolution would restore effective Einstein 
gravity in the string frame. 

Our main interest in the present work is in light dilatons, and therefore we rely on the 
conservative assumption that low energy gravity is described by Einstein gravity. 

Compactification of heterotic string theory in the Einstein frame shows that the four- 
dimensional dilaton $ coupling to gauge fields arises as a linear combination of the string 
dilaton $g already present in the ten-dimensional field theory limit and a Kaluza-Klein 
dilaton $x arising from the compactification to four dimensions EA. If both ¢g and dK 
are normalized to have standard kinetic terms in four dimensions the dilaton is dominated 


by the Kaluza-Klein component with a mixing angle 05 = —¢: 


$ = 5(V8bx — 6s), 


and its decay constant is 
mpl 

fo = =. 27 
$ V2 (27) 
This relies on a parametrization for the string dilaton such that strong gauge coupling 
in ten dimensions corresponds to strongly coupled string theory and is based on the fact 
that the ten-dimensional field theory limit of heterotic string theory consists of N = 1 
supergravity coupled to N = 1 supersymmetric gauge theory Eq, E! p3. This theory 
contains pieces derived from eleven-dimensional supergravity, but the string dilaton couples 
stronger than a Kaluza-Klein dilaton from eleven dimensions, and for this reason the dilaton 
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decay constant in four dimensions realizes a lower bound for Kaluza—Klein decay constants 
arising through compactifications from D dimensions: 


mp, |D—2 
faxo = Ug Dua? fe 


The alert reader may wonder why neither in fẹ nor in any pure Kaluza-Klein decay 
constant any compactification scales show up. This is due to the fact that internal volumes 
rescale higher-dimensional gravitational constants to the four-dimensional constant &, and 
in normalizing dilatons to standard kinetic terms only a rescaling with mp; is involved. 
Therefore the decay constants only depend on the Planck mass. 

A dilaton coupling scale (Pq) of the order of the Planck mass implies invisibility of the 
dilaton from the particle physics point of view: We can readily calculate the integrated 
tree level cross section for creation of a dilaton pair through head-on collision of two gauge 
bosons with Mandelstam parameter s 


E 
c= ToT) 
64n f^ 


and this tells us that even for Planck scale collisions the cross section would be tiny o ~ 


112 
4n Pl 
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4 ‘The dilaton in three dimensions 


Interest in a three-dimensional dilaton arose from Witten’s observation that theories with 
Bogomol’nyi saturated solitons may be related to theories in higher dimensions in a Kaluza- 
Klein type framework 3, uj. This idea can be motivated from classical duality consid- 
erations which generically imply a trading between solitons and particles in dual theories. 
Given the soliton—particle correspondence and the infinite tower of equidistant solitonic 
excitations it seems very natural to relate solitons with an equidistant mass spectrum to 
compactified theories in higher dimensions. In this framework the particular case of duali- 
ties between supersymmetric theories in 2+1 dimensions and non-supersymmetric theories 
in 3+1 dimensions deserves special attention, since the four-dimensional theory might in- 
herit the vanishing of the cosmological constant from the corresponding three-dimensional 
theory[] [14 [13]. A discussion of the supersymmetric abelian Higgs model in 2+1 dimen- 
sions coupled to supergravity confirmed this picture by showing that the soliton spectrum 
in this theory is not supersymmetric E. It may also be worth—while to point out that due 
to the topological nature of gravity in three dimensions one would not need a fully fledged 
supergravity multiplet to get rid of the cosmological constant in this scenario. In particular, 
we would not need a gravitino, which would be hard to accomodate in the four-dimensional 
theory. 

However, soon after Witten’s proposal worries arose that the static potential in 2+1 
dimensions would imply a logarithmic divergence of the dilaton for any static source. In 
spite of that it turned out that the infrared singularity of the propagator actually suppresses 
fluctuations of the dilaton in three dimensions. The suppression of fluctuations works 
because fermions and adjoint scalars provide sources for the dilaton which differ in sign 
from the dilaton sources provided by the gauge fields arising from the four-dimensional 
metric and four-dimensional gluons. Finite energy or independence of the theory from an 
infrared regulator then implies that any local dilaton source has to be compensated by 
another dilaton source somewhere else, whence the dilaton vanishes asymptotically and the 
radius of the internal dimension would approach a value to be fixed by string theory. 

The idea to get rid of a dilaton through duality symmetries between theories in different 
dimensions is very speculative, but the mechanism outlined here P3 provides an example 
for non-perturbative stabilization of a dilaton in a low energy effective theory different from 
the mechanisms outlined in section B. 

In order to make the observations outlined above quantitative, I will take a four- 
dimensional point of view and discuss the action of the three-dimensional dilaton arising 
through a Kaluza-Klein parametrization of Einstein- Yang-Mills theory in four dimensions. 

We relate the dilaton $ to the metric coefficient ® via 


® = exp( V8), 


6Supersymmetry as a solution to the cosmological constant problem has been discussed in [[.19]. 
A very useful review and critical discussion of several attempts to solve the problem can be found 
in [01 
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where the three-dimensional gravitational constant « is the four-dimensional gravitational 
constant divided by the circumference of the compact dimension. After appropriate rescal- 
ings of the other fields and coupling constants, we infer the following action in three dimen- 
sions from the results of the previous section: 


1 1 1 1 
E r 008 up. I "ri HY 
Ta ga T P= SPN Tat 


1 
= exp(V2k9) (V, V” k + 2V2KV uy" Ay f"" + 2& Ay AF fur f”) 


+y etai iðn + twp + Vab t Ve" vy? (0, + twp + aV- 


+qexp(—V2K)(b, Av. + P_Ad_) +M exp( - V59) (VEU + tus) 


- exp(- V2«9)g" D, Ai D, A" — = VIK exp( VIRO) SaGa y yy). 


In order to evaluate the effect of the infrared divergence of the electrostatic potential 
in 2+1 dimensions, we consider the energy of a static configuration with the fermions in 
stationary orbits, and in gauge Ag = ag = 0 (complying with E#3 = 0, since we employ 
diffeomorphisms which are constant along the normal direction): 


1 


H = gi Do + F exp VIO) Vy" + VIRA fi (VÝ IAS 


1 e A UR a ae A 
+7 exp(V 86) Sif” — Vie s (0; + iwy + AV; 4 — Ye at (ið; + iwy + qVj)u- 


-aexp(- VERG Av, +FAV) - Mexp( — \/56) (Wty + vty) 


+5 exp(-V3Kd)g!4 Di AD; A* + Á VIR exp( VIR) fa T Pba +1), 


which tells us that the graviphoton and the Yang—Mills fields yield positive sources for 
the dilaton, while the kinetic term of A provides a negative contribution. There is some 
ambiguity with regard to the contribution due to the fermions. However, on-shell the 
fermion contribution adds up to a positive term. Therefore, generically the fermions will 
contribute negative sources to the dilaton. 

This appearance of positive and negative source terms for the dilaton apparently works 
for any value of D. In ten-dimensional low energy effective actions of superstring theory 
involving only N = 1 supergravity the dilaton couples only with one sign since eleven- 
dimensional supergravity does not contain elementary fermions and Yang-Mills fields, and 
the residual 3-form potential and graviphoton are set to zero. 

However, the case D — 4 is peculiar due to the logarithmic IR divergence of the elec- 
trostatic potential in 2+1 dimensions. In a linear approximation the dilaton ln ® behaves 
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like a massless scalar field coupled to external sources, whence finiteness of energy requires 
a vanishing dilaton charge: 


f @x000) = | dx( (ytt + E V+ V2KAf)ij*(V + V2KAf) i (28) 
EE - Dj Ay + V2&q(U | Ay. + V Av) 


e Sate. + vies) + Ifa (Run s cau) = 


This property is similar to charge neutrality of the Coulomb gas in two dimensions and 
can be derived from conformal invariance of the partition function or independence of the 
length scale \ entering the definition of the electrostatic potential: 


O(x ye (28 J exo) x’ 2-2] 


Eq. (P3) is equivalent to absence of a logarithmic singularity of the dilaton. 

If one feels uncomfortable about the use of a linear approximation in this argument one 
may alternatively rely on independence of the perturbation theory on the scale A. A appears 
as an infrared cutoff if the static result is inferred from the retarded potential 


Git t,x xy = SED 
2n4/ (t — t')? — |x — x’|? 

The self-trapping mechanism encoded in (Æ) is superficially stable with respect to quan- 
tum effects, since calculation of the 1-loop effective potential in dimensional regularization 
yields no perturbatively generated effective potential. This is explained for four dimensions 
in appendix B. I would also like to point out that the physics behind (R9) is more trans- 
parent than in the case of the Coulomb gas, since particles and antiparticles contribute in 
the same way to the dilaton: If a gauge boson excites a dilaton field the divergence of the 
resulting energy density implies pair production of adjoint scalars and fermions to restore an 
asymptotically vanishing dilaton. Clearly, M suppresses the production of fermions relative 
to adjoint scalars. Stated in another way: The adjoint scalar and light fermions screen the 
dilaton charge of the gauge bosons. 

Compactification to three dimensions and subsequent decompactification due to BPS 
solitons is an interesting, but speculative proposal for the low energy sector of string theory, 
and we will concentrate on the four-dimensional dilaton in the sequel. 
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5 Generalized Coulomb potentials in gauge theory 
with a dilaton 


As pointed out in the previous sections we expect dilatonic degrees of freedom in four- 
dimensional gauge theories if physics at very high energies involves decompactification of 
internal dimensions or string theory. To acquire a better understanding of the impact of 
dilatons in four-dimensional gauge theory we now look into the problem how a light dilaton 
modifies the Coulomb potential and its non-abelian analog Bd. It turns out that the dilaton 
introduces an ambiguity due to different boundary conditions which can be imposed on the 
dilaton: Two interesting solutions which arise include a regularized potential proportional 
to (r+ Bay oy where rg is inverse proportional to the decay constant of the dilaton, and a 
confining potential proportional to r. 

Here we are interested in low energy gauge theories, i.e. in the dynamics of initially 
massless modes from the point of view of string theory. Since the compactification scale 
or string scale are many orders of magnitude larger than the weak scale, where the low 
energy degrees of freedom described in the standard model of particle physics acquire their 
masses, we do not expect the dilaton to couple to the relevant masses at the weak scale. 
Modulo an effective potential which the dilaton may have acquired on the road down from 
the string/compactification scales to temperatures below the SUSY scale, the influence of 
a dilaton on a low energy gauge theory is then described by a Lagrange density 


Nj 
1 | 1 _ ! 
L= E exp EF) PM = 59 6 -ð p + J V plig Ou +q A Xj — mep, (29) 
fal 


with X; denoting a defining N.-dimensional representation of su(N.). 

I already set the axion to zero, since the static pointlike source considered below does 
not excite the axion field. 

'The equations of motion are 


On, ( e (ym +q epl EA fyt F” p = -quy' Xit, (30) 
1 

99 = ifs exo CP) PP (31) 

(5^8, + a" Ay! X; — m) = 0, (32) 


where here and in the sequel flavor indices are suppressed. 
To analyze eq. (d) we will find it convenient to rewrite it in terms of the chromo-electric 
and magnetic fields E; = —Fo;j? X;, B’ = ie EG X; 


$ l $ 
V. (e2) — N ce .E— E- A) — o, 
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9 Q ; Q ; 
av (exe(=)E) —Vx (ew Cr)B) + OO ARE] +AxB+BxA)=-j 


8B + ig[b, B] + V x E — iq(A x E+ E x A) — 0, 
V.B- iq(A- B — B- A) - 0, 


where in the gauge theory above o = q(wt - Xy - V) X^, ji = q(V -"y;Xy - v) X^, and we have 
included the Bianchi identities. In this section we use the letter for A?. 

To discuss the impact of the dilaton on the Coulomb potential we consider static con- 
figurations: oo = 0, j = 0. Then we learn from ô j” — iq|A,, j"] = 0 that ® and o are in 
the same Cartan subalgebra: [®, o] = 0. 

Pointlike stationary charge distributions, which in the present setting give rise to the 
generalized Coulomb potentials, are special cases of SU(N.) currents of the form 


j" (x) = e'(r) Xin"o = p(x)C*Xino (33) 


carrying the same r-dependence along any direction in color space. Such distributions arise 
for separable quark wave functions W(x) = y(x)¢, where Ç is a constant Lorentz scalar in a 
spinor representation of SU(N.), and y(x) is a SU(N.)-invariant Dirac spinor whose left and 
right handed components differ only by a phase. We also assume both factors normalized 
according to f drg.o —1, ¢+-¢=1. 

For SU(N.) charges of the form (B3) the vector potential can consistently be neglected, 
whence E = —V® and the Yang-Mills equations reduce to 


V. (piva) = —, 
[b, VO] — 0. 


Due to (38) the second equation is fulfilled as a consequence of the first equation. 
Our aim is to determine the chromo-electric potential for a point charge 


oi(r) = qCid(r) 


where C; denotes the expectation value of the generator X; in color space. From the relation 


; 1 1 
(Xi)as CX" )ca = zÓaaÓte — ——óabÓca (34) 
2 2N, 
one finds for arbitrary color content 
N2-1 
+ == 
é ? 2No ` 
i=l 


We thus want to determine the field of a stationary pointlike quark from 


olr) 
V (ew EE) = qCjó(r), (35) 
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V x E,(r) = 0, (36) 


and i dr) 
r A 
Ag(r) = ———-exp( JE; (r) - E'(r). (37) 
2 f$ fe 
'The unique radially symmetric solution to (B3) can be written down immediately: 
e(r) o(r) qCi 
—-—)Ei(r)- —;— )£ r= 775 er 
exp( yr) = ep Ee = Fe (38) 
whence equation (Ba) is also satisfied. Equation 7) then translates into 
d? 2d q? 1 d(r)\ 1 
E 2 — er) = -—4—(1- — = = 
Geel) i r zu 647? f ( x) exp( fo ) r4 (3u) 


The form of this equation suggests an ansatz aa = aln(£), which yields the solution 
discussed below. However, we can solve (B9) for arbitrary boundary conditions through a 


substitution - 
o q 1 1 r 
5T anf V2 2N 6(£) = [p (40) 
yielding[] 
d? 1 
Sal) = 5 PE), (41) 
or in terms of boundary conditions at infinity: 
6(£)? — 0' (0)? = exp(—-6(£)) — exp(—(0)), (42) 


6(&) dé 
Cf ee 
oo) /exp(—8) — exp(—6(0)) + 0’ (0)? 

where a sign ambiguity has been resolved by the requirement that the dilaton should not 
diverge at finite radius. The integral can be done elementary, with two branches depending 
on the sign of 6’(0)? — exp(—6(0)). 

"We can map the dilaton equation of motion for arbitrary number d of spatial dimensions to eq. 
(m) through the substitution 


=q ji 8H 1 
3 5 V3 an Cal”) 
with í 
Gar)e——l1n(--)  dz3, 
27 “To 
(4 1 
Ga(r) = (8) d>2 
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The presence of the dilaton introduced a two-fold ambiguity in the Coulomb problem, 
and we have to determine from physical requirements which boundary conditions to chose. 

For a first solution we require that the dilaton generated by the pointlike quark vanishes 
at infinity while the gradient satisfies the minimality condition 


d q J1 1 
imr pjan aul 
ee a eA 2N. 


(43) 


This gives minimal kinetic energy for the dilaton at infinity subject to the constraint that 
the chromo—electric field does not develop a singularity for positive finite r. Then we find 
for the radial dependence of the dilaton and the electric field 


q 1 1 
olr) = 2f¢ In(1 *" 8rforV2 zx) (44) 


29. eee 
An(r + abe 2 2M. 


er, (45) 


implying a modified Coulomb potential 


= qCi 
q fi 1 
Amr + 25V 2^ IN. 
The result for gauge group U(1) is received through the substitution Ne — —1, and the 
corresponding dilaton—photon configuration was proposed already as a solitonic solution in 
a remarkable paper by Cvetié and Tseytlin ÈJ. 


The removal of the short distance singularity in the chromo-electric field would imply 
finite energy of the dilaton-gluon configuration: 


E= [@x(Gve Voc sew DE) Bi(r)) = afer /5 — = (47) 


This regularization of the Coulomb potential at high energies is a very attractive prop- 
erty: In view of the prediction 7) it means that the dilaton resolves pointlike singularities 
at the Planck scale, fitting very well with the interpretation of the dilaton as a low energy 
imprint of a theory of quantum gravity. 

It is clear that even a dilaton photon coupling and a resulting regularization of the 
electromagnetic Coulomb potential at or below lp; would not contradict accelerator based 
“confirmations” of pointlike structure of electrons above 107? fm œ 10!6 lp;, and similarly 
the dilaton would also not show up spectroscopically: Applied to the hydrogen atom, the 
regularization (1d) would imply a shift of energy levels of order 


AE Qem lpi —28 
— 2 yz SO. 
E 8T ap n 
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$;(r) (46) 


For comparison, the 18-28 level splitting and the Rydberg constant are known with a rel- 
ative precision of order 10- B. and counted in terms of orders of magnitude a dilaton 
regularized electromagnetic Coulomb potential is as invisible in high energy physics exper- 
iments as it is spectroscopically. 

However, besides (44) there exists another quite intriguing solution if we require that 
2 exp( $) is independent of q. This requirement arises naturally in string theory, since the 
non-perturbatively fixed expectation value of the dilaton itself is supposed to determine the 
coupling. In the action (9) this requirement amounts to the constraint that the solution 
should respect the scale invariance of the equations of motion under 


o> b+ 29f, 
A—exp(—n)A 


q — exp(n)q 
for constant 7. Eqs. (EdES) then imply 0'(£)? = exp(—0(£)) = 4£?, yielding 


q 1 1 
olr) = 2fo ne V2. x) (48) 


32r f7 Ne 
i(r) = q Ne — 1 


This corresponds to an energy density 


Cier. (49) 


4f 
-4 


H(r) 
whence the energy in a volume of radius r diverges linearly: 
E|, = 16r far. 


This is an infrared divergence, whence it should not be related to new physics at short 
distances, and it would cost an infinite amount of energy to create an isolated quark. 
Gauge theory with a dilaton thus accomodates both Coulomb and confining phases in a 
simple way. 
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6 The axidilaton and stabilization of the dilaton 
in four dimensions 


Yet we have been missing the pseudo-scalar axion which couples to the instanton density F`- 
F. The motivation for including an axion in theories with a dilaton is four-fold: Historically 
the first and still a very important motivation for the axion arose from the observation that 
it explains the absence of a CP violating phase in gauge theories [4 ug. Besides 
this an axion arises also as a massless excitation of closed superstrings as a companion of 
the graviton and the dilaton I3]. and it accompanies the dilaton in supersymmetric gauge 
theories: If the dilaton arises in the real part of the lowest component of a chiral superfield 
the corresponding imaginary part is an axion. Furthermore, under a certain constraint on 
decay constants the axion-dilaton system exhibits a duality symmetry commonly denoted 
as S-duality. T'his has been realized both in field theory and in string theory] E1, B4, 
B5, p]. The dilaton and the axion are mixed under this symmetry in a non-linear way, and 
recent developments in string theory indicate that S-duality should be a generic feature of 
grand unified quantum field theories inherited from string theory. 

The primary motivations for contemporary considerations of a dilaton arise from string 
theory, and in this spirit emphasis in the present discussion will also be on a string inspired 
axion. The difference does not show up in the coupling to gauge fields, but in the vacuum 
sector: A Peccei-Quinn type axion is an angular variable and has at most finitely many 
different vacua. The string axion on the other hand arises as a dual field to an antisymmetric 
tensor and has no reason to be periodic. It also will not necessarily couple to light fermion 
masses, yet it still suppresses a CP violating 0—-angle in non-abelian gauge theory. To 
explain how this comes about, note that an axion explains absence of CP violation with 
or without Peccei-Quinn symmetry in the fermionic sector: If we temporarily include the 
axion scale in the axion O(x), which thus becomes dimensionless, the relevant axion-gluon 
term in the presence of @ is 

g? 
327? 
However, instantons always induce an effective axion potential such that the vacuum ex- 
pectation values of the axion satisfy (O) + 0 = 27n for some integer n, and this eliminates 
CP violation from the FF-term. From this point of view Peccei-Quinn symmetry on the 
fermions only introduces an additional Higgs field, in order to derive the relevant interaction 
indirectly through an anomaly. 


(O +0) F” jPa. 


In the spirit of employing Kaluza-Klein theory as a paradigm for theories with a dilaton 
we first consider the axion from a five-dimensional point of view: In the presence of a five- 
dimensional threshold the axion should arise as the fifth component of a pseudo-vector. 


*?Target space duality mixes dilaton- and axion-like degrees of freedom in string theory in a 
similar manner, see [mi Ed and references there. 
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The Kaluza-Klein Ansatz (231) then yields 


2 . " | | 
TRE -Ge T e Feo) Fun; = T v —ge" ^" BF, Foo; + A9, Fpp; Do A’), 


where €91234 = —V—G, i.e. € is a tensor, not a density. Since this term transforms into a 
divergence under Ox + Ox -- Oka, it is natural to propose a Maxwell term as kinetic term: 


= iv-G OynOVN = -3v $3 [b,,, b” + Z 90,0 - 0,0], (50) 
where Oywv = OMOn — ON Oy and 


buv = Oy + V2ka,0,0 — V 2&a,0,0. 


Here we have rescaled the graviphoton a, > vV2ka,, to have canonical mass dimension. 

It is an interesting property of a five-dimensional threshold that the power of the dila- 
ton in front of the kinetic term of the axion O is such that it matches exactly with the 
SL(2,R) duality for the axidilaton system described below (3. 'This is a unique property 
of reductions from five to four dimensions and in remarkable coincidence with expectations 
from string theory. 

In the sequel we will use the following pseudo-vector in four dimensions: 


On = 0, — V2ka,0, 
Ow = by, — V 2KO f. 


In order to motivate the following investigations, we take a closer look at the action of 
the zero modes of five-dimensional Einstein-Yang-Mills theory with fermions compactified 
to four dimensions. We relate the dilaton $ to the metric coefficient by 


$ = exp(V6x¢), 


where the four-dimensional gravitational constant « is the five-dimensional gravitational 
constant divided by the circumference of the compact dimension. After appropriate rescal- 
ings of the other fields and coupling constants, we infer the following action in four dimen- 
sions from the results of section H 

1 1 


1 1 
Vg 22 39 nd “Oe — 1 exp( V 6&9) fu, f" 


1 8 ; 
= exp( —4/ =g) g” (Dy A; - DLA? + 0,0 - 0,0) 


1 2 T" EM 
-3 exp( / =) Vwi Ve”; + OO + 2/2k(V,) A; + 0,0) f"" + 26(A; A) +O?) fav f] 
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x (O[Vpoj + V (as D, A; — as Do Aj + Aj fpo)] +4(Gp + V3«a,9)DsA;). 

and each fermion species of mass M at the compactification scale contributes a term 
1 

"a 


Again, as pointed out already in section p, the graviphoton ensures invariance of the effective 
four-dimensional gauge fields under diffeomorphisms along the fifth dimension: 


Bo ve" s^ (00, + iw, + qV,)V — Mexp( — O 


V,Í = A Í — V2ka, A? 


ys = Hu +v 2k(a D, A? = a, D, A? 7 A) fw). 


The classical equations of motion of the system above are invariant under constant shifts 
of the dilaton 
$> +e, (51) 


A exp( So) A, 
0o exp( ^e. 


since this just rescales the action according to 


$- e (f e) S. 


This symmetry can equivalently be formulated as a scaling symmetry on the co-ordinates, 
and the dilaton is often denoted as a Goldstone boson for dilatations. However, the symme- 
try is unbroken as long as the dilaton remains massless, and I prefer the modern designation 
of the dilaton as a flat direction. 

The origin of the symmetry of the equations of motion under ED is easily understood 
from the Kaluza-Klein origin of the action. The scale transformations are equivalent to a 


rescaling of the internal dimensions by a factor exp(4 / 2c). and the equations of motion 
resulting from a Kaluza-Klein Ansatz do not carry any remembrance of the internal scale 
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since we neglected any massive modes related to 05. Therefore, we should not expect a 
perturbatively generated dilaton potential, since the perturbative dynamics of the Kaluza- 
Klein zero modes only depends on the fluctuations of the internal dimensions through the 
dilaton, but not on their actual size. However, if there exist inherently four-dimensional 
effects in the low energy dynamics, then we might expect a non-perturbatively generated 
dilaton potential, since unwinding of internal dimensions would certainly conflict with in- 
herently four-dimensional effects. A genuine four-dimensional effect is the appearance of 
instantons in gauge theories, and therefore we will concentrate on the issue whether instan- 
tons create a dilaton potential. Indeed, we will find that instantons create a dilaton mass, 
because generically instantons imply that a small dilaton would be energetically favored, 
while the axions push the dilaton to large values. 

This nicely complies with ideas about duality symmetries between axions and dilatons: 
Instantons create an effective axion potential and we have emphasized before that there 
emerged much evidence in recent years for a duality symmetry between the axion and 
the dilaton, which is described in eqs. 6353 below. A fundamental axion acquiring an 
effective potential through instanton mediated tunneling effects thus provides a very strong 
indication for a light dilaton acquiring an effective potential in a similiar vein. 

From a Minkowski space point of view an instanton contribution to an effective dilaton 
potential may also be described as a gluon condensate, and given the no-go conjecture 
for a perturbative origin condensates provide a natural mechanism to generate terms in 
a dilaton potential. Besides a gluon condensate we may expect from the coupling to the 
kinetic energy of the axion a contribution from a condensate (0a - ða) B4 B3. or from a 
gluino condensate p9, B3, pJ, and we will take a very brief look at a gluino condensate in 
the next section. Recent discussions of contributions from gluino condensates can be found 
in P3. where the coupling of the chiral dilaton multiplet is re-examined, and in [4. where 
the dilaton is treated in the linear multiplet. The proposal of a self-dual coupling of the 
axidilaton to the gluons is reviewed in E3. 

In the present section we will concentrate on the contribution from the axions and its 
implications. Axions provide an attractive new mechanism for dilaton stabilization since 
the exponents of the dilaton multiplying the gluon and axion terms differ in sign, and since 
non-trivial axion configurations provide suggestive explanations for a condensate (Oa - Qa). 
This alternative proposal for generation of a dilaton potential implies a drastic change of 
scales: While a gluino condensate would be expected to generate a dilaton potential at the 
SUSY breaking scale around or above 1 TeV, the axion would stabilize the dilaton at the 
QCD scale around 1 GeV. 

In the sequel the notation for the axion will be changed © — a, since graviphotons 
will be neglected and a is a more standard notation for the axion in four-dimensional field 
theory. The main players in the game are then the dilaton $, the axion a and gauge 
fields A,, with field strengths F),,, and their mutual interactions before taking into account 
non-perturbative effects are governed by the Lagrangian 


m ET So Oud -ðv — 1 exp(-2©) Mya» Oya (52) 
2 2 fo 


/—-g 2k 
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1 [o ; 

ELI 

'The dilaton-axion and dilaton-gluon couplings in (3) match in such a way that the 

system exhibits an SL(2,R) duality symmetry, or S-duality for short, if the scales are related 

by 
80? 

f o— um a: (53) 

The invariance of the equations of motion under the duality transformations is most con- 
veniently described in terms of the axidilaton 


1 . 2 
z= [a+ ifyexp(2) (54) 
fa fo 
and the symmetry is realized via 
ayz+a 
z = ZAE 411022 — 12021 = 1, (55) 
Q217 T 022 


Fo = il, = (a21z + a22)(Fup — ib), 


which means that the self-dual part of the Yang-Mills curvature transforms like a half- 
differential on the axidilaton upper half-plane. 
'The invariance of equations of motion plus Bianchi identities is easily recognized if the 
equations of motion are written as 
O?z Oz- Oz fa 


= T2 
Ga? "Gams wage UD 


D,Im(z(F"; — iF #”;)} = 0, 


where 0? denotes the covariant Laplacian. 
The scaling symmetry in 69 in the abelian case is similar to but different from the 
rescaling (1): da = 2ea, òp = 2e fy, OA, = —&A,, and it implies a Noether current 


1 9 1 9 
JN m» Av HY 
—— j} = fog” 0,6 + aexp( -27—)9"" 0,a — = exp( —)F"" A, + 
Ex o ó v fe v 2 f v 

Both in abelian and non-abelian theories the Peccei-Quinn symmetry z — z+a49 leaves 
the gauge potentials invariant and yields a conserved current 


ga 
167? f, 


F""A, (56) 


1 : Q v q? vpo j q a j 
Na x fa SIL Oya + 1672 g n (4,7 05A4,; + a fk Ag Ao"), (57) 
) 


and the scaling symmetry (bl) of the equations of motion is also preserved with 2x — 3 5 
In view of the currents b the designation of f; and fa as decay constants looks 
very natural and suggestive, since the scales parametrize non-vanishing matrix elements 
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between the (pseudo-)scalars and the vacuum, similar to the pion decay constant. However, 
there is an important difference which should be kept in mind: The pion decay constant 
parametrizes matrix elements (0|j£|7) which actually contribute to pion decays into lepton 
pairs through intermediate vector bosons, and the matrix element arises in the microscopic 
theory at low energies when the leptonic sector of the 4—Fermi-vertex has already been 
evaluated. Nothing like that is expected to take place for a fundamental axidilaton in 
string theory or Kaluza-Klein theory, and the scales f; and fa appear only with negative 
powers in physical matrix elements. 

Yet we have not taken into account non-trivial field configurations of the gauge fields 
and the axion: We infer the non-perturbative effects of these field configurations from the 
Lagrangian of the Euclidean action. In a flat background this takes the form: 


1 1 
Le= 39^ Oud -vh + p ex C27)" duo “Oya (58) 
1 [o ; . q nj 
Tae CF PU RC ad Pe 


Positivity of the real part and the estimate of the effective axion potential by Vafa and 
Witten Pa indicate that the dominating contributions to the path integral come from 
instanton configurations F = +F with constant dilaton and the axion frozen to integer 
multiples of 27 fa. This survival of instantons in the presence of the dilaton is crucial, since 
integrality of the instanton number and invariance of the path integral discretize Peccei- 
Quinn symmetry 


thereby also breaking the scale invariance (1. 

'The impact of instantons on the effective axion potential has been examined by several 
authors, and the interpretation of instantons as real time tunneling configurations between 
gauge theory vacua suggests 


V(a) = mz f2(1 — cosC-)) (59) 
fa 

if the instanton gas is dilute enough to neglect higher order cosine terms d, 54, b3. While 

initially this result was inferred from semiclassical calculations of tunneling amplitudes, the 

same potential can also be derived in a direct instanton calculation if the wavelength of the 

axion is large compared to the instanton size. 

The picture emerging from this shows us that instantons create an effective axion poten- 
tial with an enumerable set of equidistant vacua, thus discretizing Peccei-Quinn symmetry. 
Discreteness of the axion vacua and the cosine-like shape of the axion in turn breaks the 
scale invariance (1) and indicates that the axidilaton-gluon system also lifts the degener- 
acy of the dilaton. 'This is obvious in the gauge sector: Instantons push the dilaton into the 
strong gauge coupling regime, since the action of the instantons decreases with decreasing 
(9). However, non-trivial configurations also arise in the axion sector: 
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— If a is periodic a ~ a+ 27 fa, then it contributes non-trivial configurations to the Eu- 
clidean path integral over exp(— Sp) in the form of axion walls (instead of axion strings in 
three dimensions). Periodicity of a arises, if it is related to the argument of a complex field 
with frozen modulus in the low energy regime. This is e.g. the case if a arises as the phase 
of a determinant of local fermion masses. 

— If a is not an angular variable, then all the possible vacua (a) = 27 fan are distinct and 
we expect three-dimensional domain walls separating four-dimensional domains where a 
approximates different vacua. 

String theory is essential for the stability of these defects, since the four axion scattering 
amplitude at string tree level depends non-trivially on the momenta of the scattered axions 
BJ, whence (53) contains only lowest order terms in a derivative expansion, as expected 
for an effective low energy theory. However, we will not attempt a systematic derivation 
of the higher order derivative terms from string scattering amplitudes, but rather adopt 
a phenomenological approach in borrowing methods from the theory of cosmic strings to 
estimate the axion condensate. 

Both kinds of topological defects mark regions of non-vanishing gradients Oa and favor 
large values of the dilaton through the dilaton-axion coupling, thus compensating the effect 
of the instantons. Therefore, we expect an effective dilaton potential cutting off large values 
of the dilaton through an average background field strength, while small values of the dilaton 
are suppressed by the variance of the axion. After adjustment of q the potential results: 


2 p2 

veg) = "22 (oes ( 5.) + exp(-2£)). (60) 
6 fe "n 

In the resulting model the dilaton mass m, and the coupling constant q parametrize the 

background field strength from the instantons and the axion gradients from domain bound- 

aries. 

We may give estimates on q and mj in terms of an average instanton scale o and a 
characteristic length A of the axion defects. In the case of an angular axion A would 
measure the circumference of the axion walls, while in the case of vacuum domains of the 
axion the four-dimensional domain boundaries are extended in three dimensions and have 
an average thickness A in the fourth direction. The average separation p of instantons in 
the instanton liquid is about three times larger than the average extension of the instantons 
Dd, BY]. From this we find an estimate for the effective dilaton potential 


16 $ ofa $ 
V(o) = —— exp( —) + 2n^— exp(—2—). 61 
(9) Pot 5) Az exp f) (61) 
This implies for the gauge coupling and the dilaton mass 

1 T fao” 
a 62 
TES (62) 

4V3 

Mefe = (63) 


This investigation can be pursued further if a is not an angular variable: In this case 
we may estimate the parameter A by minimizing the energy density of the axion domain 
boundaries 


2 
u= neta +m? f2Aa (64) 


yielding a thickness of the order 


Aus ER (65) 


Ma 
which is of the same order as the thickness of ordinary axion domain walls in Minkowski 


space 4. From (63) and (3) we find a relation between the axion parameters and the 


average instanton radius 


2 
m? f2 ~ mum (66) 
q 


'The average instanton radius at low temperatures is approximately pd 


j= 


— ~ 200 MeV 


ns 


and the big uncertainty in estimating axion parameters from (pd) concerns the coupling 
constant at the scale where instanton mediated tunneling induces the axion mass. In QCD 
the investigation of a truncated Dyson-Schwinger equation for the gluon propagator by 
Alkofer, Hauck and von Smekal indicates a value ag ~ O(10) BJ, and with the previous 
results this points at a value 

ma fa ~ 10* MeV?. (67) 


Although we did not use any information or assumptions about axion-fermion cou- 
plings, it is remarkable that ( complies with current algebra based estimates for an 


axion coupling to light quarks |p, p3 b1 mE 
Mafa ~ ma fr- 


The potential (B1) and eq. (64) imply a relation between the dilaton mass and the axion 
mass 


Mofe c V6mafa- (68) 


Since S-duality will certainly be broken at the scales under consideration we expect 
a dilaton decay constant of the order of the Planck mass while fa could be in the phe- 
nomenologically preferred range 10!° — 10!2 GeV. Compared to the axion this implies a 
much smaller mass of the dilaton and a later onset of coherent dilaton oscillations. 
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7 The supersymmetric theory 


The supersymmetric framework is of interest both from up-down and bottom-up ap- 
proaches to physics beyond the standard model of particle physics. On the one hand on an 
intermediate energy scale below the compactification scale string theory predicts that the 
relevant physical degrees of freedom should be described by a supergravity theory. On the 
other hand supersymmetric gauge theories evolved into a primary tool for model building 
beyond the standard model, and a footprint of supersymmetry is considered as one of the 
most spectacular results that might be expected from accelerator physics on foreseeable time 
scales. The subject got a further boost a few years ago by the approximate convergence of 
coupling constants around 1016 GeV if supersymmetry begins to apply at the TeV-scalef 
E4 p3 B 63. 

Given the necessity to introduce an axion to solve the strong CP problem, supersym- 
metry provides an independent motivation to also introduce a dilaton, since an axion in a 
chiral superfield always comes with a dilaton (14, Bij. 

With a few notational changes we will follow the conventions of Wess and Bagger [rog]. 
Supersymmetry is conveniently decribed in terms of superfields. These are Grassmann 
valued fields over space-time, where the Grassmann algebra is generated by a constant 


Dirac spinor 0 of mass dimension -4 


(05,08) =0, (05,0;) — 0, (04,05) = 0. 


The particular superfields which we need are the chiral dilaton multiplet 


- Ds j - 
S — d+ i6 o^ 00, d+ FPP Od e 28.8 — P0, oh EE PZ 


and the spinorial chiral superfield containing the gauge fields: 
Wa = —iAs + 6: o^ 8 Ayre — PPDa H= 500" |^ D 
j 1 = T m 
5c" : o") s P 0s Fw + 1? c" «a va^ asd OL Fast Bo oa(u A? — iq|A,, à®]). 


The lowest component d of the dilaton multiplet is related to the axidilaton 4) through 


$————Z 
1622 ' 
and we have normalized the multiplet such that it has mass dimension zero, i.e. the dilatino 


ó has mass dimension i. Note that our gauge field A, and the gauge fields v, in differ 
in sign. The gluino A is the fermionic superpartner of the gluon. 


°This analysis is continuously improved, and predictions for masses of supersymmetric particles 
are to a large degree model dependent H bq. 
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The dilaton gluon coupling arises as the real part of the 6?-component of SW?: 


Q j Qj . aj 1 =v j \ Q 
SWEW loz = —AFALZ + iv20* X) D; — zo” BY oP Fray A Sp (69) 


z "E TEN 
Hd[D! Dj + i(D4AY «o Ay — ii o" (D A} — EF"; — ; fu! FI", 


and Witten observed that the correct supersymmetrization of kinetic terms of the axidilaton 
is given by a logarithm of superfields |I 12]: 


1 


In(S + ST )\o2g2 = uel 


Odt - 0d 4- 5 -o - ð ð — 50,0 Bed. D 
Neglecting the quarks and squarks, the supersymmetrization of (P3) is then given by 
m oe 
L= -2f31n(5 + S*)|goga + SWF Wile + 25* WW laz (71) 


if the decay constants satisfy the self-duality condition 63. 
In passing we also note that there exist numerous possibilities to supersymmetrize the 
effective axion potential E9, e.g. through a superpotential 


y = ma f? cosh (2s — 2). 


However, since mg fa < Ausy instantons will not dominate the gauge theory vacuum 
above the scale of supersymmetry breaking, and we will not pursue these superpotentials 
further. 

With eqs. (653) and (1 at hand we may now also provide an estimate on the lower 
bound of values of the dilaton decay constant for which our approximation of dominance of 
the axion condensate is applicable: 

Elimination of the auxiliary field Z of the dilaton multiplet yields the dilaton gluon 
coupling 

Lig RN exp(2- 2.33232, 
8f; fo 

If there is a gluino condensate with a scale Asusy ~ 1 TeV, this would contribute a 
dilaton mass term[] m ~ AS ey 1 As a consequence the variance of the axion would 
dominate the dilaton mass at scales where instanton induced tunneling becomes relevant 
for dilaton decay constants above 10!* GeV, while for decay constant below this value the 
gluino condensate would dominate to very low temperatures. 


10Note that restoration of the dilaton decay constant shows that a dilaton mass from gluino 
condensates would be tiny, too. Therefore the dilaton would also provide a suitable candidate for 
cold dark matter in the framework of supersymmetry breaking. 
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8 The dilaton as a dark matter candidate 


We have seen that both instanton tunneling and supersymmetry breaking favor a very 
light weakly coupled dilaton accompanying a light weakly coupled axion. However, light 
weakly coupled (pseudo-)scalars (or scalars for short) are generically expected to make an 
appreciable contribution to the energy density of the universe in the form of cold dark 
matter, which in this specific instance means that they developed coherent oscillations with 
non-relativistic momenta. The onset of coherent oscillations is expected when the universe 
has cooled down to temperatures where mass terms begin to dominate over dissipative 
expansion terms in the equations of motion of the scalars. Coherent oscillations are then 
expected to dominate the energy density of the scalars, since due to the weak coupling 
thermal creation and annihilation of the scalars can be neglected. 

There exist several monographs where the general background for cosmology and the 
impact of particle physics is very well presented, see e.g. (i, 64, Ed). However, I will begin 
with a review of a few basic facts to set the stage for the discussion of the role the dilaton. 

In discussing cosmological implications of the dilaton we will stick to the usual approx- 
imation of spatial homogeneity and isotropy, i.e. we will discuss dynamics in a Robertson- 
Walker space-time with line element 


dr? 
1] — kr? 


ds? = —di? + AOT + r?di? + r?° gin? vay"), (72) 
where r is dimensionless and the scale factor R has the dimension of a length. For k = 1 
the spatial part of the metric can be described as a 3-sphere of radius R(t) in flat Rt, while 
k = —1 is the corresponding hyperbolic space. k = 0 is flat 3-space. 

The form (73) of the metric implies that the matter energy momentum tensor has the 
form Too = o(t), To; = 0, Ti; = p(t)gij, and that energy conservation MIS — 0 reads 


d 


S oR?) =p (R?). (73) 


d 
If particle interactions are fast enough to maintain thermal equilibrium during expansion, 
the first and second law of thermodynamics in a system with N; particles of chemical 
potential [i 
dE = TdS — pdV + V ^ uid Ni 
1 


implies due to eq. (73) ds dN. 
o Hi i 


dt Ecl 


= (74) 
where S and N; are the entropy and particle numbers in a unit of comoving volume v = 
VR. 

I would like to add a remark on the thermodynamical expression for the energy density 
appearing in the energy momentum tensor, since there exists some confusion about this 
central object: 
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There are many ways to divide a thermodynamic potential by a volume, but the energy 
density Too is 

_ OE 

e= av 

However, in a FRW universe temperatures and chemical potentials will only depend on f, 


while particle numbers also go with the volume. From this we may immediately translate 
the expression for o into thermodynamics: 


t 


| OB 
e= OV. 


_ 7238 
Tu OV 
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, 
Tu 


with an obvious abbreviation for the sum over particle species. From the grand potential 
OQecl(T, V, u) = —pV, dac = —SdT — pdV — N - du we learn that 


Os | Op 
ov Tu or e 
and that the particle densities are 
ON; Op 
vi = — = 
OV fry Obi leva 
where fij = t1,..., Bii, Wit1,--.. With 8 = zT a useful expression for o is then 
Op o 
o—-T— =p+u:v=p: v- (bp) , (75) 
oT Viu op Viu 


because this directly relates o to Qc. 

In the case of one particle species the dynamical evolution would then be determined as 
follows: The energy levels of the particles determine the grand potential and the pressure 
p(T, u). Eq. (ÇJ) is then used to calculate o(T, u), while in the thermodynamic limit the 
entropy and particle number in a comoving volume are S = BR, N= BERS. Equations 
VENZ) and the Friedmann equation (F3) below then constitute a set of three first order 
differential equations for the dynamical variables R(t), T(t) and p(t) 

The algebra of dynamical degrees of freedom in a quasi-statically expanding FRW model 
is therefore generated by the scale parameter which describes expansion or contraction 
with a relative velocity H = 4 m(R), the temperature T and the chemical potentials 
of the various particle species. Of course, in practice equilibrium is not maintained for 
weakly interacting particle species which decouple due to thinning out in the expanding 
universe. This is taken care of by assigning extra effective temperatures governing the 
energy distribution within these particles species. Furthermore, it proved a very useful 
approximation to calculate the history of the homogeneous and isotropic background piecing 
together different epochs where the energy content of the universe was stored primarily 
either in radiation, in pressureless matter, or in scalar fields. In the first two cases the 
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relevant degrees of freedom for the evolution of the background metric are o, p and R, 
and eq. EA is replaced by a dispersion relation p = p(@), while in the case of scalar fields 
the relevant degrees of freedom are the scalar fields and R, and the evolution is governed 
by the equations of motion of the scalar fields and the Friedmann equation. The explicit 
matter content and interactions determine the sequence and transitions of epochs in this 
approximation, and the present epoch of dust dominance p ~ 0 outnumbers all previous 
epochs since expansion of the very hot and dense primeval plasma in its duration ~ 10!" 
seconds. When solutions of the Friedmann equation for p > —ọ are evolved backwards in 
time we inavoidably hit an initial singularity o — oo, R = 0 for finite parameter t, and 
we will stick to the usual terminology of initial singularity or big bang, although we can 
only be sure that there existed a very hot and dense phase at some very early stage of 
our contemporary epoch} The Hubble parameter Ho corresponding to the present value 
of H(t) is still subject to a seminal debate among astronomers, and this is encoded in an 
uncertainty parameter h which varies between 0.5 < h < 0.85 [7d]: 


k i 
Et exp dg 9 


Hg = 100^ 
7 Mpc:s yr 


It may be worthwhile to recall for the justification of (r3) that the DMR experiment 
on COBE measured temperature anisotropies in the cosmic microwave background of order 
zr c 10-? in multipole expansions up to l = 30, see 1, [i] Z| and references there, as 
well as and for compilations of measurements since COBE. The exciting result for 
the experts was the transition from an era of upper bounds on the anisotropy to actual 
measurements, but the results also show how good an approximation an isotropic universe 
represents up to the decoupling of the cosmic background radiation around 10!” seconds 
after the big bang 

Taking into account energy conservation (73). the Einstein equations reduce to 


Ritk= ER? (76) 


and a flat universe would correspond to an averaged contemporary mass density 


3 k 

Oc = “H? = L9h? x 107795. = g1h?(meV)* = 2.48? x 107 9 mi. 
k m 
Following the usual habit among astronomers energy densities will be measured in units 


of o, in this section: Q = Ta: 


“This qualification may seem strange, since our present investigation is mainly motivated from 
string theory. However, even within string theory we are currently in a phase of exploring more and 
more hitherto unknown (and unexpected) possibilities for the high energy sector of the theory, and 
yet there has not emerged a coherent proposal for the evolution of space-time near the Planck scale. 

Besides this, quantum groups provide another set of challenging ideas about the shortest distance 
structure of space-time. 

l?Homogeneity is much more subtle from the experimental point of view, see the discussion in 
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Particle physics influences (and is increasingly influenced by) cosmology in many ways. 
Two instances where scalar particles play major roles are inflation and dark matter: 

Inflation denotes a phase of accelerated expansion of the universe when distances grew 
faster than light cones. This happens for pressure to density ratios between —1 < s « -i, 
and temporary superluminal expansion has the potential to solve several major problems in 
cosmology, in particular the horizon problem, the neglegibility of contributions to Q from 
topological defects, and the problem why the measured energy density is not far away from 
Qc. These and other motivations for inflation are very thoroughly reviewed in [3, p4 [3. 

Although inflation seems to become an integral part of ongoing extensions of the stan- 
dard cosmological model, I will not address it any further, since I do not expect that the 
dilaton which we examine here provides a suitable candidate for the sought for inflaton: 
We will see that thermally produced dilatons contribute at most 2 percent to the energy 
density of the universe at the scales where instantons and axions are expected to induce a 
mass term. On the other hand, this mass term also implies that the dilaton field can store 
energy in coherent oscillations which can provide a considerable amount of the contem- 
porary energy density. Contrary to radiatively stored energy this energy would only very 
slowly dissipate into thermal energy of non-relativistic matter. In discussing this we will 
rely on the conservative assumption that at the time of onset of oscillations most energy 
is still stored in relativistic matter, i.e. we will calculate in a given Friedmann—Robertson— 
Walker background expanding according to R ~ vt. Then the oscillations behave like 
non-relativistic matter with their energy density decreasing according to o ~ RÌ. In an 
alternative scenario one might speculate that the axion or dilaton could trigger temporary 
superluminal expansion of the universe with approximately constant energy density, if the 
axion and/or dilaton field would dominate the energy density immediately after the onset 
of oscillations. However, this would require a yet unknown mechanism to convert most 
of the thermal energy in relativistic matter into coherent axion or dilaton fields, and it 
would conflict with the successful interpretation of the cosmic microwave background as a 
remnant of the hot radiatively dominated phase before recombination if the energy is not 
re-converted into radiation. 

Contrary to the verdict about dilaton induced inflation in FRW backgrounds, it turns 
out that a light dilaton can very well contribute to dark matter in the universe: There is 
wide agreement in the astronomy/astrophysics community that a considerable fraction of 
the contemporary energy density of the universe must be due to non—luminous matter, and 
the problem is to determine the nature of this matter. It seems clear now that part of 
this matter is of non-baryonic origin, since even for the lowest possible values of Deuterium 
abundance} and a Hubble constant as low as 50 Mes primordial nucleosynthesis allows for 


a maximal baryonic contribution to the energy density of order Qg < 0.08 Pl, while both 
galactic motion and velocities on larger scales indicate values of Q beyond 0.1. The recent 
survey of large scale peculiar motion in the nearby universe of Strauss and Willick P3 
gives a range 0.3 < Q < 1. Large scale motion, structure formation through gravitational 


13Low D abundance means large conversion into ^He due to large baryon density. 
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attraction, and gravitational lensing also indicate that a considerable amount of dark matter 
is concentrated in halos around galaxies or groups of galaxies, whence a large fraction of 
the dark matter has to be cold. For very massive particles this means that they had to 
be non-relativistic when they decoupled due to thinning out in the expanding universe. 
Very weakly interacting light particles contribute to cold dark matter (CDM) through non- 
relativistic coherent oscillations, as has been pointed out before and will be explained below. 
From the particle physics point of view the leading contenders for the CDM component of 
dark matter are the axion |a E the lightest supersymmetric particle commonly denoted 
as a neutralino, and more recently the dilaton pq, P3 B4, B3 Edi. 

In this section we will focus on a dilaton whose mass at very low temperatures is dom- 
inated through instanton effects and discuss evolution of the axidilaton in an expanding 
universe. For this purpose we will concentrate on a temperature range between 1 TeV and 
100 MeV, since we expect that a light axidilaton acquires its masses in that range (for 
10! GeV < jes 10'8GeV) and it makes sense to assume that besides our hypothesized 
axidilaton no further degrees of freedom beyond the standard model will be relevant at 
these scales. 

The universe has cooled down to temperatures 1 TeV and 100 MeV around 10-1? — 10-1? 
and 107 — 107^ seconds after the initial singularityF]. In this energy range the universe 
is radiation dominated with relativistic background matter satisfying a dispersion relation 
o = 3p. The density and the scale factor then evolve according to 


o3 (RÈ + kta) 
— Akt? (RÈ + kto(to — t))?’ 


AR es "Hr | R$ + kto(to — t), (78) 


where Ro is the scale parameter at a fixed time tọ during radiation dominance. Evolving 
back the current energy density, which is within one order of magnitude of the critical 
density, shows that Ro >> kto during radiation dominance and curvature effects can be ne- 
glected. The energy density can then be estimated to relate time and temperature scales] 


e(t) (TT) 


—— eu. 79 

e= 359(7) (79) 
where g(T) is the effective number of relativistic degrees of freedom in thermal equilibrium 
and varies by a factor of two for temperatures between 100 MeV and 1 TeV: If we assume 


standard model particle content plus an axidilaton we find in the high temperature regime 


14The robustness of these scales against our ignorance of particle physics at very high energies 
is amazing: Eqs. (ako) show that supersymmetry would divide these time scales only by a factor 
V2, and that one would need 10^ additional relativistic degrees of freedom to invalidate the order 
of magnitude estimates! 

!5Without approximate flatness we would find a curvature term —kR. ?(P; X*)? in the dispersion 
relation, and even the treatment of ideal gases would become very complicated. 
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g(1TeV) = 105.75 including the Higgs particld"] and the top quark, or g(1TeV) = 94.25 
without them. In the low temperature sector we find g(1GeV) = g(100MeV) = 49.75, 
where the light particles included are the electron, up and down quarks, three left-handed 
neutrinos, the photon, eight gluons, the axion and the dilaton. 

Thermally produced dilatons are relativistic, and their equilibrium density at tempera- 
ture T is: 


From this and eqs. CH9 we find a mild increase of the number of dilatons per comoving 
volume v = VR? with temperature: 


S GE)" CQ" 


This can easily be understood: As temperature approaches mass thresholds the effective 
number of relativistic degrees of freedom decreases and particles annihilate into the remain- 
ing light degrees of freedom. 

We learn from g(T') that thermally created dilatons contributed about 2% to the energy 
density of the universe for 1 GeV T »100 MeV, if the dilaton was still in thermal equi- 
librium. On the other hand, we have seen that the dilaton is extremely weakly coupled, 
and it may well happen that it decouples from the heat bath at a temperature T4ec above 
1 GeV. Then the energy density of dilatons which were thermally produced at the temper- 
ature Tage. is still governed by the temperature T of the heat bath as long as the heat bath 
remains relativistic. This holds for any massless decoupled particle species and is a simple 
consequence of the fact that the energy density of thermally produced decoupled species 
evolves according to odee ~ R~* ~ T^, i.e. the decoupled species cools out exactly like the 
relativistic heat bath. There is a difference, of course: The number of effective relativistic 
degrees of freedom seen by the decoupled particles was g(Taec) > g(T), and if thermally 
produced dilatons decoupled at T4ec their contribution to the energy density of the universe 
was g(Tuec) | < 2%, while their number density was reduced by a factor (g(T)/g(Tuec))°/*. 
After photon recombination the contribution of thermal dilatons to Q becomes negligible 
since ogh still decays with R-t, while the energy density in the dust decays only with 
RÌ. Therefore, with or without decoupling thermally produced dilatons make no relevant 
contribution to the present energy density of the universe. 

How then do the worries arise that the coupling scale of the dilaton is constrained to 
values below 10!? GeV from the requirement Q < 1, similar to the decay constant of the 
axion? This follows from the corresponding analysis for the axion in Ed ji P4 pJ, if fọ 
is supposed to determine the expectation value (9?) of the dilaton at the onset of coherent 
oscillations. However, there is a caveat in this reasoning: It follows from the form of the 
instanton induced potential for the axion that its amplitude at the onset of oscillations is 
of the order fa, since both a periodic and a non-periodic axion is at most |Aa| < vf, away 
from a local minimum of V(a). On the other hand, such an estimate makes no sense for 


16Right-handed neutrinos were excluded in the calculation of g(T). 
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the dilaton since the low energy potential is not periodic and we have encoded any non- 
vanishing expectation value of the dilaton in our horizon in the gauge coupling. We also 
should not rely on dimensional arguments, since at the onset of oscillations there are two 
widely different mass scales which govern the dynamics of the dilaton: A very large decay 
constant and a very small mass. 

As a consequence, we employ the relation (64) 


Mofo t V6mafa 


to estimate the contribution of dilaton oscillations to Q. Coherent oscillations of the axion 
and the dilaton arise when the mass terms begin to dominate over the expansion terms in 
the equations of motion of scalars: 


b+ ab m?o = 0. (80) 


Classical trajectories of the axion and the dilaton satisfy this equation approximately, since 
due to the large decay constants the axion-dilaton coupling and the couplings to gauge 
fields provide negligible corrections to the linearized theory. 

As long as mass terms can be neglected scalar fields approach stationary values with 
deviations fading with t~!/?. On the other hand the field oscillates with frequency m if the 
mass term dominates, and this misalignment mechanism promotes light scalars to cold dark 
matter even though the temperature exceeds the mass. As a very heuristic argument to 
identify the transition region between the two regimes one may require smooth transition 
of à. This gives for the transition time 2$ = 3m7!. For times t > m7! the energy density 
0o = 19? + smo? stored in the oscillations behaves exactly like pressureless matter under 
expansion: Dine and Fischler P7 pointed out that the constant mass solution to (80) is 


Ot) = TE (A4 (mt) + A_J_a(mt)), 


and the asymptotic expansion for mt > 1 implies og ~ R. This scaling behavior of oj 
persists in a dust dominated universe, where ¢ evolves with t-'/ E (mt) and R evolves 


LL 
-2 
with ¢?/3, and the oscillations do not contribute to the pressure in the universe. Several 
other groups have analyzed the influence of the instanton induced axion mass and found 
that it begins to dominate over the expansion term at Ta ~ 1GeV Ed. fl, b3. 

A calculation of the temperature dependence of the axion mass by Gross, Pisarski and 
Yaffe was employed by Turner to determine the mass dependence of the temperature Ta 
beyond which the evolution of axions is dominated by oscillatory behavior pal. He found 
that the transition temperature scales with m according to Ta ~ no. where m, is the low 
temperature limit of the axion mass. Due to the constancy of the decay constants Turner’s 
result also applies to the dilaton and we find for the corresponding scale 


fa 9 
E " (&)' E 
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whence the momenta of the oscillations entering the horizon are related by 


Dé ta o 
$ 


Pa E [27 B 
From these ratios follows an estimate on the velocity ratio, which can be used as a 
further indicator that coherent dilaton oscillations qualify as cold dark matter: 


Uo a 
Va i Ja l 

To discuss implications of the previous results on the role of the dilaton in cosmology 
we should distinguish two cases: 

- S-duality applies at the GUT scale, implying that f; is bounded to be at most two orders 
of magnitude above the expected value for a misaligned axion fa ~ 10!? GeV. 
— S-duality is broken, with fa ~ 10!? GeV but ~ 10!8 GeV. 

The consequences in the first case are schematically similar to the consequences in the 
second case, but it leaves us with the puzzle to identify a mechanism which could lower 
fe by four orders of magnitude from its theoretically expected value. A further case very 
similar to the case of S-duality at the GUT scale would suppose S-duality at the QCD 
scale. À priori there seems no particular justification for this assumption, apart from the 
fact that it nicely complies with the mass estimate mg > 1074 eV which would arise for a 
dilaton coupling to nucleon masses EJ. Then the dilaton decay constant would be close to 
the axion decay constant and the axion and the dilaton would develop oscillations at the 
same scale and make comparable contributions to Q. 

In the second case S—duality is maintained in the axidilaton sector, but not in the 
couplings to gauge fields. Eq. (B3) then hints at a non-perturbatively generated dilaton 
mass which is much smaller than the axion mass: 


m ~ 107m, 


and the dilaton will start to oscillate after the axion, when the temperature has dropped 
by another factor of 10 and the time scale has expanded by two orders of magnitude. 

The velocity of large scale fluctuations entering the horizon at the QCD scale is vg ~ 
10*v,, and from v, ~ 10-9 [3 we learn that even in this sense dilaton oscillations remain 
non-relativistic for all choices of fọ. Borrowing on the results of Bq, j, B7, pal for the axion 
we find for the dilaton contribution to the contemporary energy density of the universe 


Qe ~ 1075 (9?) P 7 (9?) 


and the dilaton would make an appreciable contribution to the energy density for misalign- 
ment in the range 


2 
VP) 19-3 — 10-4, 
MPI 
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Taking into account the time evolution of the dilaton before instanton tunneling this cor- 
responds to 
(¢?) 


mM pPI 


~ 1 


for temperatures above 1 TeV, and the outlook for an appreciable fraction of dilatons in the 
dark matter seems promising. However, any further investigation of this subject requires 
better knowledge, or speculation, about new physics and evolution of a massless dilaton for 
temperatures above 1 TeV, and this is beyond the scope of the present work. 
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9 Conclusions and outlook 


The appearance of fundamental scalars with a direct coupling to gauge curvature terms 
remains a challenge in string theory which offers unexpected rewards in low energy physics. 

In order to resolve the ambiguity in the definition of gauge couplings in the presence of 
a massless dilaton, the dilaton has to acquire a mass at an early stage in the evolution of the 
universe. Motivated from the observation that both in string theory and in Kaluza-Klein 
theory the dilaton couples with different signs to axions and to gluons the proposal was made 
that rather than a gluino condensate it is a variance of the axion in the Euclidean domain 
which stabilizes the dilaton. For consistency this proposal has to rely on the assumption that 
the four-dimensional field theory containing axions and dilatons is an effective theory, with 
topological defects stabilized through higher derivative terms, as is the case e.g. in string 
theory. An S-dual coupling between the axion and the dilaton then yields an estimate on 
the dilaton mass mg ~ Ma fa facts Comparison with the simplest supersymmetric extension 
of an axidilaton-gluon theory revealed that the axion coupling should dominate the dilaton 
mass for decay constants fẹ > 10!* GeV and gluino condensates below 1 TeV?. 

We have pointed out that the dynamics of a light scalar in an expanding universe 
before mass dominance easily accomodates for large coupling scales without overclosing 
the universe as long as no multivalued vacua emerge. For a dilaton with coupling scale 
fs = mp; this means that a variance y (°?) ~ mp; is still permissible at a temperature 
~ 10°T%, where Tọ is the temperature where coherent dilaton oscillations evolve. In this 
case we have seen that the dilaton provides an interesting candidate for cold dark matter 
accompanying an axionic component, and for a coupling to QCD we found an estimate 
Ty 10-!T,. As a consequence the onset of dilaton oscillations seems to be close to or 
even coincide with the QCD phase transition. 

We have also seen that a dilaton coupling to gauge curvature terms provides a simple 
mechanism to accomodate both a regularized Coulomb potential and a confining potential in 
gauge theory. Given this observation and the fact that string theory unavoidably predicts 
a dilaton coupling to gauge fields, continuing investigation of light dilatonic degrees of 
freedom seems more than justified. It is of particular interest to see how the transition from 
the confining solution to a regularized Coulomb potential proceeds, and which parameters 
control the phases of a gauge theory coupling to a dilaton. 

In conclusion, gauge theories with a dilaton present rather an interesting than a worri- 
some prediction of string theory. 
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Appendix A: Conventions and notation 


We use Greek letters for three— and four-dimensional holonomic indices, while anholonomic 
indices are denoted by Latin letters from the beginning of the alphabet. Higher dimensional 
holonomic tangent frame indices are denoted by capital letters from the middle of the 
alphabet and anholonomic indices by capital letters from the beginning of the alphabet. 
Hence, components of the 4-bein and the D-bein in D > 4 dimensions read e,,^, Ey“. 
Latin letters from the middle of the alphabet are used both for Lie algebra indices and for 
spatial Minkowski space indices in 3+ 1 dimensions, and matrix elements of Lie algebra 
generators are written as (X;)qp. We use a boldface notation for 3-vectors. Gauge couplings 
are usually denoted by q, while g is reserved for the metric in three or four dimensions. 
Our conventions for Planck units are rescaled by a factor 87: 


mp, = &- V? = (8xG)-V? = 2.4 x 1015 GeV, 


tp; = 2.7 x 107 s, 
lp; = 8.1 x 107% m. 
In the literature these units are sometimes referred to as reduced Planck units. 
The generic setting for quantum field theory are total spaces fibered by a usually highly 
reducible representation space of a group SO(1, D — 1) x G. G is referred to as a gauge 


group, and is assumed to be a compact Lie group consisting of simple factors. It is generated 


by a Lie algebra with relations 
[X;, Xj] = i fij" Xx. 


The fiber projects down to a D-dimensional base space M of Minkowski signature 
(—,+,...,+), and SO(1, D—1) is the structure group of the tangent bundle. The generators 
of SO(1, D — 1) as well as their representations are denote by Lap = — Lra. 

Covariant derivatives and curvatures are defined via 


1 
D,-—0,4 054—313], ôu = g^ Ds — iqA,) Xj, 


1 ; 
Rip = -3R yw Lia — igFiw? X; = [Du, Dy), 


and the dual curvature tensor F in four dimensions is 


~ 1 


eer po 
Fw = zeue : 


F is denoted as self-dual in Minkowski space if 


Py Sabah 
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A Wick rotation maps the Schrödinger equation into the diffusion equation through] 
t > —iT 
and the transition from Minkowski space field theory to Euclidean field theory proceeds via 
e(t, x) + if pelr, x), 
L(p) > -Leli vp), 


where #(0) denotes the net number of covariant timelike indices in the field y. The e- 
tensor is not covariantly transformed under Wick rotation and satisfies €°!?? = —, thus 


v/lgl 


accounting for the oscillatory instanton contribution through the axion-gluon coupling. 
On the level of partition functions 


Z[J] = exp(iW[J]) = J Decxwtiste +i f dur: p) 
is mapped to 


Zg|Jg] = exp(-Wz|Jg]) = " Dog exp(-Sglez] + / d'zJg - pg). 
'The mean fields are 
wl 
sre) ! 
9Wzl|Jz| 
EL ? 


p(z) = 


bp(x) = 


and the effective actions are accordingly 


Tig] = WIJ] - f PD; 


Lz[éz] = WzlJz] + / de Jn(2) - bx(2). 


The effective actions and the mean fields thus encode the quantum dynamics of the system 
under consideration in terms of classical evolution equations: 


TA _ 
Spr) UU 


Note that under Wick rotation ó(r) — id(a), and therefore J(t, x) > (—i)* 9 Jp(r, x), but 


5 ó 
_ 8, #4 
Jao l 


The mean fields thus transform like the quantum fields: ó(z) > i* 9 (a). 


V yan Nieuwenhuizen and Waldron recently pointed out that the Wick rotation has a continuous 
extension in terms of a five-dimensional Lorentz-boost. They employed this observation to identify 
the action of the Wick rotation on spinors 
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Appendix B: A remark on perturbative aspects of 
the axidilaton 


We have argued from the Kaluza-Klein type coupling of a dilaton to gauge fields that 
instantons should provide a mechanism to stabilize a dilaton in four dimensions, irrespective 
from the presence or absence of higher massive modes. It is tempting to push this argument 
a little further and conclude that no effective potential should be generated perturbatively: 
In a low-dimensional Kaluza-Klein theory the volume of internal dimensions effectively only 
rescales the higher-dimensional Planck mass and axion constant to their low-dimensional 
values, and we have seen that the axion and dilaton couplings carry no further remembrance 
of the compactification scale. Thus in the low energy approximation the compactification 
scale reduces to a mass threshold, but there is no traceable imprint of this scale in the 
low energy sectoi[]. Hence perturbation theory in the low energy sector can not reveal the 
presence of a compactification scale or its actual value, and therefore it can not remove 
the degeneracy of the dilaton. The same conclusion then should apply to any theory with 
a dilaton as long as only Kaluza-Klein type couplings are considered. The shaky point 
about this argument concerns the non-renormalizability of the model under discussion and 
the question of the very meaning of perturbation theory. One is on much safer ground if 
supersymmetry can be employed to exclude a perturbatively generated dilaton potential 
IB9I, but going below the SUSY scale we have left that safe harbor behind. Nevertheless, 
it turns out that the reasoning is not in contradiction with a 1-loop calculation as long as 
one relies on dimensional regularization: 

On the 1-loop level the effective potential is generated by 1-loop diagrams with only 
axions and dilatons of vanishing momenta as external particles. There appear three types 
of relevant tree level vertices in (62): 

— For external axions with gauge bosons in the loop there is only one relevant vertex: 


2 
: q c 
iÓjk ae ta Euvpo P1 P3 > (82) 


where the gauge bosons at the vertex have momenta pi, po, polarizations p, v and orien- 
tations j, k in the Lie algebra. We have also taken out one factor of i into the momentum 
conserving factor (27)*i5(p, + po + k), with k denoting the 4-momentum of the axion. 

— For external dilatons with gauge bosons in the loop there are enumerably many vertices: 


1 
ik Gp yn PPa — Nw pi ` P2). (83) 


— The corresponding axion-dilaton vertices are 


n 
a i pi pa, (84) 
o ë 
18Of course, in a real Kaluza-Klein system there would be scalars in the adjoint representation of 
the gauge group, and with chiral fermions one could infer the likely existence of a compactification 
scale, but one would not have any hint for its order of magnitude. 
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where now p; and p» are the incoming axion momenta. 

From the vertices it is immediately clear that no perturbatively generated axion potential 
appears in the theory: BJ vanishes due to the vanishing axion momenta, while (2) vanishes 
due to momentum conservation with vanishing external axion momentum. 

On the other hand, a diagram with external zero-momentum dilatons and axions or 
gluons in the loop is directly proportional to f d^p, and this vanishes in dimensional regu- 
larization (Lod). After Wick rotation one finds 


pam = lim | d*-p 1 e C =2 =E) 
a0 


=0 
(P +m?) a0 Tr(a) 


and no ¢”—vertices could be inferred from these diagrams. 
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The descriptions of Reissner-Nordstróm and Kerr-Newman dilatonic black holes in the Einstein 
frame are compared to those in the string frame. We describe various physical measurements in 
the two frames and show which experiments can distinguish between the two frames. In particular 
we discuss the gyromagnetic ratios of black holes, the decay law via Hawking radiation and the 
propagation of light on black hole backgrounds. 
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I. INTRODUCTION 


Superstring theory Il] compactified down to physical four space-time dimensions is generally accepted as the de- 
scription of curved backgrounds as non-vanishing expectation values of massless string excitations in a language which 
reproduces Einstein's general relativity. However it is not a priori clear in which frame such a description should be 
better formulated, since there are several frameworks possible. 

Specifically, upon compactification of extra dimensions and nearly independently of both the content of the starting 
theory and the compactification scheme, one expects to obtain a low-energy, tree-level, effective 4-dimensional action 
So for the evolution of the uncompactified degrees of freedom of the string, which is in the form of a conformally 
invariant non-linear o-model. A spin 2 gravitational field G;; (Latin indices run from 0 to 3) and an antisymmetric 
field Bj; which couple respectively to the string vertex operators for their own emission (see BB and Refs. therein), 
emerge in a natural way in So 


55-3 


x J dix [h°? Gij Oax Ogz? + €^? Bij Osa! Ogz? +...] , (1.1) 
where A, is the string length, hag the world-sheet metric tensor, €? the Levi-Civita symbol in two dimensions and 
ellipses stand for fermionic terms as well as gauge fields and other moduli. 

Of course were one able to perform the derivation completely, the background expectation values of the various 
fields could be fully determined from the action of the fundamental theory from which one has started. This purely 
descriptive picture is hard to perform in general, if possible at all. The most serious obstacle to obtaining such a 
picture is that there are at present no models which describe compactification as a dynamical process taking place 
in the higher dimensional space of (super)string theory and leading to an evolution towards the present state of the 
Universe as the preferred vacuum (for a review of early attempts see e.g. W). Thus one is naturally led to seek other 
ways of solving for the fields. A possible guide is the requirement of conformal invariance on the world-sheet for a 
generalized D-dimensional o-model which furnishes us a complete set of renormalization equations. Further, it turns 
out that in the latter set one has also to include the scalar excitation $ (the dilaton) which couples to the world-sheet 
scalar curvature |p]. 

The aforementioned equations, supplemented with suitable boundary conditions, are sufficient to determine the 
background fields without making any further reference to string theory. This is a result of the fact that the same 
equations can also be obtained by varying an effective action which, for the particular case of Bj; = 0 and non zero 
Maxwell strength tensor of electrodynamics F;;, can be written (see H. but we work in four space-time dimensions) 


1 1 " 1 
Ssp = B nz —Ge * x (Rig) + GY Vib Vje) — ad gh-ue p, (1.2) 


where Rig) is the scalar curvature of the metric G;;, o is the electromagnetic coupling constant and a is the dilaton 
coupling constant with the dilaton assumed to remain massless B. 'This is the effective action which describes the 


background fields of the selected string vacuum in the so called string frame (SF). The name is justified by the fact that 
the uncompactified degrees of freedom of the string move along a geodesic of the metric G;; as can be inferred from 
E. The equations of motion following from (L3) can be written as (we omit the subscript (G) and set A, = a = 1) 


1 1 
-3 Gi; R+ 3 Gij (Và — Gij V°o + ViVió —2 gie jd =0 


V? — (Vo)? + ae1-99 p? =0 
V; (et? FH) 20, (1.3) 


where V denotes the covariant derivative with respect to the metric G;; and the electromagnetic energy-momentum 
tensor is given as 


1 
Tj" = Fix FF — 4 Gg F^. 4) 


'The effective action and equations of motion can be further modified by applying the following conformal transfor- 
mation 


Gig = ef» gis , (1.5) 


where the constant ġo can be taken to be the average value of the dilaton in the present Universe. Since in these notes 
we consider only asymptotically flat cases, we will assume $o = 0 in the forthcoming sections. We further define the 
Planck length as 


2 _ opo 42 
Cat AS. (1.6) 


thus obtaining the action in the Einstein frame (EF), 
4 1 1 —a$ p2 
Ser =5 dz Ro- 5 9" Vib Vj [o Hx B^. (1.7) 


in which we point out that space-time coordinates have been left unchanged and Rg) is the curvature related to gij. 
The new equations of motion are obtained by applying the same mapping to the previous ones given in ({L.3) (again 
we omit the subscript (g) and set £, = a = 1), 


1 
Rij = 5 Vid Vib +2 go E 


V?9 rae ^9? F? «0 

Vile ** p9)-—0,; (1.8) 
where V is now the covariant derivative with respect to the metric gij. We observe that the dilaton is obviously 
left unchanged and that the equation for the electromagnetic field i act the same as in SF. Indeed, since 


Vi(e-*9 F9) = 0;(./—ge-*® [FY er) = QGj(/ —G e-*? [F4] sr) from and , solutions of Maxwell’s equations 
in the two frames must be related by 


"PST asc [P| pes (1.9) 
Therefore the physical (covariant) components of the electromagnetic field are the same in both frames: 


Flor = [Fij] pr $ (1.10) 


Furthermore, the uncompactified degrees of freedom of the string do not move along a geodesic of the metric gij, and 
the scalar curvatures are in general different in the two frames because of the dilaton, 


(Và). (1.11) 


Another general observation is that Sp is invariant under the following transformation fal 


à -—a 
lb mde (1.12) 
which is not an invariance of Sgr. Therefore, although the mapping (E looks almost trivial at a first sight, it is 
clear that the physics in the two frames can be significantly different. 

Which frame is more suitable as a description of the present state of our Universe is an open question which will 
eventually be settled by experiment B. 'The issue raised in the present notes has already been extensively discussed in 
the framework of scalar-tensor theories of gravity and observable consequences have been deduced mainly in cosmology. 
Because of the direct coupling between the dilaton and matter (in our case the electromagnetic field), both actions 
in Eqs. and (3 fail to be of the Brans-Dicke type, thus the equivalence principle does not hold in general. 
Specifically, one expects the equivalence principle to be violated whenever the gradient of the dilaton field is not 
negligible. However, such violations might be allowable provided they occurred far in the past, e.g. in the early stages 
of the Universe (see ll. BI and Refs. therein, Ed) or take place in regions of space which have not been tested at 
present. 

In the following we will analyze some of the physical implications of the differences between the two frames for two 
black hole geometries, in which the gradient of the static dilaton field is appreciably strong only in a relatively small 
region of space outside the event horizon. We consider a charged black hole (RND) OA in section T and a rotating 
black hole with small charge-to-mass ratio (KND) [t3 in section and suggest possible experiments. Finally, in 
section IM we compare the propagation of light on these black hole backgrounds in the two frames. 


II. RND BLACK HOLES 


The line element representing a 4-dimensional charged dilatonic black hole in EF is [B 


ds?| pp — —e?* d? + ^ dr? + R? OS , (2.1) 


with dQ2 = d0? + sin? 6 dig? and 


T T 
242 
R=, - m)" (2.2) 
T 


One encounters an outer horizon at 


while 


r. = (1+a?) A (2.4) 
T 


is a real singularity for a 4 0. The corresponding electromagnetic field has only one non-vanishing component (the 
static electric field), 


Hos. (2.5) 
r 
and the dilaton field is given by 
_ 2a 
e? = (1 = =) SEP = 1 OU), (2.6) 


We observe that for a = 0 the above expressions reduce to the pure Reissner-Nordstróm (RN) solution (with a constant 
o = 0 dilaton field) and that M and Q represent the physical (ADM) mass and charge of the black hole. 

As mentioned in the Introduction, from ( one sees that the dilaton gradient falls off and becomes negligible 
sufficiently far away from r_. To be more specific, since e? ~ Gy, one can write the total force acting on a test mass 
m as the sum of the force Fy due to the spatial dependence of Gy and the Newtonian contribution Fy, 


M M 
Pawo, (Gn zm) = F4 Gu E (2.7) 
and finds that Fy becomes of the same order as Fy at 
143a? 
T^r ERES Poe (2.8) 


This implies that, if one can perform a measurement with the precision of one part over 10%, one has to go closer 
than re ~ 10^ r_ to the black hole centre in order to test any violation of the equivalence principle. Further, re must 
lie outside r+ and this gives an estimate for the smallest charge-to-mass ratio that the black hole must posses in order 
that any deviation can be tested, namely 


Q —N/2 
—»1 $ 2.9 
M ore 28) 


For a solar mass black hole and N ~ 10 this means a charge of about 10?* electron charges or 10'° C. On the other 
hand, for a Planck mass black hole with one electron charge the ratio Q/M ~ 0.1 and one only needs a precision of 
N —2. 

Upon transforming to SF one obtains 


" jk 142a—a2 " E i a?-2a—1 " 2 a (1+a) 
d p=- (1-4) hG- 5) gale 1-2) WS aas [pef a. (2.10) 
SF r r r r r * 


An interesting feature of the latter metric is that Gogg (as well as Gy,) is regular at r = r_ for a = 0 (RN), as 
expected, and also for a — —1 EJ. Further, the physical (ADM) mass of the black hole is shifted according to 


2 2 4 
Maraha me? e (1+ = )+0(4) (2.11) 


r+ 


The latter result is however not particularly interesting from the experimental point of view unless a way can be found 
to measure M and Mphrys separately. 

As models of astrophysical black holes, both the line elements (pp and (p.19) are unsatisfactory. They describe 
non-rotating spherical objects, but real black holes are expected to be spinning fast because of angular momentum 
conservation during the collapse of the original star (for further evidence see e.g. [4p. If this limitation is ignored, 
the fact that M also appears in the expression for r} (and r_ as well, but the latter singularity is hidden) allows us 
to propose an experimental test consisting of the following steps: 

i) by comparing the acceleration of a charged test particle to the acceleration of a neutral particle of equal mass the 
electric field F;,. can be measured; 

ii) the value of Mphys is obtained directly from the acceleration of the neutral particle at large distance; 

iii) the radius r} can be estimated by inferring the largest distance from which light can escape or by localizing the 
inner edge of the accreting disk. 

Fır is still given by Eq. ), as can be inferred from the general relation (19). Thus step i) allows the computation 
of Q and the insertion of Q into the definition of r+ in (ZÆ) which, together with the measured value of r} from iii), 
gives M. If M is equal to Mphys from ii), then EF is the physical frame and one might question the stringy origin of 
the action Sg; in case they are not equal, SF is the physical frame and (NE can be used to estimate a 

As a further consequence of the metric being different in the two frames, we notice that the expression of the area 
of the surface of the outer horizon is given respectively by 


2 a2 
Algg —4mrQIU (r4 — r) ie 
20-2) 2a (14a) 
Al]sp—4m-r/U" (r4=r-) H7, (2.12) 
so that 
2a 
A — r_\ a? 
+ = (= ) <1, (2.13) 
SF 


for a > 0 (the same ratio is > 1 for a < 0). As we shall show, this affects the evaporation of the black hole. 


We assume that the area law holds in both frames, so that the internal degeneracy of the black hole is given by 
(see fal and Refs. therein) 


One, (2.14) 


where A is the area of the horizon. Then we study the evolution of the mass of the black hole in time assuming it can 
only decrease by emitting Hawking quanta (matter possibly falling into the black hole and increasing its mass will not 
be considered). The occupation number density of the Hawking radiation, properly computed in the microcanonical 
ensemble where total energy of the system is conserved and equal to Mpnys, is | 


Mypnys /w 


O(Mpnys — bw 
TRE = “a (2.15) 


For the sake of simplicity we specialize to the case a = 1 and also assume that the ratio x = Q/M is small and remains 
constant along the evaporation. Thus we find for the area of the horizon 


Ac4An M? (1— fx’) , (2.16) 


where M is now the physical mass as measured in each frame and f — 1/2 in EF (f — 3/2 in SF). The occupation 


number ig becomes 


M/w oe (1—f a?) 
nsw) ~ 5 fam w TERME . (2.17) 
l=1 
from which the energy emitted per unit time can be computed according to 
dM 
a -A J rent) (2.18) 


We have numerically integrated the above expression and the results for the two frames are shown in Fig. fi] for r=1 
and x = 1/2 (a relatively large ratio chosen for the purpose of stressing the difference between the two frames). From 
that figure one sees that for large values of M the emission is higher in SF, thus leading to a faster decay, but then 
the curve in EF overcomes the curve in SF for values around the Planck mass M, = \/hc/Gy and smaller. Both 
curves reach a maximum and then vanish for zero mass, a feature which is a direct consequence of the use of the 
microcanonical approach (that is energy conservation). 


EF 


1 SF 


M 


FIG. 1. Energy emitted by RND black holes per unit time and ratio Q/M fixed in the two frames. The mass is in units of 
the Planck mass. The vertical scale is arbitrary. 


The time evolutions which result from Eq. are shown in Fig. B When the mass M is of the order of 
the Planck mass (or bigger), Eq. (p.13) can be approximated by the thermal distribution with inverse temperature 
B — 81 M (1— f z?). This behaviour would lead to a complete evaporation in a finite time. However, as can be seen 
from Fig. Bj, after the maximum slope is reached the curves switch to a power law decay and fall to zero in infinite 
time (see Ref. [E for the details). The difference between the two frames is that M is smaller in SF than in EF 
during the thermal phase but falls off less rapidly in SF than in EF during the late stages. 


EF 


0 2000 4000 6000 8000 10000 
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FIG. 2. Time evolution of the mass of RND black holes with M(0) = Mp in the two frames. The time scale is arbitrary. 


Ill. KND BLACK HOLES 


In Ref. a new solution of the Einstein-Maxwell dilatonic equations (Eq) was found in EF which represents a 
rotating, charged black hole with static dilaton field in the small charge-to-mass (Q/M «& 1) approximation. In a 
subsequent paper we showed that the corresponding metric can be simplified by shifting the radial coordinate 
r and suitably redefining the parameters M (mass), J (angular momentum) and Q (charge) to make them equal 
the corresponding physical (ADM) quantities Mpnys, Jpnys and Qpnys Which determine the Newtonian motion in the 
asymptotically flat region. One then has 


KN Qt 
Jij —9j +O ($) , (3.1) 
where gj is the usual Kerr-Newman (KN) metric which we write in Boyer-Lindquist coordinates (4. 
2 : 2 1 2 2 | (dr)? 2 
dsky = —VA sind |y dy ui +p ~K *(d0) l (3.2) 


in which (a = J/M) 
VA sin 


X= Y 
A=r?-2Mr+a°+Q? 
p^ =r? +a? cos? 8 
dui 
p 
w = —a sin? 0 [1 + V7]. (3.3) 


This also implies that the causal structure is not affected by the presence of the dilaton at that order in EF. In fact 
one still has two horizons for A = 0, that is 


re =M+/M?—a2—Q?. (3.4) 


However the presence of a non-zero dilaton field, 


r Q? 
$ó-—-—a PM’ (3.5) 
affects the electric and magnetic field potentials A and B (see Ref. [3 for the definitions), 

T 1 r\ aœ Q? 

A=Q—, | -|>= +=) = 

ex [- (ct) Sar, 

cos 6 1 r \ a? Q? 

p= 005 [Cay m) Sr] e9 


where the terms proportional to Q? inside the brackets correspond to the corrections with respect to the KN potentials 
. These corrections also affect the electric and magnetic fields in the limit r — oo, 


Q 
Er Rd E 
2 2 
Ege — = sin 6 cos 6 
Q a” Q? 
Bp x g^ CO 0 |1— GAP 
Biss Q ing l1 a? 2 _ Hphys . 6 (3 7) 
pog uH ^ 6M? eg "B ; . 
where Ea and Ba (à =f, 8) are respectively the electric and the magnetic field components with respect to the usual 
spherical coordinate tetrad basis [L8]. Eq.(B.3) shows a relative shift in the intensity of the field B with respect to £. 
'This is also the source for the anomalous gyromagnetic ratio 
Hphys Mphys | a? "d 
L—2———ÀÀ-21-——|., 3.8 
ger Qphys Jphys 6M? ( ) 


which for the KND black hole cannot be greater than 2 and is equal to 2 for the KN black hole EJ. 

An obvious consequence of the above form of the solution is that the geodesic motion of neutral particles, which 
do not couple directly to the dilaton, are unaffected by the presence of static dilaton field (up to order Q?/M?). As 
we have mentioned in the Introduction, this should not be the case for fundamental strings, from whose action Sgr 
has been derived by compactifying extra dimensions. To see that this is indeed the case we compute the SF metric 

. KN . H H H RA 
corresponding to gj; with the dilaton field given in E, thus obtaining 


2 4 
Gij = 9n (1-052) «o (3) z (3.9) 


Then we observe that (B.d) cannot be remapped into 95 N by a change of coordinates since the curvature scalars are 
different in the two frames. In fact, from ([l.11]) one obtains 


2 
1 
Ra & 1205. a? cos 26 — 


a? Q* 1 
where, for the sake of simplicity, we have displayed only the behaviors for large r. 
Now we analyze further physical differences between the two frames. To start with, since 
2M aQ? 
~—|1—-— |1 3.11 
Gut | " ( 2n 2 Z) ; (3.11) 


for r + +00, the ADM mass in SF is shifted to 


aQ? 
[Mphyslsr = [Mphys] pp (1 tM Z) ; (3.12) 


which is the same expression that was obtained on expanding the physical mass in Q/M for RND. Thus, the same 
experimental test described in Section H after Eq. (pri) can be repeated for the present case. We remind the reader 
here that the KND metric is a more realistic candidate for the description of astrophysical black holes, since it describes 
black holes which possess angular momentum. 

We notice that 


aM 
T 


Jphys |. 
Giy = —2 sin? 0 = —2 EE gin? 9 , (3.13) 
r 
therefore Jpnys is left unchanged by the conformal mapping as well as Hphys, see (1.10) and BD. The gyromagnetic 
ratio in SF is then given by 


aQ? a 
alse = 2 |! 22 (1 s)| . (3.14) 
The above expression for [g]sr shows a remarkable difference with respect to that of EF, that is [g] sr can be either 
smaller than 2 (for a < 0 or a > 3), equal to 2 for (a = 0,3) or greater than 2 (for 0 < a « 3). The existence of the 
latter case provides another way of testing which frame is the physical one. In fact, since [g| zr can be at most equal 
to 2, the measurement of a value greater than 2 for the gyromagnetic ratio of a black hole would prove that Physics 
has to be described in SF (this should indeed be the case Bi). On the other hand, the measurement of any value 
smaller than 2, although crucial for proving the existence of static dilaton field, would not suffice for discriminating 
between EF and SF, unless an independent way of measuring a along with the mass and charge of the black hole can 
be found. 


IV. LIGHT PROPAGATION 


In this section we study the differences which emerge in the propagation of electromagnetic signals in the two 
frames. 

We start from the approximation of geometric optics and look at the deflection angle of a null ray impinging upon 
the black hole from far away and then escaping to r = +00. Since the relation between SF and EF is given by a 
conformal transformation of the metric, the naive expectation is that no changes occur. In fact it is easy to prove 
that the picture is exactly the same in both frames, and the eikonal path followed by any null ray is unaffected by 
the choice of the frame. 

We consider for the metric in EF a generic form gi; = gi;(r,@), with only one possible off-diagonal term (gtp), which 
can be easily specialized to both RND and KND. The Lagrangian for a null particle moving on such a metric and in 
the equatorial plane 0 = $/2 is given by Ej 


2L = gut +2 gyt + goo P? t gi T^ =0, (4.1) 
where a dot denotes the derivative with respect to an affine parameter A. The conserved momenta are 


Pe = guit gio 95 E 
De—9gutgot-L, (4.2) 


corresponding respectively to the energy and angular momentum of the null particle. In particular, from the conser- 
vation of p, one obtains 


ller = D™ (gu L- gi E) , (4.3) 
with D = gtt goo — Iep» and, after substituting for ¢ and ġ in the Lagrangian, 


D^ 
[7] op = —— (gu D? + 999 B? - 294 EL) . (4.4) 


rr 


From the above expressions for i and 7 one finally obtains 


=| = Z ES = Grr gu L — to E (4 5) 
dr | pp dA | gp Lar | gp D jJgulLI?-c-gj;,E?—2g,EL 


The deflection angle is then given by 


Ay = 2 (Y(T) - v(o9)) = v , (4.6) 
where 
"Td 
g(r) = J F3 dr , (4.7) 
dr | gp 
and r is the minimum radial coordinate reached by the particle, that is 
[lerle — 0. (4.8) 


Explicit expressions can then be obtained for the two kinds of black holes by simply substituting in the corresponding 
metric elements [P]. 
Switching to SF, one obtains 


‘lor — e? Fler 
[e]sp E [? EF - (4.9) 


Thus, since e^? is a positive function, one finds that the turning point at which the particle stops approaching the 
black hole has radial coordinate r which does not depend on the frame. Further 


Ei SF 7 Ei BF P 


One can then conclude that Aq is frame-independent and that eikonal trajectories of null waves are exactly the same 
in both EF and SF. In particular, for KND this means that to lowest order in (Q/M)? eikonals do not sense the 
dilaton at all g. 

Of course the above conclusion does not preclude the possibility of detecting other differences in the propagation 
of light waves in SF with respect to EF. To begin with, we notice that, although the radial coordinate of the turning 
points defined by Eq. ( is frame-independent, the actual proper distance to an observer placed at r = ro depends 
on the frame. If we consider the RND case and a = 1, we see that the difference between proper distances to ro is 
given by 


or = llgg +r- In (==) , (4.11) 
T— F 
which would result in a delay for the time of flight from F to ro in EF with respect to SF. 

A possible way of detecting such a time delay is displayed in Fig. B where one considers a source of light at r = rs 
which emits both towards the observer placed at rọ (ray 1) and towards the black hole (ray 2). The latter ray then 
bounces back at ry and reaches the observer with a delay with respect to ray 1 given by twice the time it takes to go 
from the source to ry (this is a simple model for the so called reverberation in the accreting disk, see J). In EF this 
delay is given by (again assuming RND with a = 1) 


tler ~ 2 nene In ==) ; (4.12) 
while in SF one has 
Tlop ~ Tlgp.— 2r- m (2) d (4.13) 
Tp T+ 
T, T. 
2 1 


FIG. 3. Simple model of reverberation. Explanation is given in the text. 


The difference between the metrics in the two frames also affects the red-shift z of waves emitted at rs. For instance, 
in RND with a = 1 one has 


Ti 2M 
leac BEES 
T. ror Q1 2 
Z\or = zler — P" + r2 = Z|gr Tg (x; =! T, . (4.14) 


Finally, there are effects that cannot be accounted for without fully considering the wave nature of electromagnetic 
radiation. In fact, the electromagnetic waves couple directly to the dilaton (as can be seen in the action, see also 
Refs. | Ke} po] for explicit expressions in EF) and, although at leading orders the eikonal trajectories look the same in 
both frames, the intensity of the waves is different because of the different metric backgrounds. From (1.10) one can 
estimate the intensity of electromagnetic radiation produced in scattering events involving other fields in the model 
according to I ~ |E|? + |B|? ~ F?. Therefore from ([.10) one gets 
Hsr ~ e ?* [F?] pr ~et [er . (4.15) 
This implies [I]sr ~ [I]gr (1-- O(r7')) and the difference is not appreciable when the scatterings occur far away 
from the hole. 


V. CONCLUSION 


The resolution of the issue of which frame is more suitable for the description of physical processes will have to wait 
at least until the next generation of astrophysical instruments. The measurement of the gyromagnetic ratio of a black 
hole will be a sensitive test of SF vs. EF, but precise measurements of the magnetic moment, the mass, the charge 
and the angular momentum of the black hole are necessary for the determination of this ratio. Existing telescopes 
are incapable of making such measurements, but future instruments will no doubt be able to ‘see’ close enough to 
the horizon of the black hole to determine these quantities with sufficient precision. Measurement of the intensity of 
electromagnetic radiation passing near the horizon of a black hole would also, in principle, be a very sensitive way of 
distinguishing between the two frames. This would require measuring the intensity of light from the stellar component 
of a black hole binary system for two different locations of the star — once when the star is occulting and once when it 
is eclipsing the black hole. The mass and charge of the black hole would also have to be known, as well as the angular 
momentum if frame dragging effects are to be taken into account. Although such binary systems are known to exist, 
precise measurement of the appropriate parameters is beyond present capabilities and will have to wait until the next 
generation of instruments become operative. 
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Abstract 


In recent years, the use of conformal transformation techniques has become 
widespread in the literature on gravitational theories alternative to general rel- 
ativity, on cosmology, and on nonminimally coupled scalar fields. Tipically, the 
transformation to the Einstein frame is generated by a fundamental scalar field 
already present in the theory. In this context, the problem of which conformal 
frame is the physical one has to be dealt with and, in the general case, it has been 
clarified only recently; the formulation of a theory in the “new” conformal frame 
leads to departures from canonical Einstein gravity. In this article, we review the 
literature on conformal transformations in classical gravitational theories and in 
cosmology, seen both as purely mathematical tools and as maps with physically 
relevant aspects. It appears particularly urgent to refer the analysis of experi- 
mental tests of Brans-Dicke and scalar-tensor theories of gravity, as well as the 
predictions of cosmological inflationary scenarios, to the physical conformal frame, 
in order to have a meaningful comparison with the observations. 
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Notations and conventions 


The notations and conventions used in this paper are as follows: the metric signature is 
-+ + ... +. To facilitate the comparison with the literature on inflationary cosmology, 
we use units in which the speed of light and the reduced Planck constant assume the 
value unity. G is Newton’s constant and the Planck mass is mp = G-17 in these 
units. Greek indices assume the values 0, 1, 2, ..., n — 1, where n is the dimension of 
spacetime. When n — 4, small Latin indices assume the values 1, 2, 3. While we allow 
for n spacetime dimensions (only one of which is timelike), in most of this paper the 
value n — 4 is assumed, except when discussing Kaluza-Klein and string theories prior 
to compactification. 

A comma denotes ordinary differentiation, and V,, is the covariant derivative oper- 
ator. Round and square brackets around indices denote, respectively, symmetrization 
and antisymmetrization, which include division by the number of permutations of the 
indices: e.g. Agw) = (Ay, + Aj) /2. The Riemann and Ricci tensors are given in terms 
of the Christoffel symbols D by 

Rag) — 12,5 — Th a + Io Tog — Po TS 


ovy, B By a oa? 
Baby PU 
and R = g^? Rag is the Ricci curvature. O = gV „V, is d'Alembert's operator. A tilde 
denotes quantities defined in the Einstein frame, while a caret denotes quantities defined 
in a higher-dimensional space prior to the compactification of the extra dimensions. 


1 Introduction 
If (M, gw) is a spacetime, the point-dependent rescaling of the metric tensor 
J> Juv = ay , (1.1) 


where Q = Q(x) is a nonvanishing, regular function, is called a Weyl or conformal 
transformation. It affects the lengths of time [space]|-—like intervals and the norm of time 
[space|-like vectors, but it leaves the light cones unchanged: the spacetimes (M, guv) 
and (M, ğu) have the same causal structure. The converse is also true (Wald 1984). If 
v" is a null, timelike, or spacelike vector with respect to the metric guv, it is also a null, 
timelike, or spacelike vector, respectively, in the rescaled metric gy. 


Denoting by g the determinant det(g,,) one has, under the action of (J), g^" = 
Q7 ?g^" and g = det (Juu) = 2?"g. It will be useful to remember the transformation prop- 
erties of the Christoffel symbols, Riemann and Ricci tensor, and of the Ricci curvature 
R under the rescaling (L) (Synge 1955; Birrell and Davies 1982; Wald 1984): 


Pg, = T5, + Q7! (85 V.,0 + HV gO — ga, V^Q) , (1.2) 
Raps? = Rap? + 267, Va V4 (In Q) — 29% gya V gj Vo (In 2) + 2Vis (In 2) 54 V. (In Q2) 
—2V (In Q)gg,,g?* V; (In Q) — 29700099V o (In Q2) V, (In Q2) , (1.3) 
Rag = Rag — (n — 2)Va V e(n Q) — Jagg V, Vs (In Q) + (n — 2) V, (In Q)V e(n Q) 
—(n — 2)go8 9° V ,(In Q)V (In Q) , (1.4) 


R= 5° Rog = Q? [n-20- 1) OQ (InQ) — (n — 1) (n — 2) CDS z; 5 


where n (n > 2) is the dimension of the spacetime manifold M. In the case n = 4, the 
scalar curvature has the expressions 


LEVE R- -Q R- 


120(VQ) AS | (16) 


vo Q? 


which are useful in many applications. The Weyl tensor Ca (beware of the position 
of the indices !) is conformally invariant: 


Ca! = mo ; (1.7) 


and the null geodesics are also conformally invariant (Lorentz 1937). The conservation 
equation V"T,,, = 0 for a symmetric stress-energy tensor T,,, is not conformally invariant 
unless the trace T = T”, vanishes (Wald 1984). The Klein-Gordon equation O¢ = 0 
for a scalar field @ is not conformally invariant, but its generalization 


n—2 
A(n — 1) 


$- Rọ=0 (1.8) 


(n > 2) is conformally invariant (note that the introduction of a nonzero cosmological 
constant in the Einstein action for gravity creates an effective mass, and a length scale, 
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in the Klein-Gordon equation, which spoils the conformal invariance (Madsen 1993)). 
Maxwell’s equations in four dimensions are conformally invariant (Cunningham 1909; 
Bateman 1910), but the equations for the electromagnetic four—potential are not (it is to 
be noted that, at the quantum level, the conformal invariance of the Maxwell equations 
may be broken by quantum corrections like the generation of mass or the conformal 
anomaly). The conditions for conformal invariance of fields of arbitrary spin in any 
spacetime dimensions were discussed in (Iorio et al. 1997). 

In this review paper, we will limit ourselves to consider special conformal transfor- 
mations, in which the dependence of the conformal factor Q(x) on the spacetime point 
x is obtained via a functional dependence (usually a power law) on a scalar field ó(z) 
present in the theory: 

Q(x) = Q [ó()] . (1.9) 
A redefinition of the scalar field ¢ accompanies the conformal transformation ([.IJ. 
Theories in which a fundamental scalar field appears and generates (LJ) include scalar- 
tensor and nonlinear theories of gravity (in which $ is a Brans-Dicke-like field) and 
Kaluza-Klein theories (in which $ is the determinant of the metric of the extra compact 
dimensions). Fundamental scalar fields in quantum theories include SO(N) bosons in 
dual models, Nambu-Goldstone bosons, Higgs fields, and dilatons in superstring theories. 
In addition, almost ali scenarios of cosmological inflation (Linde 1990; Kolb and Turner 
1990; Liddle and Lyth 1993; Liddle 1996) are based on scalar fields, either in the context 
of a classical or high energy theory, or in a phenomenological approach in which a scalar 
field is introduced as a source of gravitation in the field equations of the theory (usually 
the Einstein equations of general relativity). By means of a transformation of the form 
(CI), many of these scenarios are recast in the form of Einstein gravity with the scalar 
field(s) as a source of gravity and a power-law inflationary potential. The investigation 
of this mathematical equivalence has far-reaching consequences, and in many cases the 
mathematical equivalence provides a means to go from a physically inconsistent theory 
to a viable one. Unfortunately, the use of conformal transformations in gravitational 
theories is haunted by confusion and ambiguities, particularly in relation to the problem 
of identifying the conformal frame which correctly describes the physics. Despite early 
work on the subject, confusion still persists in the literature and considerably detracts 
from papers that use conformal techniques incorrectly. 

'The exception is R? inflation (Starobinsky 1980; Starobinsky 1986; Maeda, Stein-Schabes and 
Futamase 1989), in which the Lagrangian term R? itself drives inflation. However, a scalar field is 
sometimes added to this scenario to *help" inflation (Maeda 1989; Maeda, Stein-Schabes and Futamase 


1989) and the scenario is often recast as power-law inflation by using a conformal transformation (Liddle 
and Lyth 1993). 


It must be stressed that, in general, conformal transformations are not diffeomor- 
phisms of the manifold M, and the rescaled metric g,, is not simply the metric gy, 
written in a different coordinate system: the metrics g,, given by Eq. (L]) and the 
metric g,, describe different gravitational fields and different physics. Special confor- 
mal transformations originating from diffeomorphisms are called conformal isometries 
(Wald 1984). The reader should not be confused by the fact that some authors use the 
name “conformal transformation" for special coordinate transformations relating iner- 
tial and accelerated observers (e.g. Fulton, Rorlich and Witten 1962a,b; Wood, Papini 
and Cai 1989; Mashoon 1993). In this case the metric is left unchanged, although its 
coordinate representation varies. The possibility of different conformal rescalings for 
different metric components has also been considered (Mychelkin 1991), although it ap- 
pears doubtful that this procedure can be given a covariant formulation and a physically 
sound motivation. 

Historically, interest in conformal transformations arose after the formulation of 
Weyl’s (1919) theory aimed at unifying gravitation and electromagnetism, expecially 
after its reformulation by Dirac (1973). Moreover, a conformally invariant version of 
special relativity was formulated (Page 1936a,b; Page and Adams 1936), but the con- 
formal invariance in this case was recognized to be meaningless (Pauli 1958). Further 
developments of Weyl's theory are more appealing; for example, the self-consistent, 
scale-invariant theory of Canuto et al. (1977), so far, is not in contraddiction with the 
observations. It requires that the astronomical unit of length is related to the atomic 
unit by a scalar function which depends on the spacetime point. The theory contains 
a time-dependent cosmological “constant” A(t) = Ao(to/t)?, which is sought after by 
many authors in modern cosmology and astroparticle physics. 


2 Conformal transformations as a mathematical tool 


Conformal rescalings and conformal techniques have been widely used in general rela- 
tivity for a long time, expecially in the theory of asymptotic flatness and in the initial 
value formulation (Wald 1984 and references therein), and also in studies of the prop- 
agation of massless fields, including Fermat’s principle (Perlick 1990; Schneider, Ehlers 
and Falco 1992), gravitational lensing in the (conformally flat) Friedmann—Lemaitre— 
Robertson—Walker universe (Perlick 1990; Schneider, Ehlers and Falco 1992), wave 
equations (Sonego and Faraoni 1992; Noonan 1995), studies of the optical geometry 
near black hole horizons (Abramowicz, Carter and Lasota 1988; Sonego and Massar 
1996; Abramowicz et al. 1997a,b), exact solutions (Van den Bergh 1986a,b,c,d,e, 1988) 


and in other contexts. Conformal techniques and conformal invariance are important 
also for quantum field theory in curved spaces (Birrell and Davies 1982), for statistical 
mechanics and for string theories (e.g. Dita and Georgescu 1989). A conformal transfor- 
mation is often used as a mathematical tool to map the equations of motion of physical 
systems into mathematically equivalent sets of equations that are more easily solved and 
computationally more convenient to study. This situation arises mainly in three differ- 
ent areas of gravitational physics: alternative (including nonlinear) theories of gravity, 
unified theories in multidimensional spaces, and studies of scalar fields nonminimally 
coupled to gravity. 


Brans—Dicke theory: The conformal rescaling to the minimally coupled case for the 
Brans-Dicke field in Brans-Dicke theory was found by Dicke (1962). One starts with 
the Brans-Dicke action in the so-called “Jordan frame” 


oil i. JT M yu 
Spp = = | 4 z4/—g lor 7 V 0,0 + Smatter , (2.1) 
which corresponds to the field equations 
1 81 
I NS 59i E = $ md eu o? [v JD Vp 59m V OVad) + $ (VV, ni gu, H6) ? (2.2) 
oS (2.3) 
3+ 2w 


The conformal transformation ([.T] with 


a= /G¢ (2.4) 


and the redefinition of the scalar field given in differential form by 


2w 4-3 dó 


MAG $ 22) 


(w > —3/2) transform the action (T) into the “Einstein frame" action 


Ee. lepes 
S= nz E le G - 3030, LI E oet E (2.6) 


where Vs is the covariant derivative operator of the rescaled metric g,,. The gravita- 
tional part of the action now contains only Einstein gravity, but a free scalar field acting 


6 


as a source of gravitation always appears. It permeates spacetime in a way that cannot 
be eliminated, i.e. one cannot contemplate solutions of the vacuum Einstein equations 
Ry, = 0 in the Einstein frame. In the Jordan frame, the gravitational field is described 
by the metric tensor g,, and by the Brans-Dicke field 9. In the Einstein frame, the grav- 
itational field is described only by the metric tensor g,,, but the scalar field $, which is 
now a form of matter, is always present, a reminiscence of its fundamental role in the 
“old” frame. In addition, the rest of the matter part of the Lagrangian is multiplied 
by an exponential factor, thus displaying an anomalous coupling to the scalar " This 
anomalous coupling will be discussed in Sec. 6. 


Nonminimally coupled scalar field: By means of a conformal rescaling, the study of 
a nonminimally coupled scalar field can also be reduced to that of a minimally coupled 
scalar. The transformation relating a massless conformally coupled and a minimally 
coupled scalar field was found by Bekenstein (1974) and later rediscovered and general- 
ized to massive fields and arbitrary values of the coupling constant (Deser 1984; Schmidt 
1988; Maeda 1989; Futamase and Maeda 1989; Xanthopoulos and Dialynas 1992; Klim- 
cik 1993; Accioly et al. 1993). In this case, the starting point is the action for canonical 
gravity plus a scalar field in the Jordan frame: 


1 Ep? 1 
pad — —— - — JR- -V" -V 2:1 
E 7) 
where V (à) is the scalar field potential (possibly including a mass term and the cosmo- 
logical constant) and € is a dimensionless coupling constant. Note that the dimensions 
of the scalar field are [¢] = [Gv 2] = [my]. The equation satisfied by the scalar ¢ is 


dV 
— ERọ — — = 0. 2.8 
ó-tRó- 7m (2.8) 
Two cases occur most frequently in the literature: ^minimal coupling?" (£ — 0) and 
“conformal coupling" (€ = 1/6); the latter makes the wave equation (D.8) conformally 
invariant in four dimensions if V = 0 or V = Aó* (the latter potential being used in the 
chaotic inflationary scenario). The conformal transformation (L.J) with 


Q? = 1 -— 8rGEQ? (2.9) 


0 


and the redefinition of the scalar field, given in differential form by 


[1 — 8rGE (1 — 6£) 92]? 


dọ = E dó , (2.10) 
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reduce (2-7) to the Einstein frame action 


g= fta- pa = S -Y(à), (2.11) 
where the scalar field ¢ is now minimally coupled and satisfies the equation 
VV vb — id =0. (2.12) 
do 
The new scalar field potential is given by 
a vø 


V (9) (2.13) 


(1— 8xG6Q?)? ' 


where ¢ = @ (9) is obtained by integrating and inverting Eq. (2-10). The field equations 
of a gravitational theory in the case of a minimally coupled scalar field as a source of 
gravity are computationally much easier to solve than the corresponding equations for 
nonminimal coupling, and the transformation (LJ), (2:9), (2-10) is widely used for this 
purpose. The stress-energy tensor of a scalar field can be put in the form corresponding 
to a fluid, but the T,,, for a nonminimally coupled field is considerably more complicated 
than the minimal coupling case, for which the form of the T, reduces to that of a perfect 
fluid (Madsen 1988). It is generally assumed that the scalar field @ assumes values in 
a range that makes the right hand side of Eq. (2.9) positive. For € > 0, this range is 
limited by the critical values $1» = + (8xG£) P. 

Nonminimal couplings of the electromagnetic field to gravity have also been con- 
sidered (Novello and Salim 1979; Novello and Heintzmann 1984; Turner and Widrow 
1988; Novello and Elbaz 1994; Novello, Pereira and Pinto-Neto 1995; Lafrance and My- 
ers 1995), but conformal techniques analogous to those developed for scalar fields are 
presently unknown. A formal method alternative to conformal transformations is some- 
times useful for nonminimally coupled scalar fields, which are equivalent to an effective 
flat space field theory with a scalar mass that is £-dependent (Hochberg and Kephart 
1995). 


Nonlinear theories of gravity: The mathematical equivalence between a theory 
described by the gravitational Lagrangian density Lg = /—gf(R) (“higher order the- 
ory”) and Einstein gravity was found in (Teyssandier and Tourrenc 1983; Schmidt 1987; 


Starobinsky 1987; Barrow and Cotsakis 1988; Maeda 1989; Gott, Schmidt and Starobin- 
sky 1990; Schmidt 1990; Cotsakis and Saich 1994; Wands 1994). The field equations for 
this theory are of fourth order: 


d 1 d d 
(£) re- imos sm (E)E) ew 


and are reduced to the Einstein equations by the conformal transformation. 

Quadratic Lagrangian densities with R? terms arising from quantum corrections 
are the most frequently studied cases of nonlinear gravitational theories; they can be 
reduced to the Einstein Lagrangian density (Higgs 1959; Teyssandier and Tourrenc 1983; 
Whitt 1984; Ferraris 1986; Berkin and Maeda 1991). These results were generalized to 
supergravity, Lagrangians with terms O'R (k > 1) and polynomial Lagrangians in R 
(Cecotti 1987); the two-dimensional case was studied in (Mignemi and Schmidt 1995). 
This class of theories includes Weyl’s theory (Weyl 1919; Dirac 1973) described by the 
Lagrangian density L = /—g(R? + GF, F""), and theories of the form £ = R* (k > 1). 
For nonlinear theories of gravity, the conformal transformation that maps the theory 
into Einstein gravity becomes a Legendre transformation (Ferraris, Francaviglia and 
Magnano 1988; Jakubiec and Kijowski 1988; Ferraris, Francaviglia and Magnano 1990; 
Magnano, Ferraris and Francaviglia 1990; Magnano and Sokolowski 1994). 

There are obvious advantages in performing this transformation because the higher 
order field equations of the nonlinear theory are reduced to the second order Einstein 
equations with matter. One starts with a purely gravitational nonlinear theory described 
by the action 


S= f asv-g |F(6. R) — zV^6V,o ! (2.15) 


in m spacetime dimensions, where F(ó, R) is an arbitrary (but sufficiently regular) 
function of ¢ and R, and c is a free parameter (normally 0 or 1). 
The corresponding field equations (Maeda 1989) are 


OF 1 é te. ets 1 OF 
(2) (Rw i= 2 dR) Ee 2 (viov. m Sw V D) ag gluv (r = a^) 
OF OF 
= oOo; — : 
OF 
Oe ———. I 
euo Do (2.17) 


The conformal rescaling (LJ), where 


P 
(2.18) 


F 
Q? = L Eu + constant 


and the redefinition of the scalar field 


~ 1 "n1 OF 
ọ = Toa = In [vss P (2.19) 


(Maeda 1989) reduce the action (2-19) to 


Wi =| R leui 1 Q | m-—2- x 
S=afa zyj ag 2V Vu — FOP - G +? -veð 
i (2.20) 
where the two scalar fields ó and ¢ appear and 
| OF/OR 
a my/8rGo a ~ m—2 22 > 
U(%, p) = a exp (- | ie:G ^ o) exp ma ; F(ó, J , 


i i (2.22) 
and F'(¢, 9) = F(¢, R(¢, ¢)). The resulting system is of nonlinear c—model type, canon- 
ical gravity with two scalar fields $, œ. 

In the particular case in which F(o, R) is a linear function of the Ricci curvature, 


F(6, R) = f(9)R — V(0) , (2.23) 
the redefinition of the scalar field 
WE: «(m — 2)f (6) + 2(m — 1) [af(9)/d9] | ^ 
pe af Z(m - 29) | 


(where the argument of the square root is assumed to be positive) leads to the Einstein 
action with a single scalar field ¢: 


(2.24) 


R a : 
Bes = J d"z4 5 luc - SV V.) - v) (2.25) 
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This action is equivalent to the Einstein equations 


~ 1 


Hys di = 8G T, [4] , (2.26) 
T, [$| = VudVib — T 9 VOV + U Jw» (2.27) 

where ul 
U(9) = F [167G | F(C) 7 V (4) (2.28) 


and ¢ = $ (o). The transformations (2.4), (2-9) and (2.10) are recovered as particular 
cases of (B.24), (2-18). In addition, all the theories described by a four-dimensional 
action of the form 


S= [a'sv-g (GO) R-- A@)V“OV, 6 + V(9) (2.29) 
and satisfying the relation 
df -— 
2Af —3 A =0, V(¢) = Af" (d) (2.30) 


(A =constant) are conformally related (Shapiro and Takata 1995); particular cases in- 
clude general relativity and the case of a conformally coupled scalar field. 

The conformal transformation establishes a mathematical equivalence between the 
theories formulated in the two conformal frames; the space of solutions of the theory 
in one frame is isomorphic to the space of solutions in the conformally related frame 
(which is mathematically more convenient to study). The conformal transformation can 
also be used as a solution-generating technique, if solutions are known in one conformal 
frame but not in another (Harrison 1972; Belinskii and Kalatnikov 1973; Bekenstein 
1974; Van den Bergh 1980, 1982, 1983a,b,c,d; Froyland 1982; Accioly, Vaidya and Som 
1983; Lorentz-Petzold 1984; Barrow and Maeda 1990; Klimcik and Kolnik 1993; Abreu, 
Crawford and Mimoso 1994). It is to be stressed that the mathematical equivalence 
between the two systems a prioriimplies nothing about their physical equivalence (Brans 
1988; Cotsakis 1993; Magnano and Sokolowski 1994). Moreover, only the gravitational 
(vacuum) part of the action is conformally equivalent to Einstein gravity: if ordinary 
matter (i.e. matter different from the scalar field used in the conformal transformation) is 
added to the theory, the coupling of this matter to gravity and the conservation equations 
that it satisfies are different in the two conformally related frames. The advantage of the 
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conformal transformation in a non-purely vacuum theory is questionable: it has been 
argued that, because the Einstein frame scalar field is coupled to matter, a simplification 
of the equations of motion in this case does not occur (Barrow and Maeda 1990). 

Not only it is possible to map the classes of theories considered above into canonical 
Einstein gravity, but it is also possible to find conformal transformations between each 
two of these theories (see Magnano and Sokolowski 1994 for a table of possible transfor- 
mations). Indeed, one expects to be able to do that by taking appropriate compositions 
of different maps from gravitational theories to general relativity, and their inverse maps. 

We conclude this section with a remark on the terminology: it has become common 
to use the word “frame” to denote a set of dynamical variables of the theory considered; 
the term “gauge” instead of “frame” has been (rather improperly) used (Gibbons and 
Maeda 1988; Brans 1988). In some papers (Cho 1987, 1990, 1992, 1994, 1997; Cho and 
Yoon 1993) the metric j,, in the Einstein frame is called “Pauli metric", as opposed to 
the “Jordan” or “atomic unit" metric g,, of the Jordan frame. 


3 Isthe Einstein frame physical ? 


Many high energy theories and many classical gravity theories are formulated by using 
a conformal transformation mapping the Jordan frame to the Einstein frame. Typically, 
the conformal factor of the transformation is a function of a dilaton, or Brans-Dicke- 
like field already present in the theory. The classical theories of gravity for which a 
conformal transformation maps the system into a new conformal frame, in which the 
gravitational sector of the theory reduces to the canonical Einstein form, include Brans- 
Dicke theory and its scalar-tensor generalizations, non-linear gravity theories, classical 
Kaluza-Klein theories and in general, all theories which have an extended gravitational 
sector or which involve a dimensional reduction and compactification of extra spacetime 
dimensions. Quantum theories incorporating the conformal transformation include su- 
perstring and supergravity theories and o—models. The transformation to the Einstein 
frame seems to be universally accepted for supergravity and superstring theories (al- 
though field redefinitions may be an issue for debate (Tseytlin 1993)). It is unknown 
whether physics is conformally invariant at a sufficiently high energy scale, but there 
are indications in this sense from string theories (Green, Schwarz and Witten 1987) and 
from SU(N) induced gravity models in which, in the high energy limit, the scalar fields 
of the theory approach conformal coupling (Buchbinder, Odintsov and Shapiro 1992; 
Geyer and Odintsov 1996). We have no experiments capable of probing the energy 
scale of string theories, and conformal invariance at this energy scale cannot be directly 


12 


tested. While the low-energy Einstein gravity contains a dynamical degree of freedom 
connected with the “length” of the metric tensor (the determinant g), this is absent in 
conformally invariant gravity (e.g. induced gravity described by the action ([.T7)). The 
conformal invariance of a theory implies that the latter contains no intrinsic mass; a 
nonzero mass would introduce a preferred length scale in the theory, thus breaking the 
scale-invariance. The physical inequivalence of conformal frames at low energies reflects 
the fact that the non-negligible masses of the fields present in the theory break the con- 
formal symmetry which is present at higher energies. In classical gravity theories, there 
is disagreement and confusion on the long-standing (Pauli 1955; Fierz 1956) problem of 
which conformal frame is the physical one. Is the Jordan frame physical and the Einstein 
frame unphysical ? Is the conformal transformation necessary, and the Einstein frame 
physical ? Does any other choice of the conformal factor in Eq. ([.]]) map the theory 
into a physically significant frame, and how many of these theories are possible ? Here 
the term “physical” theory denotes one that is theoretically consistent and predicts the 
values of some observables that can, at least in principle, be measured in experiments 
performed in four macroscopic spacetime dimensions (definitions that differ from ours 
are sometimes adopted in the literature, see e.g. (Garay and Garcia-Bellido 1993; Over- 
duin and Wesson 1997)). The ambiguity in the choice of the physical conformal frame 
raises also problems of an almost philosophical character (Weinstein 1996). 

Before attempting to answer any of these questions, it is important to recognize that, 
in general, the reformulation of the theory in a new conformal frame leads to a different, 
physically inequivalent theory. If one restricts oneself to consider the metric tensor and 
physics that does not involve only conformally invariant fields (e.g. a stress-energy tensor 
T with nonvanishing trace), or experiments involving massive particles and timelike 
observers, it is obvious that metrics conformally related by a nontrivial transformation of 
the kind ([.]) on a manifold describe different gravitational fields and different physical 
situations. For example, one could consider a Friedmann-Lemaitre-Robertson-Walker 
metric with flat spatial sections, given by the line element 


ds? = a(n) (—dr? + da? + dy? + dz?) i (3.1) 


where ņ is the conformal time and (rz, y, z) are spatial comoving coordinates. The metric 
(B-T) is conformally flat, but certainly it is not physically equivalent to the Minkowski 
metric Nv, since it exhibits a nontrivial dynamics and significant (observed) cosmological 
effects. 

The authors working in classical gravitational physics can be grouped into five cate- 
gories according to their attitude towards the issue of the conformal frame (we partially 
follow a previous classification by Magnano and Sokolowski (1994)): 
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e authors that neglect the issue (Deruelle and Spindel 1990; Garcia-Bellido and 
Quirós 1990; Hwang 1990; Gottlober, Müller and Starobinsky 1991; Suzuki and 
Yoshimura 1991; Rothman and Anninos 1991; Guendelman 1992; Guth and Jain 
1992; Liddle and Wands 1992; Capozziello, Occhionero and Amendola 1993; Capoz- 
ziello, de Ritis and Rubano 1993; McDonald 1993a,b; Barrow, Mimoso and de Gar- 
cia Maia 1993; Garcia-Bellido and Wands 1995; Laycock and Liddle 1994; Alvarez 
and Belén Gavela 1983; Sadhev 1984; Deruelle and Madore 1987; Van den Bergh 
and Tavakol 1993; Fabris and Sakellariadou 1997; Kubyshin and Martin 1995; 
Fabris and Martin 1993; Chatterjee and Banerjee 1993; Biesiada 1994; Liddle and 
Lyth 1993; Hwang 1996); 


e authors that explicitely support the view that a theory formulated in one conformal 
frame is physically equivalent to the reformulation of the same theory in a different 
conformal frame (Buchmiiller and Dragon 1989; Holman, Kolb and Wang 1990; 
Campbell, Linde and Olive 1991; Casas, Garcia-Bellido and Quirós 1991; Garay 
and Garcia-Bellido 1993; Levin 1995a,b; Shapiro and Takata 1995; Kaloper and 
Olive 1998); 


e authors that are aware of the physical non-equivalence of conformally related 
frames but do not present conclusive arguments in favour of one or the other 
of the two versions of the theory (and/or perform computations both in the Jor- 
dan and the Einstein frame) (Brans 1988; Jakubiec and Kijowski 1988; Kasper and 
Schmidt 1989; Deruelle and Spindel 1990; Hwang 1990; Kolb, Salopek and Turner 
1990; Gottlóber, Müller and Starobinsky 1991; Suzuki and Yoshimura 1991; Roth- 
man and Anninos 1991; Guendelman 1992; Guth and Jain 1992; Liddle and Wands 
1992; Piccinelli, Lucchin and Matarrese 1992; Damour and Nordvedt 1993a,b; Cot- 
sakis and Saich 1994; Hu, Turner and Weinberg 1994; Turner 1993; Mimoso and 
Wands 19950; Faraoni 1996a; Weinstein 1996; Turner and Weinberg 1997; Majum- 
dar 1997; Capozziello, de Ritis and Marino 1997; Dick 1998); 


e authors that identify the Jordan frame as physical (possibly allowing the use of 
the conformal transformation as a purely mathematical tool) (Gross and Perry 
1983; Barrow and Maeda 1992; Berkin, Maeda and Yokoyama 1990; Damour, Gib- 
bons and Gundlach 1990; Kalara, Kaloper and Olive 1990; Berkin and Maeda 
1991; Damour and Gundlach 1991; Holman, Kolb and Wang 1991; Mollerach and 
Matarrese 1992; Tao and Xue 1992; Wu 1992; del Campo 1992; Tkacev 1992; 
Mignemi and Whiltshire 1992; Barrow 1993; Bruckman and Velazquez 1993; Cot- 
sakis and Flessas 1993; Will and Steinhardt 1995; Scheel, Shapiro and Teukolsky 
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1995; Barros and Romero 1998); 


e authors that identify the Einstein frame as the physical one (Van den Bergh 1981, 
1983e; Kunstatter, Lee and Leivo 1986; Gibbons and Maeda 1988; Sokolowski 
1989a,b; Pimentel and Stein-Schabes 1989; Kubyshin, Rubakov and Tkachev 1989; 
Salopek, Bond and Bardeen 1989; Kolb, Salopek and Turner 1990; Cho 1990; Deru- 
elle, Garriga and Verdaguer 1991; Cho 1992; Amendola et al. 1992; Amendola, 
Bellisai and Occhionero 1993; Cotsakis 1993; Cho and Yoon 1993; Alonso et al. 
1994; Magnano and Sokolowski 1994; Cho 1994; Occhionero and Amendola 1994; 
Lu and Cheng 1996; Fujii 1998; Cho 1997; Cho and Keum 1998). 


Sometimes, works by the same author(s) belong to two different groups; this illustrates 
the confusion on the issue that is present in the literature. 

The two conformal frames, however, are substantially different. Furthermore, if a 
preferred conformal frame does not exist, it is possible to generate an infinite number 
of alternative theories and of cosmological inflationary scenarios by arbitrarily choosing 
the conformal factor (Lg) of the transformation (L.J). Only when a physical frame is 
uniquely determined the theory and its observable predictions are meaningful. 

Earlier attempts to solve the problem in Brans—Dicke theory advocated the equiva- 
lence principle: to this end it is essential to consider not only the gravitational, but also 
the matter part of the Lagrangian. The use of the equivalence principle requires a careful 
analysis (Brans 1988; Magnano and Sokolowski 1994); by including the Lagrangian for 
ordinary matter in the Jordan frame action, one finds that, after the conformal trans- 
formation has been performed, the scalar field in the Einstein frame couples minimally 
to gravity, but nonminimally to matter (“non—universal coupling"). Historically, the 
Jordan frame was selected as physical because the dilaton couples minimally to ordinary 
matter in this frame (Brans and Dicke 1961). Attempts were also made to derive conclu- 
sive results from the conservation laws for the stress-energy tensor of matter, favouring 
the Jordan frame (Brans 1988) or the Einstein frame (Cotsakis 1993; Cotsakis 1995 — 
see (Teyssandier 1995; Schmidt 1995; Magnano and Sokolowski 1994) for the correction 
of a flaw in the proof of (Cotsakis 1993; Cotsakis 1995)). Indeed, the conservation laws 
do not allow one to draw definite conclusions (Magnano and Sokolowski 1994). 

However, the point of view that selects the Jordan frame as physical is untenable 
because it leads to a negative definite, or indefinite kinetic energy for the scalar field; on 
the contrary, the energy density is positive definite in the Einstein frame. This result was 
initially proved for Brans-Dicke and for Kaluza-Klein theories, and later generalized to 
gravitational theories with Lagrangian density £L = f(R)J/—9 + Lmatter (Magnano and 
Sokolowski 1994). This implies that the theory does not have a stable ground state, and 
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that the system decays into a lower energy state ad infinitum (Gross and Perry 1983; 
Appelquist and Chodos 1983; Maeda 19866; Maeda 1987). While a stable ground state 
may not be required for certain particular solutions of the theory (e.g. cosmological 
solutions (Padmanabhan 1988)), or for Liouville’s theory (D’Hoker and Jackiw 1982), 
it is certainly necessary for a viable theory of classical gravity. The ground state of the 
system must be stable against small fluctuations and not fine-tuned, i.e. nearby solu- 
tions of the theory must have similar properties (Strater and Wightman 1964; Epstein, 
Glaser and Jaffe 1965; Abbott and Deser 1982). The fact that the energy is not positive 
definite is usually associated with the formulation of the theory in unphysical variables. 
On the contrary, the energy conditions (Wald 1984) are believed to be satisfied by all 
classical matter and fields (not so in quantum theories — see Sec. 8). This decisive argu- 
ment was first used to select the Einstein frame in Kaluza-Klein and Brans-Dicke the- 
ories (Bombelli et al. 1987; Sokolowski and Carr 1986; Sokolowski 1989a,b; Sokolowski 
and Golda 1987; Cho 1990; Cho 1994), and later generalized to scalar-tensor theories 
(Cho 1997) and nonlinear gravity theories (Magnano and Sokolowski 1994). Also, the 
uniqueness of a physical conformal frame was proved (Sokolowski 1989a,b; Magnano and 
Sokolowski 1994). 

For completeness, we mention other arguments supporting the Einstein frame as 
physical that have appeared in the literature: however, they are either highly question- 
able (sometimes to the point of not being valid), or not as compelling as the one based on 
the positivity of energy. The Hilbert and the Palatini actions for scalar-tensor theories 
are equivalent in the Einstein but not in the Jordan frame (Van den Bergh 1981, 1983e). 
Some authors choose the Einstein frame on the basis of the resemblance of its action 
with that of general relativity (Gibbons and Maeda 1988; Pimentel and Stein-Schabes 
1989; Alonso et al. 1994; Amendola, Bellisai and Occhionero 1993); others (Salopek, 
Bond and Bardeen 1989; Kolb, Salopek and Turner 1990) find difficulties in quantiz- 
ing the scalar field fluctuations in the linear approximation in the Jordan frame, but 
not in the Einstein frame; quantization and the conformal transformation do not com- 
mute (Fujii and Nishioka 1990; Nishioka and Fujii 1992; Fakir and Habib 1993). Other 
authors claim that the Einstein frame is forced upon us by the compactification of the 
extra dimensions in higher dimensional theories (Kubyshin, Rubakov and Tkachev 1989; 
Deruelle, Garriga and Verdaguer 1991). 

A possible alternative to the Einstein frame formulation of the complete theory (grav- 
ity plus matter) has been supported (Magnano and Sokolowski 1994), and consists in 
starting with the introduction of matter non-minimally coupled to the Brans-Dicke 
scalar in the Jordan frame, with the coupling tuned in such a way that the Einstein 
frame action exhibits matter minimally coupled to the Einstein frame scalar field, after 


16 


the conformal transformation has been performed. This procedure arises from the ob- 
servation (Magnano and Sokolowski 1994) that the traditional way of prescribing matter 
minimally coupled in the Jordan frame relies on the implicit assumptions that 
i) the equivalence principle holds; 
ii)the Jordan frame is the physical one. 
While these assumptions are not justified a priori, as noted by Magnano and Sokolowski 
(1994), the possibility of adding matter in the Jordan frame with a coupling that ex- 
actly balances the exponential factor appearing in the Einstein frame appears to be 
completely ad hoc and is not physically motivated; by proceeeding along these lines, one 
could arbitrarily change the theory without theoretical justification. 

As a summary, the Einstein frame is the physical one (and the Jordan frame and all 
the other conformal frames are unphysical) for the following classes of theories: 


e scalar-tensor theories of gravity described by the Lagrangian density 


L= Zg f(à$)R— A Irov, g AG) | + Lmatter ; (3.2) 


which includes Brans-Dicke theory as a special case (see Sec. 4 for the correspond- 
ing field equations); 


e classical Kaluza-Klein theories; 


e nonlinear theories of gravity whose gravitational part is described by the La- 
grangian density L = ,/—gf(R) (see Sec. 4 for the corresponding field equations). 


Since the Jordan frame formulation of alternative theories of gravity is unphysical, one 
reaches the conclusion that the Einstein frame formulation is the only possible one for a 
classical theory. In other words, this amounts to say that Einstein gravity is essentially 
the only viable classical theory of gravity (Bicknell 1974; Magnano and Sokolowski 1994; 
Magnano 1995; Sokolowski 1997). We remark that this statement is strictly correct only 
if the purely gravitational part of the action (without matter) is considered: in fact, 
when matter is included into the action, in general it exhibits an anomalous coupling to 
the scalar field which does not occur in general relativity. 

Finally, we comment on the case of a nonminimally coupled scalar field described 
by the action (2.7). From the above discussion, one may be induced to believe that 
the Einstein frame description is necessary also in this case: this conclusion would be 
incorrect because the kinetic term in the action (T) is canonical and positive definite, 
and the problem discussed above for other theories of gravity of the form £ = J/—gf(R) 
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does not arise. It is, however, still true that the Einstein and the Jordan frame are 
physically inequivalent: the conformal transformation (J), (2-9), (2:10) implies only a 
mathematical, not a physical equivalence, despite strong statements on this regard that 
point to the contrary (Accioly et al. 1993). 


4 Conformal transformations in gravitational theo- 
ries 


In this section, we review in greater detail the arguments that led to the conclusions of 
the previous section, devoting more attention to specific classical theories of gravity. 


Brans-Dicke theory: The Jordan-Fierz-Brans-Dicke theory (Jordan 1949; Jordan 
1955; Fierz 1956; Brans and Dicke 1961) described by the action (B.]]) (where ¢ has the 
dimensions of the inverse gravitational constant, [ó] = [G^ !]) has been the subject of 
renewed interest, expecially in cosmology in the extended inflationary scenario (La and 
Steinhardt 1989; Kolb, Salopek and Turner 1990; Laycock and Liddle 1994). The recent 
surge of interest appears to be motivated by a restricted conformal invariance of the 
gravitational part of the Lagrangian that mimics the conformal invariance of string the- 
ories before conformal symmetry is broken (Cho 1992; Cho 1994; Turner 1993; Kolitch 
and Eardley 1995; Brans 1997; Cho and Keum 1998). The conformal transformation 
(C) with Q = (G¢)*, together with the redefinition of the scalar field ¢ = G-?e9!-7e 
(a # 1/2) maps the Brans—Dicke action (P.J) into an action of the same form, but with 
parameter 


= =l 
= (eee (4.1) 
(1 — 2a) 
If w = —3/2, the action (R.T) is invariant under the conformal transformation; this case 


corresponds to the singularity a — —1/2 in the expression (ET), but the field equations 
(ED, (2.3) are not defined in this case. This conformal invariance is broken when a 
term describing matter with T = T", Z 0 is added to the purely gravitational part of 
the Brans—Dicke Lagrangian. This property of conformal invariance of the gravitational 
sector of the theory is enjoyed also by a subclass of more general tensor—multiscalar 
theories of gravity (Damour and Esposito—Farése 1992) and has not yet been investigated 
in depth in the general case. The study of the conformal invariance property of Brans- 
Dicke theory helps to solve the problems arising in the w — oo limit of Brans-Dicke 
theory (Faraoni 1998). This limit is supposed to give back general relativity, but it 
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fails to do so when T = 0. The differences between the Jordan and the Einstein frame 
formulations of Brans-Dicke theory have been pointed out clearly in (Guth and Jain 
1992). It has been noted in studies of gravitational collapse to a black hole in Brans- 
Dicke theory that the noncanonical form of the Brans-Dicke scalar energy-momentum 
tensor in the Jordan frame violates the null energy condition (R45l^l? > 0 for all null 
vectors /*). This fact is responsible for a decrease in time of the horizon area during 
the dynamical phase of the collapse, contrarily to the case of general relativity (Scheel, 
Shapiro and Teukolsky 1995). The violation of the weak energy condition in the Jordan 
frame has also been pointed out (Weinstein 1996; Faraoni and Gunzig 19984). 

Brans-Dicke theory must necessarily be reformulated in the Einstein frame; the 
strongest argument supporting this conclusion is obtained by observing that the kinetic 
energy term for the Brans-Dicke field in the Jordan frame Brans-Dicke Lagrangian 
does not have the canonical form for a scalar field, and it is negative definite (Gross 
and Perry 1983; Appelquist and Chodos 1983; Maeda 19860; Maeda 1987; Sokolowski 
and Carr 1986; Maeda and Pang 1986; Sokolowski 1989a,b; Cho 1992, 1993; Magnano 
and Sokolowski 1994). The fact that this energy argument was originally developed 
for Brans-Dicke and for Kaluza-Klein theories is not surprising, owing to the fact that 
Brans-Dicke theory can be derived from a Kaluza- Klein theory with n extra dimensions 
and Brans-Dicke parameter w = —(n — 1)/n (Jordan 1959; Brans and Dicke 1961; 
Bergmann 1968; Wagoner 1970; Harrison 1972; Belinskii and Kalatnikov 1973; Freund 
1982; Gross and Perry 1983; Cho 1992); this derivation is seen as a motivation for Brans— 
Dicke theory, and provides a useful way of generating exact solutions in one theory from 
known solutions in the other (Billyard and Coley 1997). Despite this derivation from 
Kaluza-Klein theory, the Jordan frame Brans-Dicke theory is sometimes considered in 
D > 4 spacetime dimensions (e.g. Majumdar 1997). 

An independent argument supporting the choice of the Einstein frame as the physical 
one is obtained by considering (Cho 1992; Damour and Nordvedt 1993a,b) the linearized 
version of the theory. In the Jordan frame the metric is Yv = rj, + hy, (where n, is 
the Minkowski metric), while in the Einstein frame the conformally transformed metric 
is 


- 164G -~ 
Aww = Yuv CXP | 202-8 5) ~ Nuw + Pw » (4.2) 
where 
16rG ~ 
v — h V v: 4.3 
Pu I x)» ey) 


The canonical action for a spin 2 field is not obtained from the metric hv, but it is 
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instead given by p,,, and the spin 2 gravitational field is described by the Einstein frame 
corrections p,, to the flat metric. The Jordan frame corrections h,, to Nav describe a 
mixture of spin 0 and spin 2 fields (the fact that spin 0 and spin 2 modes are mixed 
together can also be seen from the full equations of motion of the theory). 

A third argument has been proposed against the choice of the Jordan frame as the 
physical one: when quantum corrections are taken into account, one cannot maintain 
the minimal coupling of ordinary (ie. other than the dilaton) matter to the Jordan 
metric (Cho 1997). This nullifies the traditional statement that the Jordan frame is to 
be preferred because the scalar couples minimally to all forms of matter in this frame. 

These results are of the outmost importance for the experiments aimed at testing 
Einstein's theory: the Jordan frame versions of alternative classical theories of gravity 
are simply nonviable. However, despite the necessity of formulating Brans-Dicke theory 
in the Einstein frame, the classical tests of gravity for this theory are studied only for the 
Jordan frame formulation. In general, the authors working on the experimental tests 
of general relativity and alternative gravity theories do not seem to be aware of this 
paradoxical situation (e.g. Reasenberg et al. 1979; Will 1993). 

The conformal rescaling has been used as a mathematical technique to generate 
exact solutions of Brans-Dicke theory from known solutions of the Einstein equations 
(Harrison 1972; Belinskii and Kalatnikov 1973; Lorentz-Petzold 1984) and approximate 
solutions in the linearized theory (Barros and Romero 1998). 


(Generalized) scalar-tensor theories: This class of theories (Bergmann 1968; Wag- 
oner 1970; Nordvedt 1970; Will 1993) is described by the Lagrangian density 


S= I d'z4/—g | f(9)R—  V^9V. — vie) + Smatter » (4.4) 


where w = w(¢) and V = V(@) (or by the more general action (2-T9)). The corresponding 
field equations are 


AG (Ryo saeR) = 5 Tw + 5 (Vad Vid — 5e V" 6Va6) 


2 2 
1 
t3 Jw [Rf (9) = 2V] + VeVi f UU gu Hf ’ (4.5) 
1 (ldw_,, df dVY _ 
no +4 (5 SV ovat Z-T) =0, (4.6) 


where Ti, = 2(-g)-V/ 26 atte / 0g". The action (A) contains Brans-Dicke theory (E-I) 
and the nonminimally coupled scalar field theory (2-7) as particular cases. Theories with 
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more than one scalar field have also been investigated (Damour and Esposito—Farése 
1992; Berezin et al. 1989; Rainer and Zuhk 1996). A revival of interest in scalar-tensor 
theories was generated by the fact that in supergravity and superstring theories, scalar 
fields are associated to the metric tensor field, and that a coupling between a scalar field 
and gravity seems unavoidable in string theories (Green, Schwarz and Witten 1987). 
Indeed, scalar fields have been present in relativistic gravitational theories even before 
general relativity was formulated (see Brans 1997 for an historical perspective). 

The necessity of the conformal transformation to the Einstein frame has been advo- 
cated in (Cho 1992, 1997) by investigating which linearized metric describes the physical 
spin 2 gravitons. A similar argument was presented in (Damour and Nordvedt 1993a,6), 
although these authors did not see it as a compelling reason to select the Einstein frame 
as the physical one. It has also been pointed out (Teyssandier and Tourrenc 1983; 
Damour and Esposito-Farése 1992; Damour and Nordvedt 1993a,b) that the mixing of 
Jw and ¢ in the Jordan frame equations of motion makes the Jordan frame variables an 
inconvenient set for formulating the Cauchy problem. Moreover, the generalization to 
the case of tensor—multi scalar theories of gravitation, where several scalar fields instead 
of a single one appear, is straightforward in the Einstein frame but not so in the Jordan 
frame (Damour and Esposito—Farése 1992). In the Einstein frame, ordinary matter does 
not obey the conservation law VT yw = 0 (with the exception of a radiative fluid with 
T = 0, which is conformally invariant) because of the coupling to the dilaton $. Instead, 


the equation 
100 4 


pozie Taps ee u 
Mo DARE CEDERE (4.7) 
is satisfied. The total energy-momentum tensor of matter plus the scalar field is con- 
served (see Magnano and Sokolowski 1994 for a detailed discussion of conservation laws 
in both conformal frames). 

The phenomenon of the propagation of light through scalar-tensor gravitational 
waves and the resulting time-dependent amplification of the light source provide an 
example of the physical difference between the Jordan and the Einstein frame.. In the 
Jordan frame the amplification effect is of first order in the gravitational wave ampli- 
tude (Faraoni 19962), while it is only of second order in the Einstein frame (Faraoni and 
Gunzig 19984). 

It is interesting to note that, while the observational constraints on the Brans-Dicke 
parameter w is w > 500 (Reasenberg et al. 1979), Brans-Dicke theory in the Einstein 
frame is subject to the much more stringent constraint w > 10* (Cho 1997). However, 
since the Einstein frame is the physical one, it is not very meaningful to present con- 
straints on the Jordan frame parameter w. Other formal and physical differences occur 
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in the Jordan and the Einstein frame: the singular points w — oo in the w—parameter 
space of the Jordan frame correspond to a minimum of the coupling factor In Q(¢) in 
the Einstein frame (Damour and Nordvedt 1993a,0). Singularities of the scalar-tensor 
theory may be smoothed out in the Jordan frame, but they reappear in the Einstein 
frame and plague the theory again due to the fact that the kinetic terms are canonical 
and the energy conditions (which are crucial in the singularity theorems) are satisfied in 
the Einstein frame (Kaloper and Olive 1998). 

In (Bose and Lohiya 1997), the quasi-local mass defined in general relativity by the 
recent Hawking-Horowitz prescription (Hawking and Horowitz 1996) was generalized 
to n-dimensional scalar-tensor theories. It was shown that this quasi-local mass is in- 
variant under the conformal transformation that reduces the gravitational part of the 
scalar-tensor theory to canonical Einstein gravity. The result holds under the assump- 
tions that the conformal factor Q (6) is a monotonic function of the scalar field ¢, and 
that a global foliation of the spacetime manifold with spacelike hypersurfaces exists, but 
it does not require asymptotic flatness. Conformal invariance of the quasi-local mass was 
previously found in another generalization to scalar-tensor theories of the quasi-local 
mass (Chan, Creighton and Mann 1996). 

The conformal transformation technique has been used to derive new solutions to 
scalar-tensor theories from known solutions of Einstein's theory (Van den Bergh 1980, 
1982, 1983a,5,c,d; Barrow and Maeda 1990). 


Nonlinear gravitational theories: a yet more general class of theories than the 
previous one is described by the Lagrangian density 


L= f(R)y—g + Lmatter , (4.8) 


which generates the field equations 
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It is claimed in (Magnano and Sokolowski 1994) that the Einstein frame is the only 
physical one for this class of theories, using the energy argument of Sec. 3. The idea 
underlying the proof is to expand the function f(R) as 


Tes (4.10) 


f(R)=R+aR?+ ..., a>0, (4.11) 
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and then prove a positive energy theorem in the Einstein frame and the indefiniteness 
of the energy sign in the Jordan frame. The occurrence of singularities in higher order 
theories of gravity of the form ([L.8) has been studied in (Barrow and Cotsakis 1988; 
Miritzis and Cotsakis 1996; Kaloper and Olive 1998), both in the Jordan and in the 
Einstein frame. 


Kaluza-Klein theories: In classical Kaluza-Klein theories (Appelquist, Chodos and 
Freund 1987; Bailin and Love 1987; Overduin and Wesson 1997), the scalar field (dila- 
ton) has a geometrical origin and corresponds to the scale factor of the extra spatial 
dimensions. The extra dimensions manifest themselves as matter (scalar fields) in the 
4-dimensional spacetime. In the simplest version of the theory with a single scalar fieldf] 
one starts with the (4 4- d)-dimensional action of vacuum general relativity 


c= aa fae (R+A) J/-à , (4.12) 


where a caret denotes higher-dimensional quantities, the (4+ d)-dimensional metric has 
the form . 
" Qu, O 
= P 4.13 
Qu - (Se 2). (43) 
and A is the cosmological constant of the (4 + d)-dimensional spacetime manifold. The 
latter is assumed to have the structure M & K, where M is 4-dimensional and K 
is d-dimensional. Here the notations depart from those introduced at the beginning 


of this paper: the indices A, B, ... = 0,1,2,3, ... (4 + d); u,v, ... = 0,1,2,3, and 
a, b, ... = 4,5, ..., (4+d). Dimensional reduction and the conformal transformation (CT) 
with Q = V6, ó = Èa, together with the redefinition of the scalar field 
1/ d 2 VP dé 
dae — 4.14 
d (sca) " ERAI 
leads to the Einstein frame action 
S = nz E — Ly o V"g — Vio) V/- (4.15) 
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?See e.g. (Berezin et al. 1989; Rainer and Zuhk 1996) for Kaluza-Klein theories with multiple 
dilatons. 
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were Rg is the Ricci curvature of the metric on the submanifold K. Note that ó is 
dimensionless. However the redefined scalar field ø has the dimensions |o] = [cu Als 
and is usually measured in Planck masses. 

Unfortunately, the omission of a factor 1/V167G in the right hand side of Eq. (#.14) 
seems to be common in the literature on Kaluza-Klein cosmology (cf. (Faraoni, Coop- 
erstock and Overduin 1995) and footnote 11 of (Kolb, Salopek and Turner 1990)) and 
it leads to a non-canonical kinetic term (16x G) ! Vo V"c instead of V,oV"o/2 in the 
final action, and to a dimensionless field ø instead of one with the correct dimensions 
[o] = [e dh The error is perhaps due to the different notations used by particle 
physicists and by relativists; however insignificant it may appear to be, it profoundly 
affects the viability of the Kaluza-Klein cosmological model considered, since the spec- 
tral index of density perturbations is affected through the arguments of the exponentials 
in the scalar field potential (ZIg) (Faraoni, Cooperstock and Overduin 1995). In the 
Jordan frame, the scalar field originating from the presence of the extra dimensions 
has kinetic energy that is negative definite or indefinite and an energy spectrum which 
is unbounded from below, implying that the ground state is unstable (Maeda 1986a; 
Maeda and Pang 1986; Sokolowski and Carr 1986; Sokolowski and Golda 1987). These 
defects are removed by the conformal rescaling (LI) of the 4-dimensional metric. The 
requirement that the conformally rescaled system in 4 dimensions has positive definite 
energy (a purely classical argument) singles out a unique conformal factor. A proof of the 
uniqueness in 5-dimensional Kaluza-Klein theory was given in (Bombelli et al. 1987) 
and later generalized to an arbitrary number of extra spatial dimensions (Sokolowski 
1989a,b). 

From a quantum point of view, arguments in favour of the conformal rescaling have 
been pointed out (Maeda 19860) and, in the context of 10— and 11-dimensional su- 
pergravity, the need for a conformal transformation in order to identify the physical 
fields was recognized (Scherk and Schwarz 1979; Chamseddine 1981; Dine et al. 1985). 
The requirement that the supersymmetry transformation of 11-dimensional supergrav- 
ity take an SU(8) covariant form leads to the same conformal factor (de Witt and Nicolai 
1986). The conformal transformation which works as a cure for the dimensionally re- 
duced (4 4- d)-dimensional Einstein gravity does not work for the dimensionally reduced 
Gauss-Bonnet theory (Sokolowski et al. 1991). 
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It is unfortunate that in the literature on Kaluza—Klein theories many authors ne- 
glected the conformal rescaling and only performed computations in the Jordan frame. 
Many results of classical Kaluza—Klein theories should be reanalysed in the Einstein 
frame (e.g. Alvarez and Belén Gavela 1983; Sadhev 1984; Deruelle and Madore 1987; 
Van den Bergh and Tavakol 1993; Fabris and Sakellariadou 1997; Kubyshin and Martin 
1995; Fabris and Martin 1993; Chatterjee and Banerjee 1993; Biesiada 1994). 


Torsion gravity: Theories of gravity with torsion have been studied in order to incor- 
porate the quantum mechanical spin of elementary particles, or in attempts to formulate 
gauge theories of gravity (Hehl et al. 1976). An example is given by a theory of gravity 
with torsion, related to string theories, recently formulated both in the Jordan and in 
the Einstein frame (Hammond 1990, 1996). Torsion acts as a source of the scalar field; 
ordinary (ie. different from the scalar field appearing in ([-9)) matter is added to the 
theory formulated in the Jordan or in the Einstein frame. This possibility differs from 
a conformal transformation of the total (gravity plus matter) system to the Einstein 
frame, and it does not appear to be legitimate since ordinary matter cannot be created 
as an effect of a conformal transformation. Although mathematically possible, this pro- 
cedure appears to be very artificial, and it has been considered also in (Magnano and 
Sokolowski 1994) by including a nonminimal coupling of the scalar field to matter in the 
Jordan frame. The coupling was tuned in such a way that the Einstein frame matter is 
minimally coupled to the corresponding scalar field. The Jordan frame formulation of 
this theory is unviable because the large effects of the dilaton contradict the observa- 
tions (Hammond 1996), and the Einstein frame version of this theory is the only possible 
option. 
Induced gravity, which is described by the action 


1 
S= I dis /—g E SRP — LV^ó Vd — vio) l (4.17) 
is conformally invariant if € = 1/6. The field equations are 
1 1 1 
Rw — du = ee ja — 4€) Va Vro + Iw a = 5) VPV a — V gu, + 269,,000| , 
(4.18) 
O¢ —£Ro — — =0. (4.19) 


2 
Induced gravity with torsion in Riemann-Cartan spacetimes has been studied in (Park 
and Yoon 1997), and a generalization of the concept of conformal invariance has been 
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formulated. 


Superstring theories: Although superstring theories are not classical theories of grav- 
ity, the effective action in the low energy limit is used to make predictions in the classical 
domain, and we comment upon this. The low-energy effective action for the bosonic 
string theory is given by (Callan et al. 1985) 


f= J dis. /—3 e 7* R - AV" V9] + Bratr (4.20) 


where 6 is the dimensionless string dilaton and the totally antisymmetric 3-form HvA 
appearing in the theory has been set equal to zero together with the cosmological con- 
stant (however, this is not always the case in the literature). By means of dimensional 
reduction and a conformal transformation, this model is reduced to 4-dimensional canon- 
ical gravity with two scalar fields: 
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where b is the radius of the manifold of the compactified extra dimensions. The action 
(E20) has provided theoreticians with several cosmological models (Gasperini, Maharana 
and Veneziano 1991; Garcia-Bellido and Quirós 1992; Gasperini and Veneziano 1992; 
Gasperini, Ricci and Veneziano 1993; Gasperini and Ricci 1993; Copeland, Lahiri and 
Wands 1994, 1995; Batakis 1995; Batakis and Kehagias 1995; Barrow and Kunze 1997). 
The issue of which conformal frame is physical in the low energy limit of string theories 
was raised in (Dick 1998). 


yı = 


5 Conformal transformations in cosmology 


The standard big-bang cosmology based on general relativity is a very successful de- 
scription of the universe that we observe, although cosmological solutions have been 
studied also in alternative theories of gravity. However, the need to solve the horizon, 
flatness and monopole problem, and to find a viable mechanism for the generation of 
density fluctuations evolving into the structures that we see today (galaxies, clusters, 
supeclusters and voids) motivated research beyond the big-bang model and led to the 
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idea of cosmological inflation (see Linde 1990; Kolb and Turner 1990; Liddle and Lyth 
1993; Liddle 1996 for reviews). There is no universally accepted model of inflation, and 
several scenarios based either on general relativity or on alternative theories of gravity 
have been proposed. Since many of the alternative theories used involve a conformal 
transformation to a new conformal frame, it is natural that the problem of whether the 
Jordan or the Einstein frame is the physical one resurfaces in cosmology, together with 
the use of conformal rescalings to simplify the study of the equations of motion. It is 
possible that general relativity behaves as an attractor for scalar—tensor theories of grav- 
ity, and that a theory which departs from general relativity at early times in the history 
of the universe approaches general relativity during the matter-dominated era (Garcia- 
Bellido and Quirós 1990; Damour and Nordvedt 1993a,b; Mimoso and Wands 19954; 
Oukuiss 1997) or even during inflation (Bekenstein and Meisels 1978; Garcia-Bellido 
and Quirós 1990; Barrow and Maeda 1990; Steinhardt and Accetta 1990; Damour and 
Vilenkin 1996) (unfortunately only the Jordan frame was considered in (Garcia-Bellido 
and Quirós 1990; Mimoso and Wands 1995a)). The convergence to general relativity 
cannot occur during the radiation-dominated era (Faraoni 1998). 

One of the most important predictions of an inflationary scenario is the spectral index 
of density perturbations, which can already be compared with the observations of cosmic 
microwave background anisotropies and of large scale structures (Liddle and Lyth 1993). 
The spectral index is, in general, different in versions of the same scalar-tensor theory 
formulated in different conformal frames. For example, it is known that most classical 
Kaluza-Klein inflationary models based on the Jordan frame are allowed by the obser- 
vations but are theoretically unviable (Sokolowski 1989a,b; Cho 1992) because of the 
energy argument discussed in Sec. 3; on the contrary, their Einstein frame counterparts 
are theoretically consistent but they are severely restricted or even forbidden by the 
observations of cosmic microwave background anisotropies (Faraoni, Cooperstock and 
Overduin 1995). In extended (La and Steinhardt 1989; Kolb, Salopek and Turner 1990; 
Laycock and Liddle 1994) and hyperextended (Steinhardt and Accetta 1990; Liddle and 
Wands 1992; Crittenden and Steinhardt 1992) inflation, differences between the den- 
sity perturbations in the two frames have been pointed out (Kolb, Salopek and Turner 
1990). The existing confusion on the problem of whether the Jordan or the Einstein 
frame is the physical one is particularly evident in the literature on inflation, and deeply 
affects the viability of the inflationary scenarios based on a theory of gravity which has 
a conformal transformation as an ingredient. Among these are extended (La and Stein- 
hardt 1989; Laycock and Liddle 1994) and hyperextended (Kolb, Salopek and Turner 
1990; Steinhardt and Accetta 1990; Liddle and Wands 1992; Crittenden and Steinhardt 
1992) inflation, Kaluza-Klein (Yoon and Brill 1990; Cho and Yoon 1993; Cho 1994), 
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R?-inflation (Starobinski 1980; Starobinski 1986; Maeda, Stein-Schabes and Futamase 
1989; Liddle and Lyth 1993), soft and induced gravity inflation (Accetta, Zoller and 
Turner 1985; Accetta and Trester 1989; Salopek, Bond and Bardeen 1989). While sev- 
eral authors completely neglect the problem of which frame is physical, other authors 
present calculations in only one frame, and others again perform calculations in both 
frames, without deciding whether one of the two is physically preferred. Sometimes, the 
two frames are implicitely treated as if they both were simultaneously physical, and part 
of the results are presented in the Jordan frame, part in the Einstein frame. It is often 
remarked that all models of inflation based on a first order phase transition can be recast 
as slow-roll inflation using a conformal transformation (Kolb, Salopek and Turner 1990; 
Kalara, Kaloper and Olive 1990; Turner 1993; Liddle 1996), but the conformal rescaling 
is often performed without physical motivation. The justification for studying the origi- 
nal (i.e. prior to the conformal transformation) theory of gravity or inflationary scenario, 
which often relies on a specific theory of high energy physics, is then completely lost 
in this way. For example, one can start with a perturbatively renormalizable potential 
in the Jordan frame and most likely one ends up with a non-renormalizable potential 
in the Einstein frame. The conformal rescaling has even been used to vary the Jordan 
frame gravitational theory in order to obtain a pre-determined scalar field potential in 
the Einstein frame (Cotsakis and Saich 1994). 

It is to be noted that the conformal transformation to a new conformal frame is 
sometimes used as a purely mathematical device to compute cosmological solutions by 
reducing the problem to a familiar (and computationally more convenient) scenario. The 
conformal transformation technique has been used to study also cosmological perturba- 
tions in generalized gravity theories (Hwang 1990; Mukhanov, Feldman and Branden- 
berger 1992; Hwang 19974). This technique is certainly legitimate and convenient at the 
classical level, but it leads to problems when quantum fluctuations of the inflaton field 
are computed in the new conformal frame, and the result is mapped back into the *old" 
frame. Problems arise already at the semiclassical level (Duff 1981). This difficulty 
does not come as a surprise, since the conformal transformation introduces a mixing of 
the degrees of freedom corresponding to the scalar and the tensor modes. In general, 
the fluctuations in the two frames are physically inequivalent (Fujii and Nishioka 1990; 
Makino and Sasaki 1991; Nishioka and Fujii 1992; Fakir and Habib 1993; Fabris and 
Tossa 1997). There is ambiguity in the choice of vacuum states for the quantum fields: 
if a vacuum is chosen in one frame, it is unclear into what state the field is mapped in 
the other conformal frame, and one will end up, in general, with two different quantum 
states. The use of gauge-invariant quantities does not fix this problem (Fakir, Habib 
and Unruh 1992). The problem that plagues quantum fluctuations becomes relevant for 
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present-day observations because the quantum perturbations eventually become classi- 
cal (Kolb and Turner 1990; Liddle and Lyth 1993; Tanaka and Sakagami 1997) and seed 
galaxies, clusters and superclusters. 

Although the problem is not solved in general, the situation is not so bad in certain 
specific inflationary scenarios. In (Sasaki 1986; Makino and Sasaki 1991; Fakir, Habib 
and Unruh 1992), chaotic inflation with the quartic potential V = \¢* and nonminimal 
coupling of the scalar field was studied, and it was found that the amplitude of the density 
perturbations does not change under the conformal transformation. This result, however, 
relies on the assumption that one can split the inflaton field into a classical background 
plus quantum fluctuations (preliminary results when the decomposition is not possible 
have been obtained in (Nambu and Sasaki 1990)). Under slow-roll conditions in induced 
gravity inflation, the spectral index of density perturbations is frame-independent to first 
order in the slow-roll parameters (Kaiser 1995a). When the expansion of the universe 
is de Sitter-like, a(t) xe”, H = 0, it was found that the magnitude of the two-point 
correlation function is affected by the conformal transformation, but its dependence 
on the wavenumber, and consequently also the spectral index, is not affected (Kaiser 
19950). The spectral indices differ in the two conformal frames when the expansion of 
the scale factor is close to a power law[] (Kaiser 19955); often, workers in the field have 
not been sufficiently careful in this regard. Certain gauge-invariant quantities related 
to the cosmological perturbations turn out to be also conformally invariant under a 
mathematical condition satisfied by power law inflation and by the pole-like inflation 
encountered in the pre-big bang scenario of low energy string theory (Hwang 19975). 

At the level of the classical, unperturbed cosmological model, the occurrence of slow— 
roll inflation in the Einstein frame does not necessarily imply that inflation occurs also 
in the Jordan frame, or that it is of the slow-roll type, and the expansion law of the 
scale factor is in general different in the two conformal framed] (see Abreu, Crawford 
and Mimoso 1994 for an example). 

Possible approaches to this problem are outlined in (Fakir and Habib 1993). Even 
if the same expansion law is achieved in the Jordan and the Einstein frame, the corre- 
sponding scalar field potentials can be quite different in the two frames. For example, 
power-law inflation is achieved by an exponential potential for a minimally coupled 

3If inflation occurs in the early universe, it is not necessarily of the slow-roll type. The most 
well studied case of inflation without slow rolling is power law inflation which occurs for exponential 
potentials, obtained in almost all theories formulated in the Einstein frame. 

^For extended inflation in Brans-Dicke theory with w >> 1, it has been proved that slow-roll 


inflation in the Einstein frame implies slow-roll inflation in the Jordan frame (but not viceversa) (Lidsey 
1992; Green and Liddle 1996). 
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scalar field in the Einstein frame, and by a polynomial potential for its nonminimally 
coupled cousin in the Jordan frame (Abreu, Crawford and Mimoso 1994; Futamase and 
Maeda 1989; Faraoni 19960). 

Another cosmologically relevant aspect of the scalar field appearing in (9) is that 
it may contribute a significant fraction of the dark matter in the universe (Cho 1990; 
Cho and Yoon 1993; Delgado 1994; McDonald 1993a,b; Gasperini and Veneziano 1994; 
Gasperini 1994; Cho and Keum 1998). If one accepts the idea that the scalar field 
appearing in the expression for the conformal factor ([.9) is the field driving inflation 
(Salopek 1992; Cho 1992, 1994), then the inflationary scenario is completely determined. 
In fact, the conformal transformation to the Einstein frame in cosmology leads to either 
a) an exponential potential for the scalar field and to power-law inflation; b) a potential 
with more than one exponential term in Kaluza-Klein theories (Yoon and Brill 1990; 
Cho 1990; Cho and Yoon 1993), and to a kind of inflation that interpolates between 
power-law and de Sitter inflation (Easther 1994). It is also to be noted that, if a 
cosmological constant is present in a theory formulated in the Jordan frame, the new 
version of the theory in the Einstein frame has no cosmological constant (Collins, Martin 
and Squires 1989; Fujii 1998; Maeda 1992) but, instead, it exhibits an exponential term 
in the potential for the “new” scalar field. 

The problem of whether a Noether symmetry is preserved by the conformal transfor- 
mation has been analysed in (de Ritis et al. 1990; Demianski et al. 1991; Capozziello, de 
Ritis and Rubano 1993; Capozziello and de Ritis 1993; Capozziello, de Ritis and Marino 
1997; Capozziello and de Ritis 1996, 19975). The asymptotic evolution to an isotropic 
state of anisotropic Bianchi cosmologies in higher order theories with Lagrangian density 
of the form £ = f(R)4/—9 + Lmatter was studied in (Miritzis and Cotsakis 1996) using 
the conformal rescaling as a mathematical tool. This study is relevant to the issue of 
cosmic no-hair theorems in these gravitational theories. In the Einstein frame, a homo- 
geneous universe with matter satisfying the strong and dominant energy conditions and 
with a scalar field with a potential V(@) locally convex and with zero minimum, can 
isotropize only if it is of Bianchi type I, V or VII. This result holds also in the Jordan 
frame if, in addition, the pressure of matter is positive (Miritzis and Cotsakis 1996). 
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6 Experimental consequences of the Einstein frame 
reformulation of gravitational theories 


In most unified field theories, the conformal factor used in the conformal transformation 
is constructed using a physical field present in the gravitational theory (like a dilaton 
or a Brans-Dicke field) and therefore it is not surprising that it has certain physical 
effects which are, in principle, susceptible of experimental verification. The reality of 
the interaction with gravitational strength described by the dilaton was already stressed 
by Jordan (1949; 1955). The dilaton field in the Einstein frame couples differently to 
gravity and to matter (e.g. Horowitz 1990; Garfinkle, Horowitz and Strominger 1991), 
and the anomalous coupling results in a violation of the equivalence principle. Consider 
for example the action (F.J) plus a matter term in the Jordan frame: after the rescaling 
(CD, E19), (2-24) has been performed, the scalar 9 is minimally coupled to gravity, but 
it couples nonminimally to the other forms of matter via a field-dependent exponential 
factor: 
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This leads to a violation of the equivalence principle which can, in principle, be tested 
by free fall experiments (Taylor and Veneziano 1988; Brans 1988; Cvetic 1989; Ellis et 
al. 1989; Cho and Park 1991; Cho 1992; Damour and Esposito—Farése 1992; Cho 1994; 
Damour and Polyakov 1994a,b; Brans 1997). It is probably this anomalous coupling and 
the subsequent violation of the equivalence principle that explain the prejudice of many 
theoreticians against the use of the Einstein frame (which is not, however, a matter of 
taste, but is motivated by the independent energy arguments of Sec. 3). However, it 
is well known that although the Brans—Dicke scalar couples universally to all forms of 
ordinary matter in the Jordan frame, the strong equivalence principle is violated in this 
frame. This is sometimes understood as the fact that gravity determines a local value 
of the effective gravitational “constant” G = $^! (e.g. Brans 1997). In any case, the 
dilaton dependence of the coupling constants is to be regarded as an important prediction 
of string theories in the low energy limit, and as a new motivation for improving the 
present precision of tests of the equivalence principle. 

By describing the gravitational interaction between two point masses m; and mo» 


with the force law 
Gmm 
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pe (14 3e77) , (6.2) 


where À and y are, respectively, the strength and the range of the fifth force, one obtains 
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constraints on the range of these parameters. Due to the smallness of the values of A 
allowed by the theory, the null results of the experiments looking for a fifth force still 
leave room for a theory formulated in the Einstein frame and with anomalous coupling 
(Cho 1992, 1994; Damour and Polyakov 1994a,b; Cho and Keum 1998). 

There are also post-Newtonian effects and departures from general relativity in the 
strong gravity regime (Damour and Esposito—Farése 1992), as well as differences in the 
gravitational radiation emitted and absorbed as compared to general relativity (Eardley 
1975; Will and Eardley 1977; Will 1977; Will and Zaglauer 1989; Damour and Esposito- 
Farése 1992). 

If a(9) = O(In 2)/8ó, where €? is the conformal factor in (LJ), then the post- 
Newtonian parameters y and 8 (Will 1993) are given by (Damour and Esposito—Farése 
1992; Damour and Nordvedt 1993a,0) 
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where ġo = (to) is the value of the scalar field at the present time tg, and it is assumed 
that the Brans-Dicke field only depends on time. The 1c limits on y from the Shapiro 
time delay experiment in the Solar System (Will 1993) are |y — 1| < 2- 10? (which 
implies a? < 107?) and the combination 7 = 48 — y — 3 is subject to the constraint 
In| < 5-1078. By contrast, in a scalar-tensor theory, one expects a ~ 1. This value 
of a could have been realistic early in the history of the universe with scalar-tensor 
gravity converging to general relativity at a later time during the matter-dominated 
epoch (Damour and Nordvedt 1993a,b). Accordingly, the Jordan and the Einstein frame 
would coincide today, the rescaling ([.1]) differing from the identity only before the end 
of the matter-dominated era. 


7  Nonminimal coupling of the scalar field 
The material contained in this section is a summary of the state of the art on issues that 
have been only partially explored, results whose consequences are largely unknown, and 


problems that are still open. We try to point out the directions that, at present, appear 
most promising for future research. The reader should be aware of the fact that due to 
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the nature of such a discussion, the selection of topics presented here does not exhaust 
all the aspects involved. 

The generalization to a curved spacetime of the flat space Klein-Gordon equation 
for a scalar field ¢, 


dV 

$= ERG- T= 0, (7.1) 
includes the possibility of an explicit coupling term Rø between the field ¢ and the 
Ricci curvature of spacetime (Callan, Coleman and Jackiw 1970). There are many 
reasons to believe that a nonminimal (i.e. € 4 0) coupling term appears: a nonminimal 
coupling is generated by quantum corrections even if it is absent in the classical action, 
or it is required in order to renormalize the theory (Freedman, Muzinich and Weinberg 
1974; Freedman and Weinberg 1974). It has also been argued in quantum field theory in 
curved spaces that a nonminimal coupling term is to be expected whenever the spacetime 
curvature is large. This leads to what we will call the *£—problem", i.e. the problem 
of whether physics uniquely determines the value of £. The answer to this question is 
affirmative in many theories; several prescriptions for the coupling constant £ exist and 
they differ according to the theory of the scalar field adopted. In general relativity and 
in all metric theories of gravity in which the scalar field ? has a non-gravitational origin, 
the value of £ is fixed to the value 1/6 by the Einstein equivalence principle (Chernikov 
and Tagirov 1968; Sonego and Faraoni 1993; Grib and Poberii 1995; Grib and Rodrigues 
1995; Faraoni 19965). This is in contrast with a previous claim that nonminimal coupling 
spoils the equivalence principle (Lightman et al. 1975). However this claim has been 
shown to be based on flawed arguments; instead, it is the minimal coupling of the scalar 
field that leads to pathological behaviour (Grib and Poberii 1995; Grib and Rodrigues 
1995). It is interesting that the derivation of the value £ — 1/6 is completely independent 
of conformal transformations, the conformal structure of spacetime, the spacetime metric 
and the field equations for the metric tensor of the theory. The fact that the conformal 
coupling constant € = 1/6 emerges from these considerations is extremely unlikely to 
be a coincidence, but at present there is no satisfactory understanding of the reason 
why this happens, apart from the following naive consideration. No preferred length 
scale is present in the flat space massless Klein-Gordon equation and therefore no such 
scale must appear in the limit of the corresponding curved space massless equation when 
small regions of spacetime are considered, if the Einstein equivalence principle holds. 

In all theories formulated in the Einstein frame, instead, the scalar field is minimally 
coupled (£ = 0) to the Ricci curvature, as is evident from the actions (B.3), (B.TT), (2-20), 
(23. 


In many quantum theories of the scalar field ¢ there is a unique solution to the 
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£—problem, or there is a restricted range of values of €. If ¢ is a Goldstone boson in a 
theory with spontaneous symmetry breaking, € = 0 (Voloshin and Dolgov 1982). If à 
represents a composite particle, the value of € should be fixed by the known dynamics 
of its constituents: for example, for the Nambu-Jona-Lasinio model, € = 1/6 in the 
large N approximation (Hill and Salopek 1992). In the O(N)-symmetric model with 
V =a¢@", in which the constituents of the ¢ boson are scalars themselves, € depends on 
the coupling constants of the elementary scalars (Reuter 1994): if the coupling of the 
elementary scalars is £j = 0, then € € [—1,0] while, if & = 1/6, then £ = 0. For Higgs 
scalar fields in the standard model and canonical gravity, the allowed range of values of 
Eis é <0, £ > 1/6 (Hosotani 1985). The back reaction of gravity on the stability of the 
scalar ¢ in the potential V(¢) = nd? leads to € = 0 (Hosotani 1985). The stability of a 
nonminimally coupled scalar field with the self-interaction potential 


V(¢) = ad + m*$?/2 + BØ -- Agt — A (7.2) 


was shown to restrict the possible values of € and of the other parameters of this model 
(Bertolami 1987). Quantum corrections lead to a typical value of € of order 10^! (Allen 
1983; Ishikawa 1983). In general, in a quantum theory £ is renormalized together with 
the other coupling constants of the theory and the particles’ masses (Birrell and Davies 
1980; Nelson and Panangaden 1982; Parker and Toms 1985; Hosotani 1985; Reuter 1994); 
this makes an unambiguous solution of the £-problem more difficult. In the context of 
cosmological inflation, a significant simplification occurs due to the fact that inflation is 
a classical, rather than quantum, phenomen: the energy scale involved is well below the 
Planck scale. The potential energy density of the inflaton field 50 e-folds before the end 
of inflation is subject to the constraint Vio < 6-10 1 m£, where mpi is the Planck mass 
(Kolb and Turner 1990; Turner 1993; Liddle and Lyth 1993). Moreover, the trajectory 
of the inflaton is peaked around classical trajectories (Mazenko, Unruh and Wald 1985; 
Evans and McCarthy 1985; Guth and Pi 1985; Pi 1985; Mazenko 1985a,b; Semenoff and 
Weiss 1985). Nevertheless, attempts have been made to begin the inflationary epoch 
in the context of string theory or quantum cosmology. A running coupling constant in 
inflationary cosmology was introduced in (Hill and Salopek 1992) and used to improve 
the chaotic inflationary scenario in (Futamase and Tanaka 1997). Asymptotically free 
theories in an external gravitational field described by the Lagrangian density 


L = /-g (aR? + Gan + c Capys C^? + ERG?) + Linatter ; (7.3) 


where Gag is the Gauss-Bonnet invariant, have a coupling constant £(t) that depends 
on time and tends to 1/6 when t — oo (Buchbinder 1986; Buchbinder, Odintsov and 
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Shapiro 1986). In the renormalization group approach to grand unification theories 
in curved spaces it was found that, at the one loop level, E(t) — 1/6 or £(t) — oo 
exponentially (Buchbinder and Odintsov 1983, 1985; Buchbinder, Odintsov and Lichzier 
1989; Odintsov 1991; Muta and Odintsov 1991; Elizalde and Odintsov 1994). However, 
this result is not free of controversies (Bonanno 1995; Bonanno and Zappala 1997). 

Nonminimal couplings of the scalar field have been widely used in cosmology, and 
therefore the above prescriptions have important consequences for the viability of in- 
flationary scenarios. In fact, the nonminimal coupling constant € becomes an extra 
parameter of inflation, and it is well known that it affects the viability of many scenarios 
(Abbott 1981; Starobinsky 1981; Yokoyama 1988; Futamase and Maeda 1989; Futamase, 
Rothman and Matzner 1989; Amendola, Litterio and Occhionero 1990; Accioly and Pi- 
mentel 1990; Barroso et al. 1992; Garcia-Bellido and Linde 1995; Faraoni 19960). The 
occurrence of inflation in anisotropic spaces is also affected by the value of € (Starobinsky 
1981; Futamase, Rothman and Matzner 1989; Capozziello and de Ritis 19970), which is 
relevant for the cosmic no-hair theorems. In many papers on inflation, the nonminimal 
coupling was used to improve the inflationary scenario; however, the feeling is that, in 
general, it actually works in the opposite direction (Faraoni 1997a). In some cases it 
may be possible to compare the spectral index of density perturbations predicted by 
the inflationary theory with the available observations of cosmic microwave background 
anisotropies in order to determine the value of € (Kaiser 1995a; Faraoni 19965), or to 
obtain other observational constraints (Fukuyama et al. 1996). In cosmology, for chaotic 
inflation with the potential V = \¢*, a nonminimal coupling to the curvature lessens the 
fine-tuning on the self-coupling parameter A imposed by the cosmic microwave back- 
ground anisotropies (Salopek, Bond and Bardeen 1989; Fakir and Unruh 1990a,5; Kolb, 
Salopek and Turner 1990; Makino and Sasaki 1991), A < 10-7. A nonminimal cou- 
pling term can also enhance the growth of density perturbations (Maeda 1992; Hirai 
and Maeda 1994; Hirai and Maeda 1997). For scalar fields in a Friedmann universe, the 
long wavelenghts A do not scale with the usual reshift formula A/Ao = a(t)/a(to), but 
exhibit diffractive corrections if € Z 1/6 (Hochberg and Kephart 1991). 

The value of the coupling constant € affects also the success of the so-called “geo- 
metric reheating” of the universe after inflation (Bassett and Liberati 1998), which is 
achieved via a nonminimal coupling of the inflaton with the Ricci curvature, instead of 
the usual coupling to a second scalar field. 

The “late time mild inflationary” scenario of the universe predicts very short periods 
of exponential expansion of the universe interrupting the matter era (Fukuyama et al. 
1997). The model is based on a massive nonminimally coupled scalar field acting as dark 
matter. The success of the scenario depends on the value of £, and a negative sign of £ 
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is necessary. However, the mechanism proposed in (Fukuyama et al. 1997) to achieve 
late time mild inflation turns out to be physically pathological from the point of view of 
wave propagation in curved spaces (Faraoni and Gunzig 19985). At present, it is unclear 
whether alternative mechanisms can succesfully implement the idea of late time mild 
inflation. 

The case € Z 0 for a scalar field in the Jordan frame of higher dimensional models has 
been shown to have desirable properties in shrinking the extra dimensions (Sunahara, 
Kasai and Futamase 1990; Majumdar 1997), and has been used also for the Brans—Dicke 
field in generalized theories of gravity (Linde 1994; Laycock and Liddle 1994; Garcia- 
Bellido and Linde 1995). Exact solutions in cosmology have been obtained by using the 
conformal transformation (LI), (2-9), (2.19) and starting from known solutions in the 
Einstein frame, in which the scalar field is minimally coupled (Bekenstein 1974; Froyland 
1992; Accioly, Vaidya and Som 1983; Futamase and Maeda 1989; Abreu, Crawford and 
Mimoso 1994). From what we have already said in the previous sections, it is clear 
that, in general relativity with a nonminimally coupled scalar field, the Einstein and the 
Jordan frames are physically inequivalent but neither is physically preferred on the basis 
of energy arguments. 

Nonminimal couplings of the scalar field in cosmology have been explored also in 
contexts different from inflation (Dolgov 1983; Ford 1987; Suen and Will 1988; Fujii and 
Nishioka 1990; Morikawa 1990; Hill, Steinhardt and Turner 1990; Morikawa 1991; Maeda 
1992; Sudarsky 1992; Salgado, Sudarsky and Quevedo 1996, 1997; Faraoni 19975) during 
the matter-dominated era (in the radiation-dominated era of a Friedmann—Lemaitre— 
Robertson—Walker solution, or in any spacetime with Ricci curvature R = 0, the explicit 
coupling of the scalar field to the curvature becomes irrelevant). In particular, a nonself- 
interacting, massless scalar field nonminimally coupled to the curvature with negative £ 
has been considered as a mechanism to damp the cosmological constant (Dolgov 1983; 
Ford 1987; Suen and Will 1988) and solve the cosmological constant problem. 

Another property of the nonminimally coupled scalar field is remarkable: while a 
big-bang singularity is present in many inflationary scenarios employing a minimally 
coupled scalar field, it appears that a nonminimally coupled scalar is a form of matter 
that can circumvent the null energy condition and avoid the initial singularity (Fakir 
1998). 

From the mathematical point of view, the action (2-7) is the only action such that the 
nonminimal coupling of ¢@ to R involves only the scalar field but not its derivatives, and 
the coupling is characterized by a dimensionless constant (Birrell and Davies 1982). The 
Klein-Gordon equation arising from the action (2.7) is conformally invariant if € = 1/6 
and V(¢) = 0, or V(¢) = Ad*. Many authors choose to reason in terms of an effective 
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renormalization of the gravitational coupling constant 


G 


A (7.4) 


Geff = 


If ọ = ọ(t), as in spatially homogeneous cosmologies or in homogeneous regions of space- 
time, then the effective gravitational coupling Geff = G.r;(t) varies on a cosmological 
time scale. The possibility of a negative Geff at high energies, corresponding to an 
antigravity regime in the early universe has also been considered (Pollock 1982; Novello 
1982), also at the semiclassical level (Gunzig and Nardone 1984). 

The solution of the -problem is also relevant for the problem of backscattering of 
waves of the scalar ¢ off the background curvature of spacetime, and the creation of 
“tails” of radiation. If the Klein-Gordon wave equation (F.I) is conformally invariant, 
tails are absent in any conformally flat spacetime, including the cosmologically relevant 
case of Friedmann-Lemaitre-Robertson-Walker metrics (Sonego and Faraoni 1992; Noo- 
nan 1995). Other areas of gravitational physics for which the solution of the £-problem 
is relevant include the collapse of scalar fields (Frolov 1998), the theory of the structure 
and stability of boson stars (Van der Bij and Gleiser 1987; Liddle and Madsen 1992; 
Jetzer 1992), which is linked to inflation by the hypothesis that particles associated with 
the inflaton field may survive as dark matter in the form of boson stars. The £-problem 
is also relevant for the field of classical and quantum wormholes, in which negative en- 
ergy fluxes are eliminated by restricting the allowed range of values of € (Ford 1987; 
Hiscock 1990; Coule 1992; Bleyer, Rainer and Zhuk 1994). Also the Ashtekar formu- 
lation of general relativity has been studied in the presence of nonminimally coupled 
scalar fields using a conformal transformation; the field equations in these variables are 
nonpolynomial, in contrast to the polynomial case of minimal coupling (Capovilla 1992). 


8 Conclusions 


Conformal transformations are extensively used in classical theories of gravity, higher— 
dimensional theories and cosmology. Sometimes, the conformal transformation is a 
purely mathematical tool that allows one to map complicated equations of motion into 
simpler equations, and constitutes an isomorphism between spaces of solutions of these 
equations. In this sense, the conformal transformation is a powerful solution-generating 
technique. More often, the conformal transformation to the Einstein frame is a map 
from a nonviable classical theory of gravity formulated in the Jordan frame to a viable 
one which, however, is not as well motivated as the starting one from the physical 
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perspective. A key role in establishing the viability of the Einstein frame version of the 
theory is played by the positivity of the energy and by the existence and stability of 
a ground state in the Einstein frame. It is to be remarked that the energy argument 
of Sec. 3 selecting the Einstein frame as the physical one is not applicable to quantum 
theories; in fact, the positivity of energy and the energy conditions do not hold for 
quantum theories. The weak energy condition is violated by quantum states (Ford and 
Roman 1992, 1993, 1995) and a theory can be unstable in the semiclassical regime 
(Witten 1982), or not have a ground state (e.g. Liouville’s theory (D’Hoker and Jackiw 
1982)). 

Conformal transformations, nonminimal coupling, and the related aspects are im- 
portant also for quantum and string theories (e.g. Stahlofen and Schramm 1989 — see 
Fulton, Rorlich and Witten 1962 for an early review) and for statistical mechanics (Dita 
and Georgescu 1989). For example, the conformal degree of freedom of a conformally flat 
metric has been studied in (Padmanabhan 1988) in order to get insight into the quantiza- 
tion of gravity in the particularly simple case when the spacetime metric is conformally 
flat: gu = O?n,,. In the context of quantum gravity, lower-dimensional theories of 
gravity have been under scrutiny for several years: when the spacetime dimension is 
2 or 3, the metric has only the conformal degree of freedom (Brown, Henneaux and 
Teitelboim 1986), because the Weyl tensor vanishes and any two- or three-dimensional 
metric is conformally equivalent to the Minkowski spacetime of corresponding dimen- 
sionality (Wald 1984). The properties of the quantum-corrected Vlasov equation under 
conformal transformations have been studied in (Fonarev 1994). A nonminimal coupling 
of a quantum scalar field in a curved space can induce spontaneous symmetry breaking 
without negative squared masses (Madsen 1988; Moniz, Crawford and Barroso 1990; 
Grib and Poberii 1995). However, all these topics are beyond the purpose of the present 
work, which is limited to classical theories. 

Many works that appeared and still appear in the literature are affected by confusion 
about the conformal transformation technique and the issue of which conformal frame 
is physical. Hopefully, these papers will be reanalysed in the near future in the updated 
perspective on the issue of conformal transformations summarized in this article. A 
change in the point of view is particularly urgent in the analysis of experimental tests of 
gravitational theories: most of the current literature refers to the Jordan frame formu- 
lation of Brans-Dicke and scalar-tensor theories, but it is the Einstein frame which has 
been established to be the physical one. A revision is also needed in the applications of 
gravitational theories to inflation; the predicted spectrum of density perturbations must 
be computed in the physical frame. In fact, only in this case it is meaningful to compare 
the theoretical predictions with the data from the high precision satellite experiments 
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which map the anisotropies in the cosmic microwave background — those already ongo- 
ing (COBE (Smoot et al. 1992; Bennet et al. 1996), and those planned for the early 
2000s (NASA’s MAP (MAP 1998) and ESA’s PLANCK (PLANCK 1998)), and from 
the observations of large scale structures. 
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